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Chapter 1. Linear Systems
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Usage Notes
Solving Systems of Linear Equations

A square system of linear equations has the fésn¥ b, whereA is a user-specified
n x n matrix, b is a given right-hand side vector, andk is the solutiom vector. Each entry oA andb
must be specified by the user. The entire vegtisrreturned as output.

WhenA is invertible, a unigue solution tAx = b exists. The most commonly used direct method for
solving Ax = b factors the matriA into a product of triangular matrices and solves the resulting
triangular systems of linear equations. Functions that use direct methods for solving systems of linear
equations all compute the solutionAa = b.

Matrix Factorizations

In some applications, it is desirable to just factor then matrix A into a product of two triangular
matrices. This can be done by a constructor of a class for solving the system of linear eqiations
The constructor of cladsy computes the LU factorization &X.

Besides the basic matrix factorizations, such@sandLLT, additional matrix factorizations also are
provided. For a real matrif, its QRfactorization can be computed using the clagsThe class for
computing the singular value decomposition (SVD) of a matrix is discussed in a later section.

Matrix Inversions

The inverse of am x n nonsingular matrix can be obtained by using the methogrse in the classes

for solving systems of linear equations. The inverse of a matrix need not be computed if the purpose is to
solveone or more systems of linear equations. Even with multiple right-hand sides, solving a system of
linear equations by computing the inverse and performing matrix multiplication is usually more
expensive than the method discussed in the next section.

Multiple Right-Hand Sides

Consider the case where a system of linear equations has more than one right-hand side vector. It is most
economical to find the solution vectors by first factoring the coefficient matito products of

triangular matrices. Then, the resulting triangular systems of linear equations are solved for each
right-hand side. WheA is a real general matrix, access to thé factorization ofA is computed by a
constructor of LU. The solutior for thek-th right-hand side vectoby is then found by two triangular

solves Ly = by andUx, = yk. The methodolve in classLU is used to solve each right-hand side.

These arguments are found in other functions for solving systems of linear equations.

2e IMSL C# Numerical Library



Least-Squares Solutions and QR Factorizations

Least-squares solutions are usually computed for an over-determined system of linear equations
AmxnX = b, wherem > n. A least-squares solutionminimizes the Euclidean length of the residual
vectorr = Ax—b. The class QR computes a unique least-squares solutionwfbenA has full column
rank. If Ais rank-deficient, then thigasesolution for some variables is computed. These variables
consist of the resulting columns after the interchanges.@Reecomposition, with column
interchanges or pivoting, is computed such thBt= QR Here,Q is orthogonalR is upper-trapezoidal
with its diagonal elements nonincreasing in magnitude,Rirsthe permutation matrix determined by
the pivoting. The base solutio@ is obtained by solvinR(P" )x = Q' b for the base variables. For
details, see clagir. The QR factorization of a matri& such thatAP = QRwith P specified by the user
can be computed using keywords.

Singular Value Decompositions and Generalized Inverses

The SVD of armx n matrix A is a matrix decompositioA = USV'. With g = min(m, n), the factors
Umxq andVhxq are orthogonal matrices, afgyq is a nonnegative diagonal matrix with nonincreasing
diagonal terms. The clas¥D computes the singular valuesAby default. Part or all of th& andV
matrices, an estimate of the rankAfand the generalized inverseAfalso can be obtained.

[ll-Conditioning and Singularity

An mx n matrix A, is mathematically singular if there is &£ 0 such thatAx = 0. In this case, the
system of linear equatio®x = b does not have a unique solution. On the other hand, a nfatsix
numericallysingular if it is “close” to a mathematically singular matrix. Such problems are called
ill-conditioned If the numerical results with an ill-conditioned problem are unacceptable, users can
obtain anapproximatesolution to the system using the SVDAfIf g = min(m,n) and

A=3 L siuv

then the approximate solution is given by the following:
Xe= 31t (bTui) v

The scalars; ; are defined below.

tii=

s ifsij>tol>0
0 otherwise

The user specifies the valuetol. This value determines how “close” the given matrix is to a singular
matrix. Further restrictions may apply to the number of terms in the kufig. For example, there may
be a value ok < g such that the scalaq‘bTui | ,1 > kare smaller than the average uncertainty in the
right-hand sidén. This means that these scalars can be replaced by zero; and héaplaced by a
vector that is within the stated uncertainty of the problem.

Sparse Matrix Storage Modes

All classes that work with sparse matrices (e.g. claSpasseCholesky, SuperLU,
ComplexSparseCholesky andComplexSuperLU) require a matrix input format that only stores
information about the nonzero entries of these matrices. IMSL C# Numerical Library supports two such
formats: The sparse coordinate storage (SCS) format and the Sparse Array format. The SCS format
stores the value of each matrix entry together with that entry’s row and column index. The Sparse Array
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format stores the sparse matrix in two arrays of arrays. One array contains the references to the nonzero
value arrays for each row of the matrix, the other contains the references to the associated column index
arrays. As an example, consider the following sparges@natrix:

10 0 O O o0 ©
0 10 -3 -1 0 ©O
0O 0 15 0 o0 O

-2 0 0 10 -1 O

-1 0 0 -5 1 -3

-1 -2 0 0 O 6

This matrix has 15 nonzero elements, and the sparse coordinate representation would be

row O 1 1 i 2 3 3 3 4 4 4 4 5 5 5
col O 1 2 3 2 0 3 4 0 3 4 5 O 1 5
val 10 10 -3 -1 15 -2 10 -1 -1 -6 1 -3 -1 -2 6

row 5 4 3 0 b 1 2 1 4 3 1 4 3 65 4
col O 0 O 0 1 1 2 2 3 3 3 4 4 5 5
val -1 -1 -2 10 -2 10 15 -3 -5 10 -1 1 -1 6 -3

index:

row 0: O

row 1: 1, 2, 3
row 2: 2

row 3: 0, 3, 4
row 4: 0, 3, 4, 5
row 5: 0, 1, 5
values:

row 0: 10

row 1: 10, -3, -1
row 2: 15

row 3: -2, 10, -1
row 4: -1, -5, 1, -3
row 5: -1, -2, 6

In contrast to the SCS format, the row order is fixed here, but the entries within each row do not rely on
any order.

In IMSL C# Numerical Library, sparse matrices are instances of classes
SparseMatrix/ComplexSparseMatrix. Use of the SCS and Sparse Array input format is reflected by
different constructors. The following code fragment shows how a user can consspstseMatrix

for the matrixA above in SCS format:

// Generate an empty 6 by 6 SparseMatrix object
int nRows = nColumns = 6;
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SparseMatrix a = new SparseMatrix(nRows, nColumns) ;

// Fill object a with the entries of matrix A,

// A given in SCS format

.Set(0, 0, 10.0); a.Set(1, 1, 10.0); a.Set(1, 2, -3.0);

»

a.Set(1, 3, -1.0); a.Set(2, 2, 15.0); a.Set(3, 0, -2.0);
a.Set(3, 3, 10.0); a.Set(3, 4, -1.0); a.Set(4, 0, -1.0);
a.Set(4, 3, -5.0); a.Set(4, 4, 1.0); a.Set(4, 5, -3.0);
a.Set(5, 0, -1.0); a.Set(5, 1, -2.0); a.Set(5, 5, 6.0);

Similarly, the following code fragment shows how to construgparseMatrix in Sparse Array format:

// Generate matrix A in Sparse Array format
int nRows = nColumns = 6;
int[1[] aIndex = { {0},

{1, 2, 3},

{2},

{0, 3, 4},

{0, 3, 4, 5},

{0, 1, 5}};

int[J[] aValues = { {10.0},
{10.0, -3.0, -1.0},
{15.03},
{-2.0, 10.0, -1.0},
{-1.0, -5.0, 1.0, -3.0},
{-1.0, -2.0, 6.0}};

// Create SparseMatrix object based on A in Sparse Array format
SparseMatrix a = new SparseMatrix(nRows, nColumns, alndex, aValues);

All IMSL C# Numerical Library algorithms working on sparse matrices 8iserseMatrix or
ComplexSparseMatrix as an input argument type. A squarg n matrix is calledsymmetriaf

AT = A whereAT denotes the tranpose Af It is calledHermitianif AH = A. Here, A" = AT denotes

the conjugate transpose Af For these types of matrices, all matrix information is stored in the lower
triangular part of the matrix. Therefore, for all IMSL C# Numerical Library sparse matrix classes
working on symmetric or Hermitian matrices it is sufficient to store only the lower triangle of the matrix
in the SparseMatrix or ComplexSparseMatrix input object.

The complex 4« 4 matrix

4 1-i O 0
1+i 4 1-i O

0 1+i 4 1-i

0 0 1+i 4
input to methods of clas®mplexSparseCholesky.

H= is Hermitian positive definite. Typically, matrices of this type are

The following code fragment shows how the lower triangular paH e&n be constructed as a
ComplexSparseMatrix type in SCS input format:

// Generate an empty 4 by 4 ComplexSparseMatrix object

int nRows = nColumns = 4;

ComplexSparseMatrix h = new ComplexSparseMatrix(nRows, nColumns);
// Store lower triangular part of H in object h
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h.Set (0,
h.Set(1,
h.Set (2,
h.Set (3,

new Complex(4.0,0.0));

new Complex(1.0, 1.0)); h.Set(1, 1, new Complex(4.0,0.0));
new Complex(1.0,1.0)); h.Set(2, 2, new Complex(4.0, 0.0));
new Complex(1.0, 1.0)); h.Set(3, 3, new Complex(4.0, 0.0));

N = OO

Matrix Class

public class Imsl.Math.Matrix

Matrix manipulation functions.

Methods

Add
static public double[,] Add(double[,] a, double[,] b)

Description
Add two rectangular matrixs, a + b.
Parameters
a— A double rectangular matrix.
b — A double rectangular matrix.

Returns
A double rectangular matrix representing the matrix sum of the two arguments.
Exception

System.ArgumentException is thrown when the matrices are not the same size

CheckSquareMatrix
static public void CheckSquareMatrix(double[,] a)

Description
Check that the matrix is square.
Parameter

a — A double matrix.

Exception
System.ArgumentException is thrown when the matrix is not square

FrobeniusNorm
static public double FrobeniusNorm(double[,] a)
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Description
Return the frobenius norm of a matrix.
Parameter

a — A double rectangular matrix.

Returns
A double scalar value equal to the frobenius norm of the matrix.

InfinityNorm
static public double InfinityNorm(double[,] a)

Description
Return the infinity norm of a matrix.
Parameter

a — A double rectangular matrix.

Returns

A double scalar value equal to the maximum of the row sums of the absolute values of the matrix
elements.

InverseLowerTriangular
static public double[,] InverseLowerTriangular(double[,] a)

Description
Returns the inverse of the lower triangular matrix
Parameter

a— A double square lower triangular matrix.

Returns
A double matrix containing the inverse af

InverseUpperTriangular
static public double[,] InverseUpperTriangular(doublel[,] a)

Description
Returns the inverse of the upper triangular madrix
Parameter

a— A double square upper triangular matrix.

Returns
A double matrix containing the inverse af

Multiply
static public double[] Multiply(double[] x, double[,] a)
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Description
Return the product of the row matrix x and the rectangular matrix a.
Parameters

x — A double row matrix.

a — A double rectangular matrix.

Returns
A double vector representing the product of the arguments,
Exception

System.ArgumentException is thrown when the number of elements in the input row matrix is
not equal to the number of rows of the matrix

Multiply
static public double[] Multiply(double[] x, double[,] a, int processors)
Description
Return the product of the row matrix x and the rectangular matrix a.
Parameters
x — A double row matrix.
a— A double rectangular matrix.

processors — An int which specifies the number of processors to usprdfcessors is less
than 1, therprocessors = 1 is used.

Returns
A double vector representing the product of the arguments,
Exception

System.ArgumentException is thrown when the number of elements in the input row matrix is
not equal to the number of rows of the matrix

Multiply
static public double[] Multiply(double[,] a, double[] x)
Description
Multiply the rectangular matrix a and the column matrix x.
Parameters

a — A double rectangular matrix.

x — A double column matrix.

Returns
A double vector representing the product of the arguments, x.
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Exception

System.ArgumentException is thrown when the number of columns in the input matrix is not
equal to the number of elements in the input column vector

Multiply
static public double[,] Multiply(double[,] a, double[,] b, int processors)
Description
Multiply two rectangular arrayss * b, using multiple processors.
Parameters
a— A double rectangular array.
b — A double rectangular array.

processors — An int which specifies the number of processors to usprdfcessors is less
than 1, therprocessors = 1 is used.

Returns
Thedouble matrix product ofa timesb

Multiply
static public double[,] Multiply(double[,] a, double[,] b)
Description
Multiply two rectangular matrices, a * b.
Parameters
a— A double rectangular matrix.
b — A double rectangular matrix.

Returns
Thedouble matrix product ofa * b.
Exception

System.ArgumentException is thrown when the number of columnsdris not equal to the
number of rows irb

OneNorm
static public double OneNorm(double[,] a)

Description
Return the matrix one norm.
Parameter

a— A double rectangular matrix.
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Returns
A double value equal to the maximum of the column sums of the absolute values of the matrix elements.

Subtract
static public double[,] Subtract(double[,] a, double[,] b)

Description
Subtract two rectangular matrixs, a - b.
Parameters
a— A double rectangular matrix.
b — A double rectangular matrix.

Returns
A double rectangular matrix representing the matrix difference of the two arguments.
Exception

System.ArgumentException is thrown when the matrices are not the same size

Transpose
static public double[,] Transpose(double[,] a)

Description
Return the transpose of a matrix.
Parameter

a — A double matrix.

Returns
A double matrix which is the transpose of the argument.

Example: Matrix and PrintMatrix

The 1 norm of a matrix is found using a method from the Matrix class. The matrix is printed using the
PrintMatrix class.

using System;
using Imsl.Math;

public class MatrixEx1

{
public static void Main(String[] args)
{
double nrmi;
double[,] a = {
{0.0, 1.0, 2.0, 3.0},
{4.0, 5.0, 6.0, 7.0},
{8.0, 9.0, 8.0, 1.0},
{6.0, 3.0, 4.0, 3.0}
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};

// Get the 1 norm of matrix a
nrml = Matrix.OneNorm(a);

// Construct a PrintMatrix object with a title
PrintMatrix p = new PrintMatrix("A Simple Matrix");

// Print the matrix and its 1 norm
p-Print(a);
Console.Out.WriteLine("The 1 norm of the matrix is " + nrml);

Output

A Simple Matrix
0 1 3

W N+~ O
3 0> O
wW O U=
S 00 O NN
W Nw

The 1 norm of the matrix is 20

ComplexMatrix Class

public class Imsl.Math.ComplexMatrix

Complex matrix manipulation functions.

Methods

Add
static public Imsl.Math.Complex[,] Add(Imsl.Math.Complex[,] a,
Imsl.Math.Complex[,] b)

Description
Add two rectangulaComplex arrays, a + b.
Parameters

a— A Complex rectangular array.

b — A Complex rectangular array.
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Returns
TheComplex matrix sum of the two arguments.
Exception
System.ArgumentException is thrown when the matrices are not the same size.

CheckSquareMatrix
static public void CheckSquareMatrix(Imsl.Math.Complex[,] a)

Description
Check that th€omplex matrix is square.

Parameter
a — A Complex matrix.

Exception
System.ArgumentException is thrown when the matrix is not square.

FrobeniusNorm
static public double FrobeniusNorm(Imsl.Math.Complex[,] a)

Description
Return the frobenius norm ofGomplex matrix.
Parameter

a — A Complex rectangular matrix.

Returns
A double value equal to the frobenius norm of the matrix.

InfinityNorm
static public double InfinityNorm(Imsl.Math.Complex[,] a)

Description
Return the infinity norm of &omplex matrix.
Parameter

a — A Complex rectangular matrix.

Returns
A double value equal to the maximum of the row sums of the absolute values of the array elements.

Multiply
static public Imsl.Math.Complex[] Multiply(Imsl.Math.Complex[] x,
Imsl.Math.Complex[,] a)

Description
Returns the product of the row vector x and the rectangular array acbaffl ex.
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Parameters
x — A Complex row vector.
a — A Complex rectangular matrix.

Returns
A Complex vector containing the product of the argumentst a.
Exception

System.ArgumentException is thrown when the number of elements in the input vector is not
equal to the number of rows of the matrix.

Multiply
static public Imsl.Math.Complex[] Multiply(Imsl.Math.Complex[] x,
Imsl.Math.Complex[,] a, int processors)

Description
Returns the product of the row vector x and the rectangular array acbngi ex.
Parameters

x — A Complex row vector.

a — A Complex rectangular matrix.

processors — An int which specifies the number of processors to usprdfcessors is less
than 1, therprocessors = 1 is used.

Returns
A Complex vector containing the product of the argumentst a.
Exception

System.ArgumentException is thrown when the number of elements in the input vector is not
equal to the number of rows of the matrix.

Multiply
static public Imsl.Math.Complex[] Multiply(Imsl.Math.Complex[,] a,
Imsl.Math.Complex[] x)

Description
Multiply the rectangular array a and the column vector x, litathpl ex.
Parameters

a — A Complex rectangular matrix.

x — A Complex vector.

Returns
A Complex vector containing the product of the argumentst x.
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Exception

System.ArgumentException is thrown when the number of columns in the input matrix is not
equal to the number of elements in the input vector.

Multiply
static public Imsl.Math.Complex[,] Multiply(Imsl.Math.Complex[,] a,
Imsl.Math.Complex[,] b)

Description
Multiply two Complex rectangular arrays, a * b.
Parameters

a— A Complex rectangular array.

b — A Complex rectangular array.

Returns
TheComplex matrix product ofa timesb.
Exception

System.ArgumentException is thrown when the number of columnsadris not equal to the
number of rows irb.

Multiply
static public Imsl.Math.Complex[,] Multiply(Imsl.Math.Complex[,] a,
Imsl.Math.Complex[,] b, int processors)

Description
Multiply two Complex rectangular arrays, * b, using multiple processors.
Parameters

a— A Complex rectangular array.

b — A Complex rectangular array.

processors — An int which specifies the number of processors to usprdfcessors is less
than 1, therprocessors = 1 is used.

Returns
TheComplex matrix product ofa timesb

OneNorm
static public double OneNorm(Imsl.Math.Complex[,] a)

Description
Return theComplex matrix one norm.
Parameter

a— A Complex rectangular array.

14 ¢ ComplexMatrix IMSL C# Numerical Library



Returns
A double value equal to the maximum of the column sums of the absolute values of the array elements.
Subtract

static public Imsl.Math.Complex[,] Subtract(Imsl.Math.Complex[,] a,
Imsl.Math.Complex[,] b)

Description
Subtract twaComplex rectangular arrays, a - b.
Parameters

a— A Complex rectangular array.

b — A Complex rectangular array.

Returns
The Complex matrix difference of the two arguments.
Exception
System.ArgumentException is thrown when the matrices are not the same size.

Transpose
static public Imsl.Math.Complex[,] Transpose(Imsl.Math.Complex[,] a)

Description
Return the transpose oftamplex matrix.
Parameter

a — A Complex matrix.

Returns
TheComplex matrix transpose of the argument.

Example: Print a Complex Matrix

A Complex matrix and its transpose is printed.

using System;
using Imsl.Math;

public class ComplexMatrixEx1l
{
public static void Main(String[] args)
{
Complex[,] a = {
{new Complex(1l, 3), new Complex(3, 5), new Complex(7, 9)},
{new Complex(8, 7), new Complex(9, 5), new Complex(1l, 91},
{new Complex(2, 9), new Complex(6, 9), new Complex(7, 3)},
{new Complex(5, 4), new Complex(8, 4), new Complex(5, 9)}
};
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// Print the matrix
new PrintMatrix("Matrix A").Print(a);

// Print the transpose of the matrix
new PrintMatrix("Transpose(A)").Print(ComplexMatrix.Transpose(a));

Output

Matrix A
0 1 2
1+3i 3+bi 7491
8+7i 9+bi 1491
2+9i 6+9i 7+3i
b+4i 8+4i 5+9i

W N+~ O

Transpose (4)
0 1 2 3
0 1+43i 8+7i 2+9i b5+4i
3+6i 9+5i 6+9i 8+4i
2 7+9i 1+9i T7+3i 5+49i

=

SparseMatrix Class

public class Imsl.Math.SparseMatrix
A general real sparse matrix intended to be efficiently and easily updated.

A SparseMatrix can be constructed from a set of arrays, or it can be abstractly created as an empty
array and then incrementally built into final form. It is usually easier to create an efppiygeMatrix

of a set size and then use tBet method to set the elements of the array. When setting the elements of
the sparse array, their positions should be thought of as their positions in the dense array. Elements can
be set in any order, but only the elements actually set are stored.

This class includes methods to update the sparse matrix. There are also methods to multiply a sparse
matrix and a vector or to multiply two sparse matrices. To solve a sparse linear system use
SparseCholesky Or SuperLU.

See Also

Imsl.Math.SparseCholesky (1), Imsl.Math.SuperLU (p49)
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Properties

NumberOfColumns
public int NumberOfColumns {get; }

Description

The number of columns in the matrix.

Property Value

An int containing the number of columns in the matrix.

NumberOfNonZeros
public long NumberOfNonZeros {get; }

Description

The number of nonzeros in the matrix.

Property Value

A long containing the number of nonzeros in the matrix.

NumberOfRows
public int NumberOfRows {get; }

Description

The number of rows in the matrix.

Property Value

An int containing the number of rows in the matrix.

Constructors

SparseMatrix
public SparseMatrix(int nRows, int nColumns)

Description
Creates a new instance §farseMatrix. Initially this is the zero matrix.
Parameters
nRows — An int specifying the number of rows in the sparse matrix.
nColumns — An int specifying the number of columns in the sparse matrix.

SparseMatrix
public SparseMatrix(Imsl.Math.SparseMatrix A)
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Description

Creates a new instance $farseMatrix which is a copy of anothe3parseMatrix object.

Parameter

A — A SparseMatrix object containing the matrix to be copied.

SparseMatrix
public SparseMatrix(Imsl.Math.SparseMatrix.SparseArray sparseArray)

Description

Constructs a sparse matrix fronsparseArray.

Parameter

sparseArray — A SparseArray used to initialize the sparse matrix. The field
NumberOfNonZeros in SparseArray (p. 27)is not used for initialization, so it does not have to
be set.

SparseMatrix
public SparseMatrix(int nRows, int nColumns, int[][] index, double[][] values)

Description

Constructs a sparse matrix fra8parseArray data.

Parameters

nRows — An int specifying the number of rows in the sparse matrix.
nColumns — An int specifying the number of columns in the sparse matrix.

index — An int jagged array containing the column indices of all nonzero elements corresponding
to the compressed representation of the sparse matvixiites. The size ofindex must be

identical to the size ofalues. Thei-th row contains the column indices of all nonzero elements of
row i of the sparse matrix. Theth element of row is the column index of the value located at the
same position irvalues.

values — A double jagged array containing the compressed representation of a real sparse matrix
of sizenRows by nColumns. The number of rows iralues must benRows. Thei-th row contains
all nonzero elements of roinof the full sparse matrix.

Methods

Add

static public Imsl.Math.SparseMatrix Add(double alpha, double beta,

Imsl

.Math.SparseMatrix A, Imsl.Math.SparseMatrix B)

Description

Performs element-wise addition of two real sparse matii¢Bof typeSparseMatrix, C «— aA+ SB.
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Parameters
alpha — A double scalar value applied tBparseMatrix A.
beta — A double scalar value applied t8parseMatrix B.
A — A SparseMatrix matrix.
B — A SparseMatrix matrix.

Returns
A SparseMatrix matrix representing the computed sum.
Exception
System.ArgumentException isthrown when the matrices are not of the same size.

CheckSquareMatrix
public void CheckSquareMatrix()

Description
Check that the matrix is square.
Exception
System.ArgumentException is thrown if the matrix is not square.

FrobeniusNorm
public double FrobeniusNorm()

Description

Returns the Frobenius norm of the matrix.

Returns

A double scalar equal to the Frobenius norm of the matrix.

Get
public double Get(int iRow, int jColumn)

Description

Returns the value of an element in the matrix.

Parameters
iRow — An int specifying the row index of the element.
jColumn — An int specifying the column index of the element.

Returns
A double containing the value of thieRow-th andjColumn-th element. If the element was never set, its
value is zero.

InfinityNorm
public double InfinityNorm()
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Description
Returns the infinity norm of the matrix.
Returns

A double scalar equal to the maximum of the row sums of the absolute values of the array elements of
the sparse matrix.

Multiply
public double[] Multiply(double[] x)
Description
Multiply the matrix by a vector.
Parameter
x — A double column array.

Returns
A double vector representing the product of the constructed matrixxaAe.
Exception

System.ArgumentException is thrown when the number of columns of the matrix represented
by this object is not equal to the number of elements in the input column vector.

Multiply
static public double[] Multiply(Imsl.Math.SparseMatrix A, double[] x)
Description
Multiply sparse matrixt and column array, Ax.
Parameters
A — A SparseMatrix matrix.
x — A double column array.

Returns
A double vector representing the product of the argumefis,
Exception

System.ArgumentException is thrown when the number of columns in the input matrix is not
equal to the number of elements in the input column vector.

Multiply
static public double[] Multiply(double[] x, Imsl.Math.SparseMatrix A)

Description

Multiply row arrayx and sparse matrix, x' A.
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Parameters
x — A double row array.
A — A SparseMatrix matrix.

Returns
A double vector representing the product of the argumexits,
Exception

System.ArgumentException is thrown when the number of elements in the input vector is not
equal to the number of rows of the matrix.

Multiply
static public Imsl.Math.SparseMatrix Multiply(Imsl.Math.SparseMatrix A,
Imsl.Math.SparseMatrix B)

Description
Multiply two sparse matrices; < AB.
Parameters
A — A SparseMatrix sparse matrix.
B — A SparseMatrix sparse matrix.

Returns
TheSparseMatrix productAB of A andB.
Exception

System.ArgumentException is thrown when the number of columns of mattixs not equal to
the number of rows of matrig.

MultiplySymmetric
static public double[] MultiplySymmetric(Imsl.Math.SparseMatrix A, double[] x)

Description
Multiply sparse symmetric matrix and column vectox.
Parameters

A — A SparseMatrix sparse symmetric matrix, where only the lower triangular part of the matrix
is to be used.

x — A double vector.

Returns
A double vector representing the product of the argumefixs,
Exception

System.ArgumentException is thrown when the input matrix is not square or the number of
columns in the input matrix is not equal to the number of elements in the input column vector.

OneNorm
public double OneNorm()
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Description
Returns the matrix one norm of the sparse matrix.
Returns

A double scalar containing the maximum of the column sums of the absolute values of the array
elements.

PlusEquals
public double PlusEquals(int iRow, int jColumn, double x)

Description
Adds a value to an element in the matrix.
Parameters
iRow — An int specifying the row index of the element.
jColumn — An int specifying the column index of the element.
x — A double specifying the value to be added to ttRow-th andjColumn-th element.

Returns
A double containing the updated value of thRow-th andjColumn-th element, which equals its old
value plusx.

Set
public void Set(int iRow, int jColumn, double x)

Description
Sets the value of an element in the matrix.
Parameters
iRow — An int specifying the row index of the element.
jColumn — An int specifying the column index of the element.
x — A double specifying the value of théRow-th andjColumn-th element.

ToDenseMatrix
public double[,] ToDenseMatrix()

Description
Returns the sparse matrix as a dense matrix.
Returns

A double rectangular array containing this matrix with all of the zeros explicitly present. The number of
rows and columns in the returned matrix is the same as in the sparse matrix.

ToSparseArray
public Imsl.Math.SparseMatrix.SparseArray ToSparseArray()
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Description

Returns the sparse matrix in tBparseArray form.
Returns

A SparseArray object representing the sparse matrix.
See Also: Imsl.Math.SparseMatrix.SparseArraydp.

Transpose
public Imsl.Math.SparseMatrix Transpose()

Description

Returns the transpose of the matrix.

Returns

A SparseMatrix matrix containing the transpose of the constru@psarseMatrix object.

Example 1: SparseMatrix

The matrix product of two matrices is computed using a method frorigheseMatrix class. The one
norm of the result is also computed. The matrix and its norm are printed.

using System;
using Imsl.Math;

public class SparseMatrixEx1l
{
public static void Main(String[] args)
{
SparseMatrix b = new SparseMatrix(6, 6);
b.Set (0, 0, 10.0);

b.Set(1, 1, 10.0);
b.Set(1, 2, -3.0);
b.Set(1, 3, -1.0);
b.Set(2, 2, 15.0);
b.Set(3, 0, -2.0);
b.Set(3, 3, 10.0);
b.Set(3, 4, -1.0);
b.Set(4, 0, -1.0);
b.Set(4, 3, -5.0);
b.Set(4, 4, 1.0);
b.Set(4, 5, -3.0);
b.Set(5, 0, -1.0);
b.Set(5, 1, -2.0);
b.Set(5, 5, 6.0);

SparseMatrix ¢ = new SparseMatrix(6, 3);
.Set (0, 0, 5.0);

.Set(1, 2, -3.0);

.Set(2, 0, 1.0);
.Set(2, 2, 7.0);
.Set(3, 0, 2.0);
.Set(4, 1, -5.0);

O o0 o0o0o0ao0
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c.Set(4, 2, 2.0);
c.Set(5, 2, 4.0);

SparseMatrix A = SparseMatrix.Multiply(b, c);

// Get the one norm of matrix A

Console.Out.WriteLine("The 1-norm of the matrix is "
+ A.OneNorm());

SparseMatrix.SparseArray sa = A.ToSparseArray();

// Print the matrix and its one norm
Console.Out.WriteLine("row column value");
for (int i = 0; i < sa.NumberOfRows; i++)

{
for (int j = 0; j < sa.Index[i].Length; j++)
{
int jj = sa.Index[i][j];
Console.Out.WriteLine(" " + i + " "+ g+ "
+ sa.Values[il [j1);
}
}
}
}
Output

The 1-norm of the matrix is 198
row column value

0 0 50
1 0 -5
1 2 -51
2 0 15
2 2 105
3 0 10
3 1 5
3 2 -2
4 0 -15
4 1 -5
4 2 -10
5 0 -5
5 2 30

Example 2: SparseMatrix Using Matrix Market Format

The matrix market exchange format is an ASCII file format that represents sparse matrices in coordinate
format. It consists of three sections: The header section is the first line in the file and contains general
informations about the matrix, e.g. data type and symmetry properties. This line is followed by the
comments section which consists of zero or more lines of comments. The remainder of the file is the
data section. Its first line contains the row number, column number and number of nonzeros of the
matrix. The following lines contain location and value of all nonzero entries of the matrix, usually one
per line. A file in Matrix Market format is read and converted t®parseMatrix. Matrix information

and its one norm are printed.
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using System;
using Imsl.Math;

public class SparseMatrixEx2

{

public class MTXReader

{

public String TypeCode

{

}

get
{
return this.typecode;

}

public SparseMatrix Matrix

{

}

get
{

return this.matrix;

}

private String typecode;
private SparseMatrix matrix;

public virtual void read(String filename)

{

System.I0.FileStream aFile = System.I0.File.OpenRead(filename) ;
System.I0.StreamReader br = new System.I0.StreamReader(aFile);

// read type code initial line
String line = br.ReadLine();
typecode = line.Replace("%%", "");

// read comment lines if any
bool comment = true;
while (comment)
{
line = br.ReadLine();
comment = line.StartsWith("%");

}

// line now contains the size information which needs to be parsed
String[] str = line.Split(new Char[] {’ ’});

int nRows = (Int32.Parse(str[0].Trim()));

int nColumns = (Int32.Parse(str[1].Trim()));

int nNonZeros = (Int32.Parse(str[2].Trim()));

// now we’re into the data section
matrix = new SparseMatrix(nRows, nColumns);
while (true)
{
line = br.ReadLine();
if (line == null)
break;
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str = line.Split(mnew Char[] {’ ’});
int i = (Int32.Parse(str[0].Trim()));
int j (Int32.Parse(str[1].Trim()));

double x=0.0;

if (str[2].Trim() == "")
{
x = Convert.ToDouble(str[3].Trim());
}
else
{
x = Convert.ToDouble(str[2].Trim());
}
matrix.Set(i - 1, j - 1, x);
}
br.Close();

public static void Main(String[] args)

{
MTXReader mr = new MTXReader();
mr.read("bcsstk01.mtx");
SparseMatrix A = mr.Matrix;
// Print the matrix type
Console.Out.WriteLine("The matrix type is " + mr.TypeCode);
// Print the matrix information and its one norm
Console.Out.WriteLine("The number of rows is " + A.NumberOfRows);
int ncols = A.Number(OfColumns;
Console.Out.WriteLine("The number of columns is " + ncols);
long nnz = A.NumberOfNonZeros;
Console.Out.WriteLine("The number of nonzero elements is " + nnz);
Console.Out.WriteLine();
Console.Out.WriteLine("The 1 norm of the matrix is " + A.OneNorm());
}
}
Output

The matrix type is MatrixMarket matrix coordinate real symmetric
The number of rows is 48

The number of columns is 48

The number of nonzero elements is 224

The 1 norm of the matrix is 3009444444 .44744
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SparseMatrix.SparseArray Class

public class Imsl.Math.SparseMatrix.SparseArray

TheSparseArray class uses public fields to hold the data for a sparse matrix in the Sparse Array
format.

This format came about as a means for storing sparse matrices. In this format, a sparse matrix is
represented by two arrays of arrays. One array contains the references to the nonzero value arrays for
each row of the sparse matrix. The other contains the references to the associated column index arrays.

As an example, consider the following real sparse matrix:

100 00 00 00 00 0O
00 100 -30 —-10 00 00
00 00 150 00 00 00
—-20 00 00 100 —-10 OO0
-10 00 00 -50 10 -30
-10 -20 00 00 00 60

In SparseArray, this matrix can be represented by the two jagged arraylsies andindex, where
values refers to the nonzero entriesAnandindex to the column indices:

double values[][] = {{10.0},
{10.0,
{15.0%},
{-2.0, 10.0, -1.0%},
{-1.0, -5.0, 1.0, -3.0},

{-1.0, -2.0, 6.0}

};

-3.0, -1.0},

int index[]1[] = {{0},
{1, 2, 3%},
{2},
{0, 3, 4%},
{0, 3, 4, 5},
{0, 1, 5%}
};

Fields

Index
public int[][] Index
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Description

Jagged array containing column indices. The length of this array enquster0fRows. The length of
each row equals the number of nonzeros in that row of the sparse matrix.

NumberOfColumns

public int NumberOfColumns

Description
Number of columns in the matrix.

NumberOfNonZeros
public long NumberOfNonZeros

Description
Number of nonzeros in the matrix.

NumberOfRows
public int NumberOfRows

Description
Number of rows in the matrix.

Values
public double[][] Values

Description
Jagged array containing sparse array values. This array must have the same 3hape.as

Constructor

SparseArray
public SparseArray()

Description
Initializes a new instance of the Imsl.Math.SparseMatrix.SparseArrag 7{zlass.

ComplexSparseMatrix Class

public class Imsl.Math.ComplexSparseMatrix

A general complex sparse matrix which is intended to be efficiently and easily updated.
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A ComplexSparseMatrix can be constructed from a set of arrays, or it can be abstractly created as an
empty array and then incrementally built into final form. It is usually easier to create an empty
ComplexSparseMatrix of set size and then use tBet method to set the elements of the array. When
setting the elements of the sparse array, their positions should be thought of as their positions in the
dense array. Elements can be set in any order, but only the elements set are stored.

This class includes methods to update the sparse matrix. There are also methods to multiply a sparse
matrix and a vector or to multiply two sparse matrices. To solve a sparse linear system use
ComplexSparseCholesky Or ComplexSuperLU.

See Also

ComplexSparseCholesky (88), ComplexSuperLU (p63)

Properties

NumberOfColumns
public int NumberOfColumns {get; }

Description

The number of columns in the matrix.

Property Value

An int containing the number of columns in the matrix.

NumberOfNonZeros
public long NumberOfNonZeros {get; }

Description

The number of nonzeros in the matrix.

Property Value

A long containing the number of nonzeros in the matrix.

NumberOfRows
public int NumberOfRows {get; }

Description

The number of rows in the matrix.

Property Value

An int containing the number of rows in the matrix.
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Constructors

ComplexSparseMatrix
public ComplexSparseMatrix(int nRows, int nColumns)

Description
Creates a new instance ©@mplexSparseMatrix. Initially this is the zero matrix.
Parameters

nRows — An int containing the number of rows in the sparse matrix.
nColumns — An int containing the number of columns in the sparse matrix.

ComplexSparseMatrix
public ComplexSparseMatrix(Imsl.Math.ComplexSparseMatrix A)

Description

Creates a new instance ©@mplexSparseMatrix which is a copy of anothefomplexSparseMatrix
object.

Parameter
A — A ComplexSparseMatrix object containing the complex sparse matrix to be copied.

ComplexSparseMatrix
public ComplexSparseMatrix(Imsl.Math.ComplexSparseMatrix.SparseArray
sparseArray)

Description
Constructs a complex sparse matrix froparseArray object.
Parameter

sparseArray — A ComplexSparseMatrix.SparseArray used to initialize the sparse matrix.
The fieldNumber0fNonZeros in SparseArray (p. 37)is not used for initialization, therefore
does not have to be set.

ComplexSparseMatrix
public ComplexSparseMatrix(int nRows, int nColumns, int[][] index,
Imsl.Math.Complex[] [] values)

Description

Constructs a sparse matrix fr@8parseArray data.

Parameters
nRows — An int containing the number of rows in the sparse matrix.
nColumns — An int containing the number of columns in the sparse matrix.
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index — An int jagged array containing the column indices of all nonzero elements corresponding

to the compressed representation of the sparse matvixiimes. The size ofindex must be

identical to the size ofalues. Thei-th row contains the column indices of all nonzero elements of
row i of the sparse matrix. Theth element of row is the column index of the value located at the

same position ivalues.

values — A Complex jagged array containing the compressed representation of a complex sparse
matrix of sizenRows by nColumns. The number of rows ifralues must benRows. Thei-th row

contains all nonzero elements of rowf the full sparse matrix.

Methods

Add

static public Imsl.Math.ComplexSparseMatrix Add(Imsl.Math.Complex alpha,
Imsl.Math.Complex beta, Imsl.Math.ComplexSparseMatrix A,
Imsl.Math.ComplexSparseMatrix B)

Description

Performs element-wise addition of two complex sparse mattice®f type ComplexSparseMatrix,

C— oA+ BB.

Parameters
alpha — A Complex scalar value applied tGomplexSparseMatrix A.
beta — A Complex scalar value applied tomplexSparseMatrix B.
A — A ComplexSparseMatrix matrix.
B — A ComplexSparseMatrix matrix.

Returns
A ComplexSparseMatrix matrix representing the computed sum.
Exception
System.ArgumentException isthrown when the matrices are not of the same size.

CheckSquareMatrix
public void CheckSquareMatrix()

Description
Check that the matrix is square.
Exception
System.ArgumentException is thrown if the matrix is not square.

ConjugateTranspose
public Imsl.Math.ComplexSparseMatrix ConjugateTranspose()
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Description
Returns the conjugate transpose of the matrix.
Returns

A ComplexSparseMatrix object which is the conjugate transpose of the constructed
ComplexSparseMatrix.

FrobeniusNorm
public double FrobeniusNorm()

Description

Returns the Frobenius norm of the matrix.

Returns

A double containing the Frobenius norm of the matrix.

Get
public Imsl.Math.Complex Get(int iRow, int jColumn)

Description

Returns the value of an element in the matrix.

Parameters
iRow — An int containing the row index of the element.
jColumn — An int containing the column index of the element.

Returns

A Complex containing the value of theRow-th andjColumn-th element. If the element was never set,
its value is zero.

InfinityNorm
public double InfinityNorm()

Description
Returns the infinity norm of the matrix.
Returns

A double containing the maximum of the row sums of the absolute values of the array elements of the
sparse matrix.

Multiply
public Imsl.Math.Complex[] Multiply(Imsl.Math.Complex[] x)
Description
Multiply the matrix by a vector.
Parameter
x — A Complex column array.
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Returns
A Complex vector representing the product of the constructed matrixxaAd.
Exception

System.ArgumentException is thrown when the number of columns of the matrix represented
by this object is not equal to the number of elements in the input column vector.

Multiply
static public Imsl.Math.Complex[] Multiply(Imsl.Math.ComplexSparseMatrix A,
Imsl.Math.Complex[] x)

Description
Multiply sparse matrixt and column array, Ax.
Parameters

A — A ComplexSparseMatrix matrix.

x — A Complex column array.

Returns
A Complex vector representing the product of the argumefaxs,
Exception

System.ArgumentException is thrown when the number of columns in the input matrix is not
equal to the number of elements in the input column vector.

Multiply
static public Imsl.Math.Complex[] Multiply(Imsl.Math.Complex[] x,
Imsl.Math.ComplexSparseMatrix A)

Description
Multiply row arrayx and sparse matrix, x' A.
Parameters

x — A Complex row array.

A — A ComplexSparseMatrix matrix.

Returns
A Complex vector representing the product of the argumexits,
Exception

System.ArgumentException is thrown when the number of elements in the input vector is not
equal to the number of rows of the matrix.

Multiply
static public Imsl.Math.ComplexSparseMatrix
Multiply(Imsl.Math.ComplexSparseMatrix A, Imsl.Math.ComplexSparseMatrix B)
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Description

Multiply two sparse matrices; < AB.

Parameters
A — A ComplexSparseMatrix sparse matrix.
B — A ComplexSparseMatrix sparse matrix.

Returns
TheComplexSparseMatrix productAB of A andB.
Exception

System.ArgumentException is thrown when the column number of matAxs not equal to the
row number of matrixB.

MultiplyHermitian
static public Imsl.Math.Complex[]
MultiplyHermitian(Imsl.Math.ComplexSparseMatrix A, Imsl.Math.Complex[] x)

Description
Multiply sparse Hermitian matrix and column vectox.
Parameters

A — A HermitianComplexSparseMatrix, where only the lower triangular part of the matrix is to
be used.

x — A Complex vector.

Returns
A Complex vector representing the product of the argumefis,
Exception

System.ArgumentException is thrown when the input matrix is not square or the number of
columns in the input matrix is not equal to the number of elements in the input column vector.

OneNorm
public double OneNorm()

Description

Returns the matrix one norm of the sparse matrix.

Returns

A double containing the maximum of the column sums of the absolute values of the array elements.

PlusEquals
public Imsl.Math.Complex PlusEquals(int iRow, int jColumn, Imsl.Math.Complex x)

Description
Adds a value to an element in the matrix.
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Parameters
iRow — An int containing the row index of the element.
jColumn — An int containing the column index of the element.
x — A Complex containing the value to be added to ttRow-th andjColumn-th element.

Returns

A Complex containing the updated value of theow-th and;jColumn-th element, which equals its old
value plusx.

Set
public void Set(int iRow, int jColumn, Imsl.Math.Complex x)

Description
Sets the value of an element in the matrix.
Parameters
iRow — An int containing the row index of the element.
jColumn — An int containing the column index of the element.
x — A Complex containing the value of thiRow-th andjColumn-th element.

ToDenseMatrix
public Imsl.Math.Complex[,] ToDenseMatrix()

Description
Returns the sparse matrix as a dense matrix.
Returns

A Complex rectangular matrix containing this matrix with all of the zeros explicitly present. The number
of rows and columns in the returned matrix is the same as in the sparse matrix.

ToSparseArray
public Imsl.Math.ComplexSparseMatrix.SparseArray ToSparseArray()

Description

Returns the sparse matrix in tRparseArray form.

Returns

A ComplexSparseMatrix.SparseArray containing the complex sparse matrix in sparse array form.
See Also: Imsl.Math.ComplexSparseMatrix.SparseArray{p.

Example: ComplexSparseMatrix

The matrix product of two complex sparse matrices is computed using a method from the
ComplexSparseMatrix class. The one-norm of the result is also computed. The matrix and its norm
are printed.
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using System;
using Imsl.Math;

public class ComplexSparseMatrixEx1

{
public static void Main(String[] args)
{
ComplexSparseMatrix b = new ComplexSparseMatrix(6, 6);
b.Set(0, 0, new Complex(10.0, -3.0));
b.Set(1, 1, new Complex(10.0, 0.0));
b.Set(1, 2, new Complex(-3.0, 2.0));
b.Set(1, 3, new Complex(-1.0, -1.0));
b.Set(2, 2, new Complex(15.0, 5.0));
b.Set(3, 0, new Complex(-2.0, 0.0));
b.Set(3, 3, new Complex(10.0, 1.0));
b.Set(3, 4, new Complex(-1.0, -2.0));
b.Set(4, 0, new Complex(-1.0, 0.0));
b.Set(4, 3, new Complex(-5.0, 7.0));
b.Set(4, 4, new Complex(1.0, -3.0));
b.Set(4, 5, new Complex(-3.0, 0.0));
b.Set(5, 0, new Complex(-1.0, 4.0));
b.Set(5, 1, new Complex(-2.0, 1.0));
b.Set(5, 5, new Complex(6.0, -5.0));
ComplexSparseMatrix ¢ = new ComplexSparseMatrix(6, 3);
c.Set(0, 0, new Complex(5.0, 0.0));
c.Set(1, 2, new Complex(-3.0, -4.0));
c.Set(2, 0, new Complex(1.0, 2.0));
c.Set(2, 2, new Complex(7.0, 1.0));
c.Set(3, 0, new Complex(2.0, -7.0));
c.Set(4, 1, new Complex(-5.0, 2.0));
c.Set(4, 2, new Complex(2.0, 1.0));
c.Set(5, 2, new Complex(4.0, 0.0));
// A =b *c
ComplexSparseMatrix A = ComplexSparseMatrix.Multiply(b, c);
// Get the one norm of matrix A
Console.Out.WriteLine("The 1-norm of the matrix is "
+ A.OneNorm());
ComplexSparseMatrix.SparseArray sa = A.ToSparseArray();
Console.Out.WriteLine("row column value");
for (int i = 0; i < sa.NumberOfRows; i++)
{
for (int j = 0; j < sa.Index[i].Length; j++)
{
Console.Out.WriteLine(" " + i + " "
+ sa.Index[i][j] + " "o
+ Complex.Real(sa.Values[i] [j])
+ "," + Complex.Imag(sa.Values[i] [j]) + ")");
}
}
}
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Output

The 1-norm of the matrix is 253.937005114344
row column value

0 0 (50,-15)
1 0 (-16,1)
1 2 (-53,-29)
2 0 (5,35)

2 2 (100,50)
3 0 (17,-68)
3 1 (9,8)

3 2 (0,-5)

4 0 (34,49)
4 1 (1,17)

4 2 (-7,-5)
5 0 (-5,20)
5 2 (34,-15)

ComplexSparseMatrix.SparseArray Class

public class Imsl.Math.ComplexSparseMatrix.SparseArray

TheSparseArray class uses public fields to hold the data for a sparse matrix in the Sparse Array
format.

This format came about as a means for storing sparse matrices. In this format, a sparse matrix is
represented by two arrays of arrays. One array contains the references to the nonzero value arrays for
each row of the sparse matrix. The other contains the references to the associated column index arrays.

As an example, consider the following complex sparse matrix:

10.0—3.0i 0.0 0.0 0.0 0.0 0.0

0.0 100 —3.0+20i —1.0-1.0i 0.0 0.0

A 0.0 0.0 150+ 5.0i 0.0 0.0 0.0

—-20 0.0 0.0 100+1.0i —1.0—2.0i 0.0

-10 0.0 0.0 —5.0+7.0i 1.0-3.0i -3.0
—1.0+4.0i —2.0+1.0i 0.0 0.0 0.0 6.0—5.0i

In SparseArray, this matrix can be represented by the two jagged arraylsies andindex, where
values refers to the nonzero entriesAnandindex to the column indices: Complex values[][] =
{ {new Complex(10.0, -3.0)}, {new Complex(10.0, 0.0), new Complex(-3.0, 2.0),
new Complex(-1.0,-1.0)}, {new Complex(15.0, 5.0)}, {new Complex(-2.0, 0.0), new
Complex(10.0, 1.0), new Complex(-1.0, -2.0)}, {new Complex(-1.0, 0.0), new
Complex(-5.0, 7.0), new Complex(1.0, -3.0), new Complex(-3.0, 0.0)}, {new
Complex(-1.0, 4.0), new Complex(-2.0, 1.0), new Complex(6.0, -5.0)} }; int
index[10] = { {0}, {1, 2, 3}, {2}, {0, 3, 4}, {0, 3, 4, 5}, {0, 1, 5} };
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Fields

Index
public int[][] Index

Description

Jagged array containing column indices. The length of this array enquster0fRows. The length of
each row equals the number of nonzeros in that row of the sparse matrix.

NumberOfColumns
public int NumberOfColumns

Description
Number of columns in the matrix.

NumberOfNonZeros
public long NumberOfNonZeros

Description
Number of nonzeros in the matrix.

NumberOfRows
public int NumberOfRows

Description
Number of rows in the matrix.

Values
public Imsl.Math.Complex[][] Values

Description
Jagged array containing sparse array values. This array must have the same 3hape.as

Constructor

SparseArray
public SparseArray()

Description
Initializes a new instance of the Imsl.Math.ComplexSparseMatrix.SparseArra8i7Yplass.
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LU Class

public class Imsl.Math.LU
LU factorization of a matrix of typ@ouble.

LU performs arLU factorization of a real general coefficient matrix. T¢wndition method estimates

the reciprocal of thé&; condition number of the matrix. The LU factorization is done using scaled partial
pivoting. Scaled partial pivoting differs from partial pivoting in that the pivoting strategy is the same as if
each row were scaled to have the same infinity norm.

TheL; condition number of the matri& is defined to bec(A) = ||A||1||A~2||1. Since it is expensive to
compute||A~1||1, the condition number is only estimated. The estimation algorithm is the same as used
by LINPACK and is described in a paper by Cline et al. (1979).

Note thatd is not retained for use by other methods of this class, only the factorizatibisa&tained.
Thus,A is a required parameter to thendition method.

An estimated condition number greater thaie {wheree is machine precision) indicates that very small
changes irA can cause very large changes in the soluxiolterative refinement can sometimes find the
solution to such a system. If there is conern about the input matrix being ill-conditioned, the user of this
class should check the condition number of the input matrix usingdéheition method before using

one of the other class methods.

LU fails if U, the upper triangular part of the factorization, has a zero diagonal element. This can occur
only if A either is singular or is very close to a singular matrix.

Use theSolve method to solve systems of equations. Deeerminant method can be called to
compute the determinant of the coefficient matrix.

LU is based on the LINPACK routin®GECO; see Dongarra et al. (1979GECO uses unscaled partial
pivoting.

Property

NumberOfProcessors

public int NumberOfProcessors {get; set; }

Description

Perform the parallel calculations with the maximum possible number of processors set to
NumberOfProcessors.

Property Value
An int indicating the maximum possible number of processors to use.
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Remarks

By default,NumberOfProcessors = Environment .ProcessorCount. If NumberOfProcessors is

set to a number less than 1 or greater tRawironment . ProcessorCount,

Environment .ProcessorCount Will be used internally. This property has no effect if the application is
used with a scalar version of the IMSL C# Numerical Library.

Constructor

LU
public LU(double[,] a)

Description
Creates the LU factorization of a square matrix of tdpeble.
Parameter

a — Thedouble square matrix to be factored.

Exception
Imsl.Math.SingularMatrixException isthrown when the input matrix is singular

Methods

Condition
public double Condition(doublel[,] a)

Description
Return an estimate of the reciprocal of the L1 condition number of a matrix.

Parameter
a— Thedouble square matrix for which the reciprocal of the L1 condition number is desired.

Returns
A double value representing an estimate of the reciprocal of the L1 condition number of the matrix.

Determinant
public double Determinant ()

Description
Return the determinant of the matrix used to construct this instance.

40e LU IMSL C# Numerical Library



Returns
A double scalar containing the determinant of the matrix used to construct this instance.

GetL
public doublel[,] GetL()

Description

Returns the lower triangular portion of thé&J factorization ofa.

Returns

A double matrix containing-, the lower triangular portion of thieU factorization ofa.
Remarks

Scaled patrtial pivoting is used to achieve théfactorization. The resulting factorization is such that
AP = LU, whereA is the input matrixa, P is the permutation matrix returned by
GetPermutationMatrix, L is the lower triangular matrix returned IggtL, andU is the unit upper
triangular matrix returned bgetU.

GetPermutationMatrix
public double[,] GetPermutationMatrix()

Description

Returns the permutation matrix which results from thefactorization ofa.

Returns

A double matrix containing the permuted identity matrix as a result ofLtidactorization ofa.
Remarks

Scaled partial pivoting is used to achieve thé factorization. The resulting factorization is such that
AP = LU, whereA is the input matrixa, P is the permutation matrix returned by
GetPermutationMatrix, L is the lower triangular matrix returned IggtL, andU is the unit upper
triangular matrix returned bgetU.

GetU
public double[,] GetU(Q)

Description

Returns the unit upper triangular portion of the factorization ofa.

Returns

A double matrix containingJ, the unit upper triangular portion of theJ factorization ofa.
Remarks

Scaled patrtial pivoting is used to achieve thé factorization. The resulting factorization is such that
AP = LU, whereA is the input matrixa, P is the permutation matrix returned by
GetPermutationMatrix, L is the lower triangular matrix returned IggtL, andU is the unit upper
triangular matrix returned bgetU.

Inverse
public double[,] Inverse()
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Description

Returns the inverse of the matrix used to construct this instance.

Returns

A double matrix representing the inverse of the matrix used to construct this instance.

Solve
public double[] Solve(double[] Db)

Description
Solve ax=b for x using the LU factorization af
Parameter
b — A double array containing the right-hand side of the linear system.

Returns
A double array containing the solution to the linear system of equations.

Solve
static public double[] Solve(double[,] a, double[] b)

Description
Solve ax=b for x using the LU factorization af
Parameters

a— A double square matrix.

b — A double column vector.

Returns
A double column vector containing the solution to the linear system of equations.
Exceptions

System.ArgumentException is thrown when the number of rows in the input matrix is not equal
to the number of elements in x

Imsl.Math.SingularMatrixException iS thrown when the matrix is singular

SolveTranspose
public double[] SolveTranspose(double[] Db)

Description
Return the solution x of the linear system transpose(A)x = b.
Parameter
b — A double array containing the right-hand side of the linear system.

Returns
A double array containing the solution to the linear system of equations.
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Example: LU Factorization of a Matrix

The LU Factorization of a Matrix is performed. A linear system is then solved using the factorization.
The inverse, determinant, and condition number of the input matrix are also computed.

using System;
using Imsl.Math;

public class LUEx1
{
public static void Main(String[] args)
{
doublel[,] a = {
{1, 3, 3},
{1, 3, 4},
{1, 4, 3}
};
double[] b = new double[] { 12, 13, 14 };

// Compute the LU factorization of A
LU 1lu = new LU(a);

// Solve Ax = b
double[] x = lu.Solve(b);
new PrintMatrix("x").Print(x);

// Find the inverse of A.
double[,] ainv = lu.Inverse();
new PrintMatrix("ainv").Print(ainv);

// Find the condition number of A.

double condition = lu.Condition(a);
Console.Out.WriteLine("condition number = " + condition);
Console.Out.WriteLine();

// Find the determinant of A.

double determinant = lu.Determinant();
Console.Out.WriteLine("determinant = " + determinant);

Output

= O
=N WwOo

ainv
0 1 2
0 7 -3 -3
-1 2.22044604925031E-16 1
2 -1 1 0

[
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condition number = 0.0151202749140893

determinant = -1

ComplexLU Class

public class Imsl.Math.ComplexLU
LU factorization of a matrix of typ€omplex.

ComplexLU performs arLU factorization of a complex general coefficient matdemplexLU’s method
Condition estimates the condition number of the matrix. Théfactorization is done using scaled
partial pivoting. Scaled partial pivoting differs from partial pivoting in that the pivoting strategy is the
same as if each row were scaled to have the same infinity norm.

TheL; condition number of the matri is defined to bec (A) = ||Al|; [|A™2||,. Since it is expensive to
compute||A~1||,, the condition number is only estimated. The estimation algorithm is the same as used
by LINPACK and is described by Cline et al. (1979).

Note thata is not retained for use by other methods of this class, only the factorizatibisattained.
Thus,A is a required parameter to thendition method.

An estimated condition number greater thale {wheree is machine precision) indicates that very small
changes irA can cause very large changes in the solutioiterative refinement can sometimes find the
solution to such a system.

ComplexLU fails if U, the upper triangular part of the factorization, has a zero diagonal element. This
can occur only ifA either is singular or is very close to a singular matrix.

TheSolve method can be used to solve systems of equations. The m¢hedminant can be called
to compute the determinant of the coefficient matrix.

ComplexLU is based on the LINPACK routine CGECO; see Dongarra et al. (107830 uses
unscaled partial pivoting.

Property

NumberOfProcessors
public int NumberOfProcessors {get; set; }

Description

Perform the parallel calculations with the maximum possible number of processors set to
NumberOfProcessors.
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Property Value
An int indicating the maximum possible number of processors to use.
Remarks

By default,Number0fProcessors = Environment .ProcessorCount. If NumberOfProcessors is

set to a number less than 1 or greater thawnironment . ProcessorCount,
Environment.ProcessorCount Will be used internally. This property has no effect if the application is
used with a scalar version of the IMSL C# Numerical Library.

Constructor

ComplexLU
public ComplexLU(Imsl.Math.Complex[,] a)

Description
Creates the LU factorization of a square matrix of tgpeplex.
Parameter

a — TheComplex square matrix to be factored.

Exception
Imsl.Math.SingularMatrixException is thrown when the input matrix is singular

Methods

Condition
public double Condition(Imsl.Math.Complex[,] a)

Description
Return an estimate of the reciprocal of the L1 condition number.
Parameter

a — A Complex matrix.

Returns

A double scalar value representing the estimate of the reciprocal of the L1 condition number of the
matrix a.

Determinant
public Imsl.Math.Complex Determinant ()

Description
Return the determinant of the matrix used to construct this instance.
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Returns
A Complex scalar containing the determinant of the matrix used to construct this instance.

GetL
public Imsl.Math.Complex[,] GetL()

Description

Returns the lower triangular portion of th& factorization ofa.

Returns

A Complex matrix containind, the lower triangular portion of thieU factorization ofa.
Remarks

Scaled partial pivoting is used to achieve théfactorization. The resulting factorization is such that
AP = LU, whereA is the input matrixa, P is the permutation matrix returned by
GetPermutationMatrix, L is the lower triangular matrix returned IegtL, andU is the unit upper
triangular matrix returned bgetU.

GetPermutationMatrix
public Imsl.Math.Complex[,] GetPermutationMatrix()

Description

Returns the permutation matrix which results from théfactorization ofa.

Returns

A double matrix containing the permuted identity matrix as a result ofl.tifactorization ofa.
Remarks

Scaled partial pivoting is used to achieve théfactorization. The resulting factorization is such that
AP = LU, whereA is the input matrixa, P is the permutation matrix returned by
GetPermutationMatrix, L is the lower triangular matrix returned IggtL, andU is the unit upper
triangular matrix returned b§etU.

GetU
public Imsl.Math.Complex[,] GetU(Q)

Description

Returns the unit upper triangular portion of the factorization ofa.

Returns

A Complex matrix containindJ, the unit upper triangular portion of the&J factorization ofa.
Remarks

Scaled patrtial pivoting is used to achieve théfactorization. The resulting factorization is such that
AP = LU, whereA is the input matrixa, P is the permutation matrix returned by
GetPermutationMatrix, L is the lower triangular matrix returned IggtL, andU is the unit upper
triangular matrix returned bgetU.

Inverse
public Imsl.Math.Complex[,] Inverse()
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Description

Compute the inverse of a matrix of tygemplex.

Returns

A Complex matrix containing the inverse of the matrix used to construct this object.

Solve
public Imsl.Math.Complex[] Solve(Imsl.Math.Complex[] b)

Description
Return the solution x of the linear system ax = b using the LU factorization of a.
Parameter

b — A Complex array containing the right-hand side of the linear system.

Returns
A Complex array containing the solution to the linear system of equations.

Solve
static public Imsl.Math.Complex[] Solve(Imsl.Math.Complex[,] a,
Imsl.Math.Complex[] b)

Description
Return the solution x of the linear system ax = b using the LU factorization of a.
Parameters

a — A Complex square matrix.

b — A Complex column vector.

Returns
A Complex column vector containing the solution to the linear system of equations.
Exceptions

System.ArgumentException is thrown when the number of rows &is not equal to the length
of b

Imsl.Math.SingularMatrixException is thrown when the matrix is singular

SolveTranspose
public Imsl.Math.Complex[] SolveTranspose(Imsl.Math.Complex[] b)

Description
Return the solution x of the linear system transpose(A)x = b.
Parameter
b — A Complex array containing the right-hand side of the linear system.

Returns
A Complex array containing the solution to the linear system of equations.
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Example: LU Decomposition of a Complex Matrix

The Complex structure is used to convert a real matrix to a Complex matrix. An LU decomposition of the
matrix is performed. The reciprocal of the condition number of the Matrix is then computed and checked
against machine precision to determine whether or not to issue a Warning about the results. A linear
system is then solved using the factorization. The determinant of the input matrix is also computed.

using System;
using Imsl.Math;

public class ComplexLUEx1

{
public static void Main(String[] args)
{
double[,] ar = {{1, 3, 3},
{1, 3, 4},
{1, 4, 3}};

double[] br = {12, 13, 14};

Complex[,] a = new Complex[3,3];
Complex[] b = new Complex[3];

for (int i = 0; i < 3; i++)
{
b[i] = new Complex(br([il);
for (int j = 0; j < 3; j++)
{
ali,j] = new Complex(ar[i,jl);
}
}

// Compute the LU factorization of A
ComplexLU clu = new ComplexLU(a);

// Check the reciprocal of the condition number of A
//  against machine precision
double condition = clu.Condition(a);

if (condition <= 2.220446049250313e-16){
Console.Out.WriteLine ("WARNING. The matrix is too ill-conditioned.");
Console.Qut.WriteLine("An estimate of the reciprocal of its L1 " +
"condition number is "+condition+".");
Console.QOut.WriteLine ("Results based on this factorization may " +
"not be accurate.");

}

// Solve Ax = b

Complex[] x = clu.Solve(b);
Console.Out.WriteLine("The solution is:");
Console.Out.WriteLine(" ");

new PrintMatrix("x").Print(x);

// Print the condition number of A.
Console.Out.WriteLine("The condition number = " + condition);
Console.Out.WriteLine();
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// Find the determinant of A.
Complex determinant = clu.Determinant();
Console.Out.WriteLine("The determinant = " + determinant);
}
}

Output

The solution is:

X

N = O
=N WOo

The condition number = 0.0148867313915858

The determinant = -0.99999999999999978

SuperLU Class

public class Imsl.Math.SuperLU

Computes the LU factorization of a general sparse matrix of $gperseMatrix by a column method
and solves the real sparse linear system of equatiaash.

Consider the sparse linear system of equations
Ax=Dh.

Here,Ais a general square, nonsingulahy n sparse matrix, andandb are vectors of length. All
entries inA, x andb are of typedouble.

Gaussian elimination, applied to the system above, can be shortly described as follows:

1. Compute a triangular factorizatiéhD, AD:P. = LU. Here,D; andD. are positive definite diagonal
matrices to equilibrate the system dRdandP; are permutation matrices to ensure numerical stability
and preserve sparsitly.is a unit lower triangular matrix and is an upper triangular matrix.

2. SolveAx= b by evaluating
x=A"1o=Dc(P(U YL LR (D/b))))).

This is done efficiently by multiplying from right to left in the last expression: Scale the rolwdgD; .
Multiplying P, (D;b) means permuting the rows Bib. Multiplying L~(P,D;b) means solving the
triangular system of equations with mattibby substitution. Similarly, multiplyingy ~*(L~(P.D;b))
means solving the triangular system widh
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ClasssuperLU handles step 1 above in tBelve method if it has not been computed prior to step 2.
More precisely, befordx= b is solved the following steps are performed:

1. Equilibrate matrixA, i.e. compute diagonal matrices andD. so thatA = D, AD, is “better
conditioned” thar, i.e. A~1 is less sensitive to perturbationsAtthanA~1 is to perturbations in
A

2. Order the columns ok to increase the sparsity of the computedndU factors, i.e. replacé by
AR, whereR; is a column permutation matrix.

3. Compute the_U factorization ofAR.. For numerical stability, the rows @R, are eventually
permuted through the factorization process by scaled partial pivoting, leading to the
decompositioA := R AR. = LU. Thel U factorization is done by a left looking supernode-panel
algorithm with 2-D blocking. See Demmel, Eisenstat, Gilbert et al. (1999) for further information
on this technique.

4. Compute the reciprocal pivot growth factor

1A |0
1<j<n [|Ujleo

whereA; andU; denote thg-th column of matriced andU, respectively.

5. Estimate the reciprocal of the condition number of maftix
MethodSolve uses this information to perform the following steps:

1. Solve the systerAx = b using the computed triangular factors.

2. lteratively refine the solution, again using the computed triangular factors. This is equivalent to
Newton’s method.

3. Compute forward and backward error bounds for the solution vector

Some of the steps mentioned above are optional. Their settings can be controlle¢éy thethods
and properties of classiperLU.

ClassSuperLU is based on the SuperLU code written by Demmel, Gilbert, Li et al. For more detailed
explanations of the factorization and solve steps, see the SuperLU Users’ Guide (1999).

Copyright (c) 2003, The Regents of the University of California, through Lawrence Berkeley National
Laboratory (subject to receipt of any required approvals from U.S. Dept. of Energy)

All rights reserved.

Redistribution and use in source and binary forms, with or without modification, are permitted provided
that the following conditions are met:

(1) Redistributions of source code must retain the above copyright notice, this list of conditions and the
following disclaimer.
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(2) Redistributions in binary form must reproduce the above copyright notice, this list of conditions and
the following disclaimer in the documentation and/or other materials provided with the distribution.

(3) Neither the name of Lawrence Berkeley National Laboratory, U.S. Dept. of Energy nor the names of
its contributors may be used to endorse or promote products derived from this software without specific
prior written permission.

THIS SOFTWARE IS PROVIDED BY THE COPYRIGHT HOLDERS AND CONTRIBUTORS *AS
IS” AND ANY EXPRESS OR IMPLIED WARRANTIES, INCLUDING, BUT NOT LIMITED TO,
THE IMPLIED WARRANTIES OF MERCHANTABILITY AND FITNESS FOR A PARTICULAR
PURPOSE ARE DISCLAIMED. IN NO EVENT SHALL THE COPYRIGHT OWNER OR
CONTRIBUTORS BE LIABLE FOR ANY DIRECT, INDIRECT, INCIDENTAL, SPECIAL,
EXEMPLARY, OR CONSEQUENTIAL DAMAGES (INCLUDING, BUT NOT LIMITED TO,
PROCUREMENT OF SUBSTITUTE GOODS OR SERVICES; LOSS OF USE, DATA, OR PROFITS;
OR BUSINESS INTERRUPTION) HOWEVER CAUSED AND ON ANY THEORY OF LIABILITY,
WHETHER IN CONTRACT, STRICT LIABILITY, OR TORT (INCLUDING NEGLIGENCE OR
OTHERWISE) ARISING IN ANY WAY OUT OF THE USE OF THIS SOFTWARE, EVEN IF
ADVISED OF THE POSSIBILITY OF SUCH DAMAGE.

Properties

ColumnOrderingMethod
public Imsl.Math.SuperLU.ColumnOrdering ColumnOrderingMethod {get; set; }

Description
The method used to permute the columns of the input matrix.
Property Value

A ColumnOrdering scalar specifying how the columns of the input matrix are to be permuted for
sparsity preservation.

value method

Natural natural ordering, that iB. =1, | the
identity matrix.

MinimumDegreeAtPlusA minimum degree ordering on the
structure ofAT + A

MinimumDegreeAtA minimum degree ordering on the
structure ofAT A

ColumnApproximateMinimumDegree column approximate minimum de-
gree ordering

Remarks
By default,value = SuperLU.ColumnOrderingMethod.ColumnApproximateMinimumDegree.
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Exception
System. ArgumentException is thrown ifvalue is not one of the above values.

ConditionNumber
public double ConditionNumber {get; }

Description
The estimate of the reciprocal condition number of the marix
Property Value

A double scalar containing the reciprocal condition number of the méatiitter equilibration and
permutation of rows/columns (if done). If the reciprocal condition number is less than machine
precision, in particular if it is equal to 0, the matrix is singular to working precision.

DiagonalPivotThreshold
public double DiagonalPivotThreshold {get; set; }

Description

The threshold used for a diagonal entry to be an acceptable pivot.

Property Value

A double scalar specifying the threshold used for a diagonal entry to be an acceptable pivot.
Remarks

By default,DiagonalPivotThreshold=1.0, i.e. classical partial pivoting.

Exception

System.ArgumentException isthrown ifDiagonalPivotThreshold is notin the interval
[0.0,1.0].

Equilibrate

public bool Equilibrate {get; set; }

Description

Specifies if input matripA is equilibrated before factorization.
Property Value

A bool specifying whether or not matrixis equilibrated before factorization. Builibrate is true
the system is equilibrated,Hquilibrate is false, no equilibration is performed.

Remarks
By default,Equilibrate = true.

EquilibrationMethod
public Imsl.Math.SuperLU.Scaling EquilibrationMethod {get; }

Description
The type of equilibration used before matrix factorization.
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Property Value
A Scaling value specifying the equilibration option used.

Remarks
EquilibrationMethod Option description
None No equilibration is performed.
Row Equilibration is performed with row scaling.
Column Equilibration is performed with column scaling.
RowAndColumn Equilibration is performed with row and column

scaling.
ForwardErrorBound

public double ForwardErrorBound {get; }

Description
The estimated forward error bound for the solution vector.
Property Value

A double containing the estimated forward error bound for the solution vector. The estimate is as
reliable as the estimate for the reciprocal condition number, and is almost always a slight overestimate of
the true error. If iterative refinement is not used, the return value is getto

IterativeRefinement
public bool IterativeRefinement {get; set; }

Description

The iterative refinement option.

Property Value

A bool specifying whether to use iterative refinement.
Remarks

For iterative refinement, s@terativeRefinement = true, otherwise selterativeRefinement =
false.

By default,IterativeRefinement = false.

PivotGrowth
public bool PivotGrowth {get; set; }

Description
Specifies whether to compute the reciprocal pivot growth factor.
Property Value

A bool specifying whether to compute the reciprocal pivot growth faaiete indicates the reciprocal
pivot factor will be computedtalse indicates it will not be computed.
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Remarks
By default,PivotGrowth = false.

ReciprocalPivotGrowthFactor
public double ReciprocalPivotGrowthFactor {get; }

Description
The reciprocal pivot growth factor.
Property Value
A double scalar representing the reciprocal growth factor
1A s
1<j<n [|Ujlleo

If the value is much less than 1, the stability of the factorization could be poor.

RelativeBackwardError
public double RelativeBackwardError {get; }

Description

The componentwise relative backward error of the solution vector.

Property Value

A double containing the componentwise relative backward error of the solution vectbr
IterativeRefinement iS not set totrue, thenRelativeBackwardError returnsi.o.

SymmetricMode
public bool SymmetricMode {get; set; }

Description

The symmetric mode option.

Property Value

A bool indicating if symmetric mode is to be used.
Remarks

The symmetric mode option should be applied if the input makrix diagonally dominant or nearly so.
The user should then define a small diagonal pivot threshold (e.g. 0.0 or 0.01) by property
DiagonalPivotThreshold and choose an' + A)-based column permutation algorithm (e.g. column
permutation methoBuperLU.ColumnOrdering.MinimumDegreeAtPlusA). SymmetricMode=true
implies symmetric mode is used.

By default,SymmetricMode=false.

Constructor

SuperLU
public SuperLU(Imsl.Math.SparseMatrix A)
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Description
Constructor foiSuperLU.
Parameter
A — A SparseMatrix containing the sparse square input matrix.

Methods

GetPerformanceTuningParameters

public int
GetPerformanceTuningParameters(Imsl.Math.SuperLU.PerformanceParameters
parameter)

Description
Returns a performance tuning parameter value.
Parameter

parameter — A PerformanceParameters scalar that specifies the parameter for which the value
is to be returned.

parameter Description

PanelSize The panel size.

RelaxationParameter The relaxation parameter to control supernode
amalgamation.

MaximumSupernodeSize The maximum allowable size for a supernode.

MinimumRowDimension The minimum row dimension to be used for
2D blocking.

MinimumColumnDimension The minimum column dimension to be used
for 2D blocking.

FillFactor The estimated fill factor fo. and U, com-
pared withA.

Returns
An int containing the current value used for the specified tuning parameter.

SetPerformanceTuningParameters

public void
SetPerformanceTuningParameters(Imsl.Math.SuperLU.PerformanceParameters
parameter, int tunedValue)

Description
Sets performance tuning parameters.
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Parameters
parameter — A PerformanceParameters scalar that specifies the parameter to be tuned.
tunedValue — An int scalar that specifies the value to be used for the specified tuning parameter.

parameter Description Default

PanelSize The panel size. 10

RelaxationParameter The relaxation parameter to control sub
pernode amalgamation.

MaximumSupernodeSize The maximum allowable size for a su-100
pernode.

MinimumRowDimension The minimum row dimension to be used200
for 2D blocking.

MinimumColumnDimension The minimum column dimension to be40
used for 2D blocking.

FillFactor The estimated fill factor for andU, com- | 20
pared withA.

Exception

System.ArgumentException is thrown iftunedValue is not greater than zero.

Solve
public double[] Solve(double[] b)

Description
Computation of the solution vector for the systém= b.
Parameter
b — A double vector of lengthn, n the order of input matrix, containing the right hand side.

Returns

A double vector containing the solution to the systém= b. Optionally, the solution is improved by
iterative refinement, ifterativeRefinement = true. MethodSolve internally first factorizes
matrix A (step 1 of the introduction) if the factorization has not been done before.

SolveTranspose
public double[] SolveTranspose(double[] Db)

Description
Computation of the solution vector for the systéfx = b.

Parameter
b — A double vector of lengthn containing the right hand side,is the order of input matrix.

Returns

A double vector containing the solution to the systé&x = b. Optionally, the solution is improved by
iterative refinement, ifterativeRefinement = true. MethodSolveTranspose internally first
factorizes matripA (step 1 of the introduction) if the factorization has not been done before.
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Example: LU Factorization of a Sparse Matrix

The LU Factorization of the sparse<& matrix

100 00O o00 00 00 00
00 100 -30 -10 00 00
00 00 150 00 00 0O
-20 00 00 100 —-10 o00
-10 00 00 -50 10 -30
-10 -20 00 00 00 60

is computed. The sparse coordinate form for A is given by a series of row, column, value triplets:

value
10.0
10.0
-3.0
-1.0
15.0
-2.0
10.0
-1.0
-1.0
-5.0
1.0
-3.0
-1.0
-2.0
6.0

o)
=
(@}
o
c
3
=)
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Let
y" =(1.0,2.0,3.0,4.0,5.0,6.0)

so that
b; := Ay=(10.0,7.0,45.0,33.0, —34.0,310)T

and
by = ATy =(-9.0,8.0,39.0,13.0, 1.0,21.0)T .

The LU factorization ofA is used to solve the sparse linear systéms- b; andATx = b, with iterative
refinement. The reciprocal pivot growth factor and the reciprocal condition number are also computed.

using System;
using Imsl.Math;

public class SuperLUEx1

{
public static void Main(String[] args)
{

int m;
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SuperLU slu;

double conditionNumber, recip_pivot_growth;
double[] sol = null;

double Ferr, Berr;

o

double[] b1l
double[] b2

{10.0, 7.0, 45.0, 33.0, -34.0, 31.0};
{-9. 8.0, 39.0, 13.0, 1.0, 21.0};

B

// Initialize matrix A.
m = 6;
SparseMatrix a = new SparseMatrix(m, m);

a.Set(0, 0, 10.0);
a.Set(1, 1, 10.0);
a.Set(1, 2, -3.0);
a.Set(1, 3, -1.0);
a.Set(2, 2, 15.0);
a.Set(3, 0, -2.0);
a.Set(3, 3, 10.0);
a.Set(3, 4, -1.0);
a.Set(4, 0, -1.0);
a.Set(4, 3, -5.0);
a.Set(4, 4, 1.0);
a.Set(4, 5, -3.0);
a.Set(5, 0, -1.0);
a.Set(5, 1, -2.0);
a.Set(5, 5, 6.0);

// Compute the sparse LU factorization of a
slu = new SuperLU(a);

slu.Equilibrate = false;
slu.ColumnOrderingMethod = SuperLU.ColumnOrdering.Natural;
slu.PivotGrowth = true;

// Set option of iterative refinement
slu.IterativeRefinement = true;

// Solve sparse system A*x = bl
Console.Out.WriteLine();
Console.Out.WriteLine("Solve sparse System Ax=bl");
Console.QOut.WriteLine (" ")
Console.0Out.WriteLine();

sol = slu.Solve(bl);
new PrintMatrix("Solution") .Print(sol);

Ferr = slu.ForwardErrorBound;
Berr = slu.RelativeBackwardError;

Console.Out.WriteLine();

Console.Out.WriteLine("Forward error bound: " + Ferr);
Console.Out.WriteLine("Relative backward error: " + Berr);
Console.Out.WriteLine();

Console.Out.WriteLine();
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Output

// Solve sparse system (A T)*x = b2
Console.Out.WriteLine();

Console.Out.WriteLine("Solve sparse System (A"T)=*x=b2");
Console.0Out.WriteLine (" ");
Console.Out.WriteLine();

sol = slu.SolveTranspose(b2);
new PrintMatrix("Solution") .Print(sol);

Ferr = slu.ForwardErrorBound;
Berr = slu.RelativeBackwardError;

System.Console.Qut.WriteLine();
System.Console.Out.WriteLine ("Forward error bound: " + Ferr);
System.Console.Qut.WriteLine("Relative backward error: " + Berr);
System.Console.Out.WriteLine();

System.Console.Qut.WriteLine();

// Compute reciprocal pivot growth factor and condition number

recip_pivot_growth = slu.ReciprocalPivotGrowthFactor;
conditionNumber = slu.ConditionNumber;

Console.Out.WriteLine("Pivot growth factor and condition number");
Console.Out.WriteLine (" ");
Console.Out.WriteLine();

Console.0Out.WriteLine("Reciprocal pivot growth factor: " +
recip_pivot_growth) ;
Console.Out.WriteLine("Reciprocal condition number: " + conditionNumber);

Console.Out.WriteLine();

Solve sparse System Ax=bl

Solution

O WwWNN O

0

O WN -

Forward error bound: 2.74489425897801E-14
Relative backward error: O
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Solve sparse System (A"T)*x=b2

Solution
0

O WD~ O
OO WN -

Forward error bound: 2.41379101136191E-15
Relative backward error: O

Pivot growth factor and condition number

Reciprocal pivot growth factor: 1
Reciprocal condition number: 0.0244510978043912

SuperLU.ColumnOrdering Enumeration

public enumeration Imsl.Math.SuperLU.ColumnOrdering

The column permutation method to be used.

Fields

ColumnApproximateMinimumDegree
public Imsl.Math.SuperLU.ColumnOrdering ColumnApproximateMinimumDegree

Description
For column ordering, use column approximate minimum degree ordering.

MinimumDegreeAtA
public Imsl.Math.SuperLU.ColumnOrdering MinimumDegreeAtA

Description
For column ordering, use minimum degree ordering on the structukéAf
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MinimumDegreeAtPlusA
public Imsl.Math.SuperLU.ColumnOrdering MinimumDegreeAtPlusA

Description
For column ordering, use minimum degree ordering on the structuké& ofA.

Natural
public Imsl.Math.SuperLU.ColumnOrdering Natural

Description
For column ordering, use the natural ordering.

SuperLU.PerformanceParameters Enumeration

public enumeration Imsl.Math.SuperLU.PerformanceParameters

Performance tuning parameters which can be adjusted via method
SetPerformanceTuningParameters

Fields

FillFactor
public Imsl.Math.SuperLU.PerformanceParameters FillFactor

Description
The estimated fill factor foL andU, compared withA.

MaximumSupernodeSize

public Imsl.Math.SuperLU.PerformanceParameters MaximumSupernodeSize

Description
The maximum allowable size for a supernode.

MinimumColumnDimension
public Imsl.Math.SuperLU.PerformanceParameters MinimumColumnDimension

Description
The minimum column dimension to be used for 2D blocking.

MinimumRowDimension
public Imsl.Math.SuperLU.PerformanceParameters MinimumRowDimension
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Description
The minimum row dimension to be used for 2D blocking.

PanelSize
public Imsl.Math.SuperLU.PerformanceParameters PanelSize

Description
The panel size, that is, the number of consecutive columAgbefing factorized at a time.

RelaxationParameter
public Imsl.Math.SuperLU.PerformanceParameters RelaxationParameter

Description
The relaxation parameter to control supernode amalgamation.

SuperLU.Scaling Enumeration

public enumeration Imsl.Math.SuperLU.Scaling

One of several possible equilibration option return values for profefiylibrationMethod.

Fields

Column
public Imsl.Math.SuperLU.Scaling Column

Description

Indicates that input matriA was column scaled before factorization. This is a return value for
EquilibrationMethod.

None
public Imsl.Math.SuperLU.Scaling None

Description

Indicates that input matriA was not equilibrated before factorization. This is a return value for
EquilibrationMethod.

Row
public Imsl.Math.SuperLU.Scaling Row
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Description

Indicates that input matriA was row scaled before factorization. This is a return value for
EquilibrationMethod.

RowAndColumn
public Imsl.Math.SuperLU.Scaling RowAndColumn

Description

Indicates that input matriA was row and column scaled before factorization. This is a return value for
EquilibrationMethod.

ComplexSuperLU Class

public class Imsl.Math.ComplexSuperLU

Computes the LU factorization of a general sparse matrix of ga@lexSparseMatrix by a column
method and solves a sparse linear system of equadirasb.

Consider the sparse linear system of equations
Ax=Dh.

Here,Ais a general square, nonsingulahy n sparse matrix, andandb are vectors of length. All
entries inA, x andb are of typeComplex.

Gaussian elimination, applied to the system above, can be shortly described as follows:

1. Compute a triangular factorizatidhD,AD¢P; = LU. Here,D; andD. are positive definite
diagonal matrices to equilibrate the system BndndP. are permutation matrices to ensure
numerical stability and preserve sparsltyis a unit lower triangular matrix and is an upper
triangular matrix.

2. SolveAx= b by evaluating
x=A"b=D¢(P(U (L X(R(D/b))))).
This is done efficiently by multiplying from right to left in the last expression: Scale the rows of
by D;. Multiplying P (D,b) means permuting the rows B§b. Multiplying L~*(P,D;b) means

solving the triangular system of equations with matriy substitution. Similarly, multiplying
U~1(L~1(P.D,b)) means solving the triangular system with

ClassComplexSuperLU handles step 1 above in tBelve method if it is has not been computed prior
to step 2. More precisely, befofec= b is solved the following steps are performed:

1. Equilibrate matrixA, i.e. compute diagonal matric® andD. so thatA = D, AD; is “better
conditioned” thar, i.e. A~1 is less sensitive to perturbationsAtthanA~1 is to perturbations in
A
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2. Order the columns ok to increase the sparsity of the computeandU factors, i.e. replacé by
AR whereR; is a column permutation matrix.

3. Compute the.U factorization ofAR.. For numerical stability, the rows @R, are eventually
permuted through the factorization process by scaled partial pivoting, leading to the
decompositioA := R AR. = LU. ThelU factorization is done by a left looking supernode-panel
algorithm with 2-D blocking. See Demmel, Eisenstat, Gilbert et al. (1999) for further information
on this technique.

4. Compute the reciprocal pivot growth factor

1A [0
1<j<n [[Ujleo”

whereA; andU; denote thg-th column of matriced andU, respectively.

5. Estimate the reciprocal of the condition number of maftix
MethodSolve uses this information to perform the following steps:

1. Solve the systemx = b using the computed triangular factors.

2. lteratively refine the solution, again using the computed triangular factors. This is equivalent to
Newton’s method.

3. Compute forward and backward error bounds for the solution vector

Some of the steps mentioned above are optional. Their settings can be controlled by thethods
and properties of clas®mplexSuperLU.

ClassComplexSuperLU is based on the SuperLU code written by Demmel, Gilbert, Li et al. For more
detailed explanations of the factorization and solve steps, see the SuperLU Users’ Guide (1999).

Copyright (c) 2003, The Regents of the University of California, through Lawrence Berkeley National
Laboratory (subject to receipt of any required approvals from U.S. Dept. of Energy)

All rights reserved.

Redistribution and use in source and binary forms, with or without modification, are permitted provided
that the following conditions are met:

(1) Redistributions of source code must retain the above copyright notice, this list of conditions and the
following disclaimer.

(2) Redistributions in binary form must reproduce the above copyright notice, this list of conditions and
the following disclaimer in the documentation and/or other materials provided with the distribution.

(3) Neither the name of Lawrence Berkeley National Laboratory, U.S. Dept. of Energy nor the names of
its contributors may be used to endorse or promote products derived from this software without specific
prior written permission.

THIS SOFTWARE IS PROVIDED BY THE COPYRIGHT HOLDERS AND CONTRIBUTORS “AS
IS” AND ANY EXPRESS OR IMPLIED WARRANTIES, INCLUDING, BUT NOT LIMITED TO,
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THE IMPLIED WARRANTIES OF MERCHANTABILITY AND FITNESS FOR A PARTICULAR
PURPOSE ARE DISCLAIMED. IN NO EVENT SHALL THE COPYRIGHT OWNER OR
CONTRIBUTORS BE LIABLE FOR ANY DIRECT, INDIRECT, INCIDENTAL, SPECIAL,
EXEMPLARY, OR CONSEQUENTIAL DAMAGES (INCLUDING, BUT NOT LIMITED TO,
PROCUREMENT OF SUBSTITUTE GOODS OR SERVICES; LOSS OF USE, DATA, OR PROFITS;
OR BUSINESS INTERRUPTION) HOWEVER CAUSED AND ON ANY THEORY OF LIABILITY,
WHETHER IN CONTRACT, STRICT LIABILITY, OR TORT (INCLUDING NEGLIGENCE OR
OTHERWISE) ARISING IN ANY WAY OUT OF THE USE OF THIS SOFTWARE, EVEN IF
ADVISED OF THE POSSIBILITY OF SUCH DAMAGE.

Properties

ColumnOrderingMethod
public Imsl.Math.ComplexSuperLU.ColumnOrdering ColumnOrderingMethod {get; set;

}

Description
The method used to permute the columns of the input matrix.
Property Value

A ColumnOrdering scalar specifying how the columns of the input matrix are to be permuted for
sparsity preservation.

value method

Natural natural ordering, that iB. =1, | the
identity matrix

MinimumDegreeAtPlusA minimum degree ordering on the
structure ofAT + A

MinimumDegreeAtA minimum degree ordering on the
structure ofAT A

ColumnApproximateMinimumDegree column approximate minimum de-
gree ordering

Remarks

By default,ColumnOrderingMethod =
ComplexSuperLU.ColumnOrdering.ColumnApproximateMinimumDegree.

Exception
System.ArgumentException is thrown ifvalue is not one of the above values.

ConditionNumber
public double ConditionNumber {get; }

Description
The estimate of the reciprocal condition number of the marix
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Property Value

A double scalar containing the reciprocal condition number of the méatifter equilibration and
permutation of rows/columns (if done). If the reciprocal condition number is less than machine
precision, in particular if it is equal to 0, the matrix is singular to working precision.

DiagonalPivotThreshold
public double DiagonalPivotThreshold {get; set; }

Description

The threshold used for a diagonal entry to be an acceptable pivot.

Property Value

A double scalar specifying the threshold used for a diagonal entry to be an acceptable pivot.
Remarks

By default,DiagonalPivotThreshold=1.0, i.e. classical partial pivoting.

Exception

System.ArgumentException is thrown ifDiagonalPivotThreshold is notin the interval
[0.0,1.0].

Equilibrate

public bool Equilibrate {get; set; }

Description

Specifies if input matripA is equilibrated before factorization.
Property Value

A bool specifying whether or not matrikis equilibrated before factorization. Builibrate IS true
the system is equilibrated, Bquilibrate is false, no equilibration is performed.

Remarks
By default,Equilibrate = true.

EquilibrationMethod
public Imsl.Math.ComplexSuperLU.Scaling EquilibrationMethod {get; }

Description

The type of equilibration used before matrix factorization.

Property Value

A Scaling value specifying the equilibration option used.

Remarks
EquilibrationMethod Option description
None No equilibration is performed.
Row Equilibration is performed with row scaling.
Column Equilibration is performed with column scaling.
RowAndColumn Equilibration is performed with row and column

scaling.
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ForwardErrorBound
public double ForwardErrorBound {get; }

Description
The estimated forward error bound for the solution vector.
Property Value

A double containing the estimated forward error bound for the solution vector. The estimate is as
reliable as the estimate for the reciprocal condition number, and is almost always a slight overestimate of
the true error. If iterative refinement is not used, the return value is getto

IterativeRefinement
public bool IterativeRefinement {get; set; }

Description

Specifies whether to perform iterative refinement.
Property Value

A bool specifying whether to use iterative refinement.
Remarks

For iterative refinement, séterativeRefinement = true, otherwise seiterativeRefinement =
false.

By default,IterativeRefinement = false.

PivotGrowth
public bool PivotGrowth {get; set; }

Description
Specifies whether to compute the reciprocal pivot growth factor.
Property Value

A bool specifying whether to compute the reciprocal pivot growth faatet.e indicates the reciprocal
pivot factor will be computedtalse indicates it will not be computed.

Remarks
By default,PivotGrowth = false.

ReciprocalPivotGrowthFactor
public double ReciprocalPivotGrowthFactor {get; }

Description
The reciprocal pivot growth factor.
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Property Value
A double scalar representing the reciprocal growth factor
1A o
1<j<n [|Uj |l

If the value is much less than 1, the stability of the factorization could be poor.

RelativeBackwardError
public double RelativeBackwardError {get; }

Description
The componentwise relative backward error of the solution vector.
Property Value

A double containing the componentwise relative backward error of the solution vectbr
IterativeRefinement iS Not set totrue, thenRelativeBackwardError returnsi.oO.

SymmetricMode
public bool SymmetricMode {get; set; }

Description

Specifies whether to use the symmetric mode.
Property Value

A bool indicating if symmetric mode is to be used.
Remarks

The symmetric mode option should be applied if the input makrix diagonally dominant or nearly so.
The user should then define a small diagonal pivot threshold (e.g. 0.0 or 0.01) by property
DiagonalPivotThreshold and choose an' + A)-based column permutation algorithm (e.g. column
permutation methofuperLU.ColumnOrdering.MinimumDegreeAtPlusA). SymmetricMode=true
implies symmetric mode is used.

By default,SymmetricMode=false.

Constructor

ComplexSuperLU
public ComplexSuperLU(Imsl.Math.ComplexSparseMatrix A)

Description
Constructor foIComplexSuperLU.
Parameter
A — A ComplexSparseMatrix containing the sparse square input matrix.
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Methods

GetPerformanceTuningParameters

public int
GetPerformanceTuningParameters(Imsl.Math.ComplexSuperLU.PerformanceParameters
parameter)

Description
Returns a performance tuning parameter value.

Parameter

parameter — aPerformanceParameters scalar that specifies the parameter for which the value
is to be returned.

parameter Description

PanelSize The panel size.

RelaxationParameter The relaxation parameter to control supernode
amalgamation.

MaximumSupernodeSize The maximum allowable size for a supernode.

MinimumRowDimension The minimum row dimension to be used for
2D blocking.

MinimumColumnDimension The minimum column dimension to be used
for 2D blocking.

FillFactor The estimated fill factor foL and U, com-
pared withA.

Returns
An int containing the current value used for the specified tuning parameter.

SetPerformanceTuningParameters

public void
SetPerformanceTuningParameters(Imsl.Math.ComplexSuperLU.PerformanceParameters
parameter, int tunedValue)

Description
Sets performance tuning parameters.
Parameters

parameter — A PerformanceParameters that specifies the parameter to be tuned.
tunedValue — An int scalar that specifies the value to be used for the specified tuning parameter.
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parameter Description Default

PanelSize The panel size. 10

RelaxationParameter The relaxation parameter to control sub
pernode amalgamation.

MaximumSupernodeSize The maximum allowable size for a su-100
pernode.

MinimumRowDimension The minimum row dimension to be used200
for 2D blocking.

MinimumColumnDimension The minimum column dimension to be40
used for 2D blocking.

FillFactor The estimated fill factor for andU, com- | 20
pared withA.

Exception

System.ArgumentException is thrown iftunedValue is not greater than zero.

Solve
public Imsl.Math.Complex[] Solve(Imsl.Math.Complex[] b)

Description
Computation of the solution vector for the systém= b.
Parameter
b — A Complex vector of lengthn, n the order of input matrix, containing the right hand side.

Returns

A Complex vVector containing the solution to the systédm= b. Optionally, the solution is improved by
iterative refinement, ifterativeRefinement is set totrue. MethodSolve internally first factorizes
matrix A (step 1 of the introduction) if the factorization has not been done before.

SolveConjugateTranspose
public Imsl.Math.Complex[] SolveConjugateTranspose(Imsl.Math.Complex[] b)

Description
Computation of the solution vector for the systéfix = b.

Parameter
b — A Complex vector of lengthn, n the order of input matrix, containing the right hand side.

Returns

A Complex vector containing the solution to the systéftix = b. Optionally, the solution is improved
by iterative refinement, ifterativeRefinement is set totrue. MethodSolveConjugateTranspose
internally first factorizes matriR (step 1 of the introduction) if the factorization has not been done
before.

SolveTranspose
public Imsl.Math.Complex[] SolveTranspose(Imsl.Math.Complex[] b)
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Description
Computation of the solution vector for the systéfx = b.
Parameter

b — A Complex vector of length containing the right hand side,is the order of input matrix.

Returns

A Complex vector containing the solution to the systé&tx = b. Optionally, the solution is improved
by iterative refinement, ifterativeRef inement iS set totrue. MethodSolveTranspose internally
first factorizes matrixA (step 1 of the introduction) if the factorization has not been done before.

Example: LU Factorization of a Complex Sparse Matrix

The LU Factorization of the sparse complex 6 matrix

10+7i 0.0 0.0 0.0 0.0 0.0

0.0 3+21 -3+0i -1+2 0.0 0.0

A 0.0 0.0 4+ 2i 0.0 0.0 0.0

—2—4i 0.0 0.0 1+61 —-1+3i 0.0
—5+4i 0.0 0.0 —54+0i 1242 —747i
—-1+120 —-2+8i 0.0 0.0 0.0 347

is computed. The sparse coordinate form for A is given by row, column, value triplets:

row column value

0 0 10+7i

1 1 3+2i

1 2 -3+0i

1 3 -1+2i

2 2 4+2i

3 0 -2-4i

3 3 1+6i

3 4 -1+3i

4 0 -5+4j

4 3 -5+0i

4 4 12+2i

4 5 -T+7i

5 0 -1+12i

5 1 -2+8i

5 5 3+7i
Let

X" = (1+i,2+2i,3+3i,4+4i,5+5i,6+6i)
so that
by := Ax=(3+17,—-19+5i,6+ 18, —38+ 32, —63+ 49, —57+ 83i)T

and

by := Afx = (54— 114,46 58/,12,5— 51i, 78+ 34i,60— 94i)" .
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The LU factorization ofA is used to solve the complex sparse linear systaris b; andA™x = b, with
iterative refinement. The reciprocal pivot growth factor and the reciprocal condition number are also
computed.

using System;
using Imsl.Math;

public class ComplexSuperLUEx1

{

public static void Main(String[] args)

{

int m;
ComplexSuperLU cslu;
double conditionNumber, recip_pivot_growth;
Complex[] sol = null;
double Ferr, Berr;
Complex[] bl = { new Complex(3.0, 17.0), new Complex(-19.0, 5.0),
new Complex(6.0, 18.0), new Complex(-38.0, 32.0),
new Complex(-63.0, 49.0), new Complex(-57.0, 83.0)
};
Complex[] b2 = { new Complex(54.0, -112.0), new Complex(46.0, -58.0),
new Complex(12.0, 0.0), new Complex(5.0, -51.0),
new Complex(78.0, 34.0), new Complex(60.0, -94.0)
};
// Initialize input matrix A.
m = 6;
ComplexSparseMatrix a = new ComplexSparseMatrix(m, m);
a.Set(0, 0, new Complex(10.0, 7.0));

a.Set(1, 1, new Complex(3.0, 2.0));
a.Set(1, 2, new Complex(-3.0, 0.0));
a.Set(1, 3, new Complex(-1.0, 2.0));
a.Set(2, 2, new Complex(4.0, 2.0));
a.Set(3, 0, new Complex(- 2.0, -4.0));
a.Set(3, 3, new Complex(1.0, 6.0));
a.Set(3, 4, new Complex(-1.0, 3.0));
a.Set(4, 0, new Complex(-5.0, 4.0));
a.Set(4, 3, new Complex(-5.0, 0.0));
a.Set(4, 4, new Complex(12.0, 2.0));
a.Set(4, 5, new Complex(-7.0, 7.0));
a.Set(5, 0, new Complex(-1.0, 12.0));
a.Set(5, 1, new Complex(-2.0, 8.0));
a.Set(5, 5, new Complex(3.0, 7.0));

// Compute the sparse LU factorization of a

cslu = new ComplexSuperLU(a);

cslu.Equilibrate = false;

cslu.ColumnOrderingMethod =
ComplexSuperLU.ColumnOrdering.Natural;

cslu.PivotGrowth =true;

// Set option of iterative refinement
cslu.IterativeRefinement=true;

// Solve sparse system A*x = bl
Console.Out.WriteLine();
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Console.Qut.
Console.(Out.
Console.Qut.

WriteLine("Solve sparse System A*x=bi");
WriteLine (" ")
WriteLine();

sol = cslu.Solve(bl);
new PrintMatrix("Solution").Print(sol);

// Determine error bounds

Ferr =
Berr =
Console.Out

Console.Out

// Solve sparse system (A"H)*x =
Console.Qut.
Console.(Out.
Console.Qut.
Console.(Out.

cslu.
cslu.
.WriteLine();
Console.Qut.
Console.(Out.
Console.Qut.
.WriteLine();

ForwardErrorBound;
RelativeBackwardError;

" + Ferr);
" + Berr);

WriteLine("Forward error bound:
WriteLine("Relative backward error:
WriteLine();

b2

WriteLine();

WriteLine("Solve sparse System (A“H)*x=b2");
WriteLine(" "),
WriteLine();

sol = cslu.SolveConjugateTranspose(b2);
new PrintMatrix("Solution") .Print(sol);

// Determine error bounds

Ferr =
Berr =

cslu.
cslu.
Console.Qut.
Console.(Out.
Console.Qut.
Console.(Out.
Console.Qut.

ForwardErrorBound;
RelativeBackwardError;
WriteLine();

WriteLine("Forward error bound:
WriteLine("Relative backward error:
WriteLine();

WriteLine();

" + Ferr);
" + Berr);

// Compute reciprocal pivot growth factor and condition number

recip_pivot_
conditionNumber =
Console.Out.

growth = cslu.ReciprocalPivotGrowthFactor;
cslu.ConditionNumber;
WriteLine("Pivot growth factor and condition number");

Console.Out.WriteLine (" "),
Console.Out.WriteLine();
Console.Qut.WriteLine ("Reciprocal pivot growth factor: " + recip_pivot_growth);
Console.Out.WriteLine("Reciprocal condition number: " + conditionNumber);
Console.Out.WriteLine();
}
}
Output
Solve sparse System A*x=bl
Solution
0
0 1+1i
1 2+2i
2 3+43i
3 4+4i
Linear Systems ComplexSuperLU 73



4 b5+bi
5 6+6i

Forward error bound: 2.83933305928053E-15
Relative backward error: 1.70803542250024E-16

Solve sparse System (A"H)*x=b2

Solution
0
0 1+1i
1 2+2.00000000000001i
2 3+3i
3 4+4i
4 b5+5i
5 6+6i

Forward error bound: 8.54834098797111E-15
Relative backward error: 1.02977208081174E-16

Pivot growth factor and condition number

Reciprocal pivot growth factor: 0.799382716049383
Reciprocal condition number: 0.0700654479096751

ComplexSuperLU.ColumnOrdering Enumeration

public enumeration Imsl.Math.ComplexSuperLU.ColumnOrdering

The column permutation method to be used.

Fields

ColumnApproximateMinimumDegree
public Imsl.Math.ComplexSuperLU.ColumnOrdering ColumnApproximateMinimumDegree

Description
Indicates column approximate minimum degree ordering.
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MinimumDegreeAtA
public Imsl.Math.ComplexSuperLU.ColumnOrdering MinimumDegreeAtA

Description
Indicates minimum degree ordering on the structurA'o&.

MinimumDegreeAtPlusA
public Imsl.Math.ComplexSuperLU.ColumnOrdering MinimumDegreeAtPlusA

Description

Indicates minimum degree ordering on the structura’of- A.

Natural
public Imsl.Math.ComplexSuperLU.ColumnOrdering Natural

Description
Indicates natural ordering.

ComplexSuperLU.PerformanceParameters
Enumeration

public enumeration Imsl.Math.ComplexSuperLU.PerformanceParameters

Performance tuning parameters which can be adjusted via method
SetPerformanceTuningParameters

Fields

FillFactor

public Imsl.Math.ComplexSuperLU.PerformanceParameters FillFactor

Description
The estimated fill factor foL andU, compared withA.

MaximumSupernodeSize
public Imsl.Math.ComplexSuperLU.PerformanceParameters MaximumSupernodeSize
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Description
The maximum allowable size for a supernode.

MinimumColumnDimension
public Imsl.Math.ComplexSuperLU.PerformanceParameters MinimumColumnDimension

Description
The minimum column dimension to be used for 2D blocking.

MinimumRowDimension
public Imsl.Math.ComplexSuperLU.PerformanceParameters MinimumRowDimension

Description
The minimum row dimension to be used for 2D blocking.

PanelSize
public Imsl.Math.ComplexSuperLU.PerformanceParameters PanelSize

Description
The panel size.

RelaxationParameter
public Imsl.Math.ComplexSuperLU.PerformanceParameters RelaxationParameter

Description
The relaxation parameter to control supernode amalgamation.

ComplexSuperLU.Scaling Enumeration

public enumeration Imsl.Math.ComplexSuperLU.Scaling

Equilibration method before factorization, this setting is returned féefEquilibrationMethod.

Fields

Column
public Imsl.Math.ComplexSuperLU.Scaling Column
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Description
Indicates that input matriA was column scaled before factorization.

None
public Imsl.Math.ComplexSuperLU.Scaling None

Description
Indicates that input matriA was not equilibrated before factorization.

Row
public Imsl.Math.ComplexSuperLU.Scaling Row

Description
Indicates that input matriA was row scaled before factorization.

RowAndColumn
public Imsl.Math.ComplexSuperLU.Scaling RowAndColumn

Description
Indicates that input matriA was row and column scaled before factorization.

Cholesky Class

public class Imsl.Math.Cholesky
Cholesky factorization of a matrix of typiuble.
ClassCholesky is based on the LINPACK routingCHDC; see Dongarra et al. (1979).

Before the decomposition is computed, initial elements are moved to the leading panhdffinal

elements to the trailing part & During the decomposition only rows and columns corresponding to the
free elements are moved. The result of the decomposition is an lower triangular Ratvika

permutation matriP that satisfyP" AP = RR', whereP is represented bypvt.

The methodipdate is based on the LINPACK routin€CHUD; see Dongarra et al. (1979).

The Cholesky factorization of a matrix#As= RR", whereR is an lower triangular matrix. Given this
factorizationDowndate computes the factorization

A—xx' =R"R

Downdate determines an orthogonal mattikas the producBy . . . Giof Givens rotations, such that

o[5]-[ %]
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By multiplying this equation by its transpose and noting that = I, the desired result
RTR—xx' =R"R

is obtained.
Let a be the solution of the linear systeRia = x and let

2
o=1/1-al

The Givens rotationss;, are chosen such that

a 0
HEH
TheG;, are(N + 1) * (N + 1) matrices of the form
liipy 0O O 0
o 0 Ci 0 -5
Gi= 0O O Inyj O
0 s 0 G

wherely is the identity matrix of ordek; andc; = cosf;, s = sin6; for someé,.

The Givens rotations are then used to form
~ R R
oo ][5
The matrix 3
R
is lower triangular and
X=X
because
_(pT a | _ /T T a | _ /gTg g
x_(RO)[a]_(RO)U U{a}_(Rx)[l}_x
Constructor
Cholesky

public Cholesky(double[,] a)
IMSL C# Numerical Library
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Description
Create the Cholesky factorization of a symmetric positive definite matrix ofdypble.
Parameter

a— A double square matrix to be factored.

Exceptions
Imsl.Math.SingularMatrixException isthrown when the input matrix is singular

Imsl.Math.NotSPDException is thrown when the input matrix is not symmetric, positive
definite.

Methods

Downdate
public void Downdate(double[] x)

Description
Downdates the factorization by subtracting a rank-1 matrix.
Parameter
x — A double array which specifies the rank-1 matrixis not modified by this function.

Remarks

The object will contain the Cholesky factorization of a - x * transpose(x), where a is the previously
factor matrix.

Exception
Imsl.Math.NotSPDException is thrown if a - x * transpose(x) is not symmetric
positive-definite.

GetR
public double[,] GetR(Q)

Description
The R matrix that results from the Cholesky factorization.
Returns

A double matrix which contains the lower triangular R matrix that results from the Cholesky
factorization A= RR'.

Inverse
public double[,] Inverse()

Description
Returns the inverse of this matrix.
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Returns
A double matrix containing the inverse.

Solve
public double[] Solve(double[] Db)

Description
Solve Ax = b where A is a positive definite matrix with elements of tgpeble.
Parameter

b — A double array containing the right-hand side of the linear system.

Returns

A double array containing the solution to the system of linear equations.

Update
public void Update(double[] x)

Description
Updates the factorization by adding a rank-1 matrix.
Parameter
x — A double array which specifies the rank-1 matrixis not modified by this function.

Remarks

The object will contain the Cholesky factorization of a + x * transpose(x), where a is the previously
factored matrix.

Example: Cholesky Factorization

The Cholesky Factorization of a matrix is performed as well as its inverse.

using System;
using Imsl.Math;

public class CholeskyEx1

{
public static void Main(String[] args)
{
double[,] a = {
{1, - 3, 2},
{_ 31 10: - 5}1
{2, - 5, 6}

};
double[] b = new double[]{27, - 78, 64};

// Compute the Cholesky factorization of A
Cholesky cholesky = new Cholesky(a);

// Solve Ax = b
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[

double[] x = cholesky.Solve(b);
new PrintMatrix("x").Print(x);

// Find the inverse of A.
double[,] ainv = cholesky.Inverse();
new PrintMatrix("ainv").Print(ainv);

ainv
0 1 2
35 8 -5
8 2 -1
-5 -1 1

SparseCholesky Class

public class Imsl.Math.SparseCholesky

Sparse Cholesky factorization of a matrix of tyfiearseMatrix.

ClassSparseCholesky computes the Cholesky factorization of a sparse symmetric positive definite
matrix A. This factorization can then be used to compute the solution of the linear sgsterh.

Typically, the solution of a large sparse positive definite systermsa b is done in 4 steps:

1. In step one, an ordering algorithm is used to preserve sparsity in the Choleskylfattmatrix A
during the numerical factorization process. The new order can be described by a permutation

matrix P.

2. Step two consists of setting up the data structure for the Cholesky faatdrerePAP"T = LLT.
This step is called the symbolic factorization phase of the computation. During symbolic
factorization, only the sparsity pattern of sparse mahrike., the locations of the nonzero entries

of matrix A are needed but not any of the elements themselves.

3. In step 3, the numerical factorization phase, the Cholesky factorization is done numerically.

4. Step 4 is the solution phase. Here, the numerical solutido, the original system is obtained by
solving the two triangular systenhs; = Pb, LTy, = y; and the permutation= PTys.
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ClasssparseCholesky realizes all four steps by algorithms described in George and Liu (1981).
Especially, step one, is a realization of a minimum degree ordering algorithm. The numerical
factorization in its standard form is based on a sparse compressed storage scheme. Alternatively, a
multifrontal method can be used. The multifrontal method requires more storage but will be faster than
the standard method in certain cases. The multifrontal method is based on the routines in Liu (1987). For
a detailed description of this method, see Liu (1990), also Duff and Reid(1983, 1984), Ashcraft (1987) et
al. (1987), and Liu (1986, 1989, 1992).The numerical factorization method can be specified by using the
NumericFactorizationMethod (p.82)property.

TheSolve (p.85)method will compute the symbolic and numeric factorizations if they have not
already been computed or supplied by the user throEggttorSymbolically (p. 84),
FactorNumerically (p.83), SetNumericFactor (p.85), or SetSymbolicFactor (p.85). These
factorizations are retained for later use by #heve method when different right-hand sides are to be
solved.

There is a special situation where computations can be simplified. If an application generates different
sparse symmetric positive definite coefficient matrices that all have the same sparsity pattern, then by
usingSetSymbolicFactor (p.85)the symbolic factorization need only be computed once.

Properties

LargestDiagonalElement
public double LargestDiagonalElement {get; }

Description
The largest diagonal element of the Cholesky factor.
Property Value

A double value specifying the largest diagonal element of the Cholesky factor. Use of this method is
only sensible if a numeric factorization of the input matrix was done beforehand.

NumberOfNonzeros
public long NumberOfNonzeros {get; }

Description

The number of nonzeros in the Cholesky factor.

Property Value

A long containing the number of nonzeros (including the diagonal) of the Cholesky factor.

NumericFactorizationMethod
public Imsl.Math.SparseCholesky.NumericFactorization NumericFactorizationMethod
{get; set; }

Description
The method used in the numerical factorization of the permuted input matrix.
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Property Value

A NumericFactorization value equal t&tandardMethod (p.87)or MultiFrontalMethod (p.
87) representing the method used in the numeric factorization of the permuted input matrix.

Remarks
Method Name Description
StandardMethod standard method as described by George/Liu (1981). This

is the default.
MultiFrontalMethod multifrontal method

SmallestDiagonalElement
public double SmallestDiagonalElement {get; }

Description
The smallest diagonal element of the Cholesky factor.
Property Value

A double value specifying the smallest diagonal element of the Cholesky factor. Use of this method is
only sensible if a numeric factorization of the input matrix was done beforehand.

Constructor

SparseCholesky
public SparseCholesky(Imsl.Math.SparseMatrix A)

Description

Constructs the matrix structure for the Cholesky factorization of a sparse symmetric positive definite
matrix of typeSparseMatrix.

Parameter

A — TheSparseMatrix symmetric positive definite matrix to be factored. Only the lower
triangular part of the input matrix is used.

Methods

FactorNumerically
public void FactorNumerically()

Description
Computes the numeric factorization of a sparse real symmetric positive definite matrix.
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Remarks
This method numerically factors the instance of the constructed nfgtvishereA is of type
SparseMatrix and is symmetric positive definite. The factorization is obtained in several steps:
1. First, matrixA is permuted to reduce fill-in, leading to a sparse symmetric positive definite matrix
PAPT.
2. Then, matrixPAP" is symbolically and numerically factored.
Note that the symbolic factorization is not done if the symbolic factor has been supplied by the user
through theSetSymbolicFactor method.
Exception

Imsl.Math.NotSPDException is thrown when the input matrix is not symmetric, positive
definite.

FactorSymbolically
public void FactorSymbolically()

Description
Computes the symbolic factorization of a sparse real symmetric positive definite matrix.
Remarks
This method symbolically factors the instance of the constructed métishereA is of type
SparseMatrix and is symmetric positive definite. The factorization is obtained in several steps:
1. First, matrixA is permuted to reduce fill-in, leading to a sparse symmetric positive definite matrix
PAP".
2. Then, matrixPAP' is symbolically factored.

Exception

Imsl.Math.NotSPDException is thrown when the input matrix is not symmetric, positive
definite.

GetNumericFactor
public Imsl.Math.SparseCholesky.NumericFactor GetNumericFactor()

Description

Returns the numeric Cholesky factor.

Returns

A NumericFactor containing the numeric Cholesky factor.

GetSymbolicFactor
public Imsl.Math.SparseCholesky.SymbolicFactor GetSymbolicFactor ()

Description
Returns the symbolic Cholesky factor.
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Returns
A SymbolicFactor containing the symbolic Cholesky factor.

SetNumericFactor
public void SetNumericFactor(Imsl.Math.SparseCholesky.NumericFactor
numericFactor)

Description

Sets the numeric Cholesky factor to use in solving of a sparse positive definite system of linear equations
Ax=Db.

Parameter

numericFactor — A NumericFactor containing the numeric Cholesky factor. By default the
numeric factorization is computed.

SetSymbolicFactor
public void SetSymbolicFactor(Imsl.Math.SparseCholesky.SymbolicFactor
symbolicFactor)

Description

Sets the symbolic Cholesky factor to use in solving a sparse positive definite system of linear equations
Ax=Dh.

Parameter

symbolicFactor — A SymbolicFactor containing the symbolic Cholesky factor. By default the
symbolic factorization is computed.

Solve
public double[] Solve(double[] b)

Description
Computes the solution of a sparse real symmetric positive definite system of linear eqaatiobs
Parameter

b — A double vector of length equal to the order of mattixepresenting the right-hand side of the
linear system.

Returns

A double vector of length equal to the order of mattixepresenting the solution to the system of linear
equationsAx = b.

Remarks
This method solves the linear systém= b, whereA is symmetric positive definite. The solution is
obtained in several steps:
1. First, matrixA is permuted to reduce fill-in, leading to a sparse symmetric positive definite system
PAP' (Px) = Ph.
2. Then, matrixPAP" is symbolically and numerically factored.
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3. The final solution is obtained by solving the systdms= Pb,LTy, =y; andx=P'ys.

By default this method implements all of the above steps. The factorizations are retained for later use by
subsequent solves. By choosing appropriate methods within this class, the computation can be reduced
to the solution of the systedw = b for a given or precomputed symbolic or numeric factor.

Exception

Imsl.Math.NotSPDException is thrown when the input matrix is not symmetric, positive
definite.

Example: Sparse Cholesky Factorization

The Cholesky Factorization of a sparse symmetric positive definite matrix is computed. Some additional
information about the Cholesky factorization is also computed.

using System;
using Imsl.Math;

public class SparseCholeskyEx1
{

public static void Main(String[] args)

{

SparseMatrix A = new SparseMatrix(5, 5);

.Set (0, 0, 10.0);
.Set(1, 1, 20.0);
.Set(2, 0, 1.0);
.Set(2, 2, 30.0);
.Set (3, 2, 4.0);
.Set(3, 3, 40.0);
.Set (4, 0, 2.0);
.Set(4, 1, 3.0);
.Set (4, 3, 5.0);
.Set(4, 4, 50.0);

L

double(] b = { 55.0, 83.0, 103.0, 97.0, 82.0};
SparseCholesky cholesky = new SparseCholesky(A);

// Choose Multifrontal method as numeric factorization method
cholesky.NumericFactorizationMethod =
SparseCholesky.NumericFactorization.MultiFrontalMethod;

// Compute solution
double[] solution = cholesky.Solve(b);
new PrintMatrix("Computed Solution").Print(solution);

// Print additional information about the factorization
Console.Out.Write("Smallest diagonal element of Cholesky factor: ");
Console.Qut.WriteLine(cholesky.SmallestDiagonalElement) ;
Console.Out.Write("Largest diagonal element of Cholesky factor: ");
Console.QOut.WriteLine(cholesky.LargestDiagonalElement) ;
Console.Out.Write("Number of nonzeros in Cholesky factor: ");
Console.QOut.WriteLine(cholesky.NumberOfNonzeros) ;
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Output

Computed Solution
0

W= O
=N Wds O

Smallest diagonal element of Cholesky factor: 3.16227766016838
Largest diagonal element of Cholesky factor: 7.01070609853244
Number of nonzeros in Cholesky factor: 11

SparseCholesky.NumericFactorization
Enumeration

public enumeration Imsl.Math.SparseCholesky.NumericFactorization

Numeric factorization methods.

Fields

MultiFrontalMethod
public Imsl.Math.SparseCholesky.NumericFactorization MultiFrontalMethod

Description
Indicates the multifrontal method will be used for numeric factorization.

StandardMethod
public Imsl.Math.SparseCholesky.NumericFactorization StandardMethod

Description
Indicates the method of George/Liu (1981) will be used for numeric factorization.
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SparseCholesky.NumericFactor Class

public class Imsl.Math.SparseCholesky.NumericFactor
The numeric Cholesky factorization of a matrix.

Used byGetNumericFactor andSetNumericFactor to hold the numeric Cholesky factorization of a
matrix.

SparseCholesky.SymbolicFactor Class

public class Imsl.Math.SparseCholesky.SymbolicFactor
The symbolic Cholesky factorization of a matrix.

Used byGetSymbolicFactor andSetSymbolicFactor to hold the symbolic Cholesky factorization
of a matrix.

ComplexSparseCholesky Class

public class Imsl.Math.ComplexSparseCholesky
Sparse Cholesky factorization of a matrix of tyfxenplexSparseMatrix.

ClassComplexSparseCholesky computes the Cholesky factorization of a sparse Hermitian positive
definite matrixA. This factorization can then be used to compute the solution of the linear system
Ax=Dh.

Typically, the solution of a large sparse positive definite systers b is done in four steps.

1. In step one, an ordering algorithm is used to preserve sparsity in the Choleskylfattmatrix A
during the numerical factorization process. The new order can be described by a permutation
matrix P.

2. Step two consists of setting up the data structure for the Cholesky faatdrerePAP™ = LLT.
This step is called the symbolic factorization phase of the computation. During symbolic
factorization, only the sparsity pattern of sparse malrike., the locations of the nonzero entries
of matrix A are needed but not any of the elements themselves.

3. In step 3, the numerical factorization phase, the Cholesky factorization is done numerically.
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4. Step 4 is the solution phase. Here, the numerical solutiao, the original system is obtained by
solving the two triangular systenhy; = Pb, LTy, = y; and the permutatior= PTys.

ClassComplexSparseCholesky realizes all four steps by algorithms described in George and Liu

(1981). Especially, step one, is a realization of a minimum degree ordering algorithm. The numerical
factorization in its standard form is based on a sparse compressed storage scheme. Alternatively, a
multifrontal method can be used. The multifrontal method requires more storage but will be faster than
the standard method in certain cases. The multifrontal method is based on the routines in Liu (1987). For
a detailed description of this method, see Liu (1990), also Duff and Reid(1983, 1984), Ashcraft (1987) et
al. (1987), and Liu (1986, 1989, 1992). The numerical factorization method can be specified by using
the NumericFactorizationMethod (p.89)property.

TheSolve (p. 92) method will compute the symbolic and numeric factorizations if they have not
already been computed or supplied by the user throughRhetorSymbolically (p.91),
FactorNumerically (p.91), SetNumericFactor (p.92), or SetSymbolicFactor (p.92)
methods. These factorizations are retained for later use I8othe: method when different right-hand
sides are to be solved.

There is a special situation where computations can be simplified.If an application generates different
sparse Hermitian positive definite coefficient matrices that all have the same sparsity pattern, then by
using methodsGetSymbolicFactor (p.92)and SetSymbolicFactor (p.92)the symbolic
factorization needs only be computed once.

Properties

LargestDiagonalElement
public double LargestDiagonalElement {get; }

Description
The largest diagonal element of the Cholesky factor.
Property Value

A double containing the largest diagonal element of the Cholesky factor. Use of this method is only
sensible if a numeric factorization of the input matrix was done beforehand.

NumberOfNonzeros

public long NumberOfNonzeros {get; }
Description

The number of nonzeros in the Cholesky factor.
Property Value

A long containing the number of nonzeros (including the diagonal) of the Cholesky factor.

NumericFactorizationMethod
public Imsl.Math.ComplexSparseCholesky.NumericFactorization
NumericFactorizationMethod {get; set; }
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Description
The method used in the numerical factorization of the permuted input matrix.
Property Value

An int value equal t®tandardMethod (p.87)or MultiFrontalMethod (p. 87)representing the
method used during the numeric factorization phase:

Method Name Description
StandardMethod (p. | standard method as described by George/Liu (1981). This
94) is the default.
MultiFrontalMethod | multifrontal method
(p. 94)
Exception

System.ArgumentException is thrown when the value fdfumericFactorizationMethod is
notNumericFactorization.StandardMethod or
NumericFactorization.MultiFrontalMethod.

SmallestDiagonalElement
public double SmallestDiagonalElement {get; }

Description
The smallest diagonal element of the Cholesky factor.
Property Value

A double containing the smallest diagonal element of the Cholesky factor. Use of this method is only
sensible if a numeric factorization of the input matrix was done beforehand.

Constructor

ComplexSparseCholesky
public ComplexSparseCholesky(Imsl.Math.ComplexSparseMatrix A)

Description

Constructs the matrix structure for the Cholesky factorization of a sparse Hermitian positive definite
matrix of typeComplexSparseMatrix.

Parameter

A — TheComplexSparseMatrix Hermitian positive definite matrix to be factored. Only the lower
triangular part of the input matrix is used.
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Methods

FactorNumerically
public void FactorNumerically()

Description
Computes the numeric factorization of a sparse Hermitian positive definite matrix.
Remarks
This method numerically factors the instance of the constructed n#gtvihereA is of type
ComplexSparseMatrix and is Hermitian positive definite. The factorization is obtained in several steps:
1. First, matrixA is permuted to reduce fill-in, leading to a sparse Hermitian positive definite matrix
PAPT.
2. Then, matrixPAP' is symbolically and numerically factored.
Note that the symbolic factorization is not done if the symbolic factor has been supplied by the user
through theSsetSymbolicFactor method.
Exception
Imsl.Math.NotSPDException is thrown if the input matrix is not Hermitian, positive definite.

FactorSymbolically
public void FactorSymbolically()

Description
Computes the symbolic factorization of a sparse Hermitian positive definite matrix.
Remarks
This method symbolically factors the instance of the constructed nitishereA is of type
ComplexSparseMatrix and is Hermitian positive definite. The factorization is obtained in several steps:
1. First, matrixA is permuted to reduce fill-in, leading to a sparse Hermitian positive definite matrix
PAP".
2. Then, matrixPAP" is symbolically factored.

Exception
Imsl.Math.NotSPDException is thrown if the input matrix is not Hermitian, positive definite.

GetNumericFactor
public Imsl.Math.ComplexSparseCholesky.NumericFactor GetNumericFactor ()

Description
Returns the numeric Cholesky factor.
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Returns
A NumericFactor containing the numeric Cholesky factor.

GetSymbolicFactor
public Imsl.Math.ComplexSparseCholesky.SymbolicFactor GetSymbolicFactor ()

Description

Returns the symbolic Cholesky factor.

Returns

A SymbolicFactor containing the symbolic Cholesky factor.

SetNumericFactor
public void SetNumericFactor(Imsl.Math.ComplexSparseCholesky.NumericFactor
numericFactor)

Description

Sets the numeric Cholesky factor to use in solving a sparse complex Hermitian positive definite system
of linear equation&\x = b.

Parameter

numericFactor — A NumericFactor containing the numeric Cholesky factor. By default the
numeric factorization is computed.

SetSymbolicFactor
public void SetSymbolicFactor(Imsl.Math.ComplexSparseCholesky.SymbolicFactor
symbolicFactor)

Description

Sets the symbolic Cholesky factor to use in solving a sparse complex Hermitian positive definite system
of linear equation&\x = b.

Parameter

symbolicFactor — aSymbolicFactor containing the symbolic Cholesky factor. By default the
symbolic factorization is computed.

Solve
public Imsl.Math.Complex[] Solve(Imsl.Math.Complex[] b)

Description
Computes the solution of a sparse Hermitian positive definite system of linear equations
Parameter

b — A Complex Vector of length equal to the order of maticontaining the right-hand side.

Returns
A Complex vector of length equal to the order of maticontaining the solution of the systefax = b.
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Remarks
This method solves the linear systém= b, whereA is Hermitian positive definite. The solution is
obtained in several steps:
1. First, matrixA is permuted to reduce fill-in, leading to a sparse Hermitian positive definite system
PAP' (Px) = Ph.
2. Then, matrixPAP" is symbolically and numerically factored.
3. The final solution is obtained by solving the systdms= Pb,LTy, =y; andx=P'ys.
By default this method implements all of the above steps. The factorizations are retained for later use by

subsequent solves. By choosing appropriate methods within this class, the computation can be reduced
to the solution of the systedw = b for a given or precomputed symbolic or numeric factor.

Exception

Imsl.Math.NotSPDException is thrown when the input matrix is not Hermitian, positive
definite.

Example: Complex Sparse Cholesky Factorization

The Cholesky Factorization of a sparse Hermitian positive definite matrix is computed. Some additional
information about the Cholesky factorization is also computed.

using System;
using Imsl.Math;

public class ComplexSparseCholeskyEx1

{
public static void Main(String[] args)
{

ComplexSparseMatrix A = new ComplexSparseMatrix(3, 3);

A.Set(0, 0, new Complex(2.0, 0.0));
A.Set(1, 0, new Complex(-1.0, -1.0));
A.Set(1, 1, new Complex(4.0, 0.0));
A.Set(2, 1, new Complex(1.0, -2.0));
A.Set(2, 2, new Complex(10.0, 0.0));

Complex[] b = { new Complex(-2.0, 2.0), new Complex(5.0, 15.0),
new Complex(36.0, 28.0)};

ComplexSparseCholesky cholesky = new ComplexSparseCholesky(A) ;
// Choose Multifrontal method as numeric factorization method
cholesky.NumericFactorizationMethod =

ComplexSparseCholesky.NumericFactorization.MultiFrontalMethod;

// Compute solution
Complex[] solution = cholesky.Solve(b);

PrintMatrix p = new PrintMatrix("Computed solution");
p-Print(solution);
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// Compute additional information about the factorization

Console.Out.Write("Smallest diagonal element of Cholesky factor: ");
Console.Qut.WriteLine(cholesky.SmallestDiagonalElement) ;
Console.Out.Write("Largest diagonal element of Cholesky factor: ");
Console.Qut.WriteLine(cholesky.LargestDiagonalElement) ;
Console.Out.Write("Number of nonzeros in Cholesky factor: ");
Console.QOut.WriteLine(cholesky.NumberOfNonzeros) ;

Output

Computed solution
0

0 1+1i

1 2+2i

2 3+3i

Smallest diagonal element of Cholesky factor: 1.4142135623731
Largest diagonal element of Cholesky factor: 2.88675134594813
Number of nonzeros in Cholesky factor: 5

ComplexSparseCholesky.NumericFactorization
Enumeration

public enumeration Imsl.Math.ComplexSparseCholesky.NumericFactorization

Numeric Factorization methods.

Fields

MultiFrontalMethod
public Imsl.Math.ComplexSparseCholesky.NumericFactorization MultiFrontalMethod

Description
Indicates the multifrontal method will be used for numeric factorization.

StandardMethod
public Imsl.Math.ComplexSparseCholesky.NumericFactorization StandardMethod

Description
Indicates that the method of George/Liu (1981) is used for numeric factorization.

94 ¢« ComplexSparseCholesky.NumericFactorization IMSL C# Numerical Library



ComplexSparseCholesky.NumericFactor Class

public class Imsl.Math.ComplexSparseCholesky.NumericFactor
Data structures and functions for the numeric Cholesky factor.

Used byGetNumericFactor andSetNumericFactor to hold the numeric Cholesky factorization of a
matrix.

ComplexSparseCholesky.SymbolicFactor Class

public class Imsl.Math.ComplexSparseCholesky.SymbolicFactor
Data structures and functions for the symbolic Cholesky factor.

Used byGetSymbolicFactor andSetSymbolicFactor to hold the symbolic Cholesky factorization
of a matrix.

QR Class

public class Imsl.Math.QR
QR Decomposition of a matrix.

ClassQr computes th€@R decomposition of a matrix using Householder transformations. It is based on
the LINPACK routineSQRDC; see Dongarra et al. (1979).

QR determines an orthogonal mat¥ a permutation matrif, and an upper trapezoidal matf®Rwith
diagonal elements of nonincreasing magnitude, such®Rat QR The Householder transformation for
columnk is of the form

UUk

H(

fork=1,2,..., min(number of rows oA, number of columns of), where u has zeros in the filst 1
positions. The matrix is not produced directly b@R. Instead the information needed to reconstruct the
Householder transformations is saved. If the mafyis needed explicitly, use theproperty. This

method accumulated from its factored form.
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Before the decomposition is computed, initial columns are moved to the beginning of the array A and the
final columns to the end. Both initial and final columns are frozen in place during the computation. Only
free columns are pivoted. Pivoting is done on the free columns of largest reduced norm.

Property

NumberOfProcessors
public int NumberOfProcessors {get; set; }

Description

Perform the parallel calculations with the maximum possible number of processors set to
NumberOfProcessors.

Property Value
An int indicating the maximum possible number of processors to use.
Remarks

By default,NumberOfProcessors = Environment .ProcessorCount. If NumberOfProcessors is

set to a number less than 1 or greater tRawironment . ProcessorCount,

Environment .ProcessorCount Will be used internally. This property has no effect if the application is
used with a scalar version of the IMSL C# Numerical Library.

Constructor

QR
public QR(doublel[,] a)
Description
Constructs the QR decomposition of a matrix with elements of &g le.
Parameter
a— A double matrix to be factored.

Methods

GetPermute
public int[] GetPermute()

Description

Returns anint array containing information about the permutation of the elements of the matrix during
pivoting.
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Returns

Thek-th element contains the index of the column of the matrix that has been interchanged kath the
column.

GetQ
public doublel[,] GetQQ)

Description

The orthogonal or unitary matrix Q.

Returns

A double matrix containing the accumulated orthogonal matrix Q from the QR decomposition.

GetR
public double[,] GetR()

Description

The upper trapezoidal matrix R.

Returns

The upper trapezoidadlouble matrix R of the QR decomposition.

GetRank
public int GetRank()

Description

Returns the rank of the matrix used to construct this instance.

Returns

An int specifying the rank of the matrix used to construct this instance.
GetRank

public int GetRank(double tolerance)

Description
Returns the rank of the matrix given an input tolerance.
Parameter
tolerance — A double scalar value used in determining the rank of the matrix.

Returns
An int specifying the rank of the matrix.

Solve
public double[] Solve(double[] b)

Description
Returns the solution to the least-squares problem Ax = b.

Linear Systems QR 97



Parameter
b — A double array to be manipulated.

Returns

A double array containing the solution vector to Ax = b with components corresponding to the unused
columns set to zero.

Exception

Imsl.Math.SingularMatrixException isthrown when the upper triangular matrix R resulting
from the QR factorization is singular

Solve
public double[] Solve(double[] b, double tol)

Description
Returns the solution to the least-squares problem Ax = b using an input tolerance.
Parameters

b — A double array to be manipulated.

tol — A double scalar value used in determining the rank of A.

Returns

A double array containing the solution vector to Ax = b with components corresponding to the unused
columns set to zero.

Exception

Imsl.Math.SingularMatrixException isthrown when the upper triangular matrix R resulting
from the QR factorization is singular

Example: QR Factorization of a Matrix

The QR Factorization of a Matrix is performed. A linear system is then solved using the factorization.
The rank of the input matrix is also computed.

using System;
using Imsl.Math;

public class QREx1
{
public static void Main(String[] args)
{
double[,] a = {
{1, 2, 43,
{1, 4, 16},
{1, 6, 367},
{1, 8, 64}
};
double[] b = new double[]{16.99, 57.01, 120.99, 209.01};
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// Compute the QR factorization of A
QR gr = new QR(a);

// Solve Ax = b
double[] x = qr.Solve(b);
new PrintMatrix("x").Print(x);

// Print Q and R.
new PrintMatrix("Q").Print(qr.GetQ());
new PrintMatrix("R") .Print(qr.GetR());

// Find the rank of A.
int rank = qr.GetRank();

Console.Out.WriteLine("rank = " + rank);
}
}
Output
X

0
0 0.990000000000019
1 2.00199999999999
2 3

Q

0 1 2 3
0 -0.0531494003452735 -0.54217094609664 0.808223859120487 -0.22360679774998
1 -0.212597601381094 -0.657435635424271 -0.269407953040162 0.670820393249937
2 -0.478344603107461 -0.345794067982896 -0.449013255066938 -0.670820393249936
3 -0.850390405524374 0.392753756227487 0.269407953040163 0.223606797749979

R

0 1 2
0 -75.2595508889071 -10.6298800690547 -1.5944820103582
1 0 -2.64681879196785 -1.15264689327632
2 0 0 0.359210604053549
3 0 0 0
rank = 3

SVD Class

public class Imsl.Math.SVD
Singular Value Decomposition (SVD) of a rectangular matrix of typeble.
SVD is based on the LINPACK routingSVDC; see Dongarra et al. (1979).

Let n be the number of rows iA and letp be the number of columns i For any
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n X p matrix A, there exists an x n orthogonal matrixJ and ap x p orthogonal matrix/ such that

UTAV = {0 fn=p

[Z0] ifn<p

whereZ = diag(o1, ..., 0m), andm= min(n, p). The scalarg1 > 02 > ... > oy > 0 are called the
singular valuef A. The columns ofJ are called théeft singular vector®f A. The columns oV are
called theright singular vectorof A.

The estimated rank @k is the number oby that is larger than a toleraneg If 7 is the parametetol in
the program, then

| if >0
T=9 17l|Al, ifr<o0

The Moore-Penrose generalized inverse of the matrix is computed by partitioning the matncaad
ZasU = (U,Uy),V = (V1,Vo) andZ; = diag(o1, . .., ok) where the “1” matrices areby k. The
Moore-Penrose generalized invers&’ji;luf.

Properties

Info
public int Info {get; }

Description
Returns the index of the first singular value for which the algorithm converged.
Property Value

Convergence was obtained for thefo, Info+1, ..., Min(nrows,ncols) singular values and their
corresponding vectors. Here, nrows and ncols represent the number of rows and columns of the input
matrix respectively.

NumberOfProcessors
public int NumberOfProcessors {get; set; }

Description

Perform the parallel calculations with the maximum possible number of processors set to
NumberOfProcessors.

Property Value
An int indicating the maximum possible number of processors to use.

100 ¢ SVD IMSL C# Numerical Library



Remarks

By default,NumberOfProcessors = Environment .ProcessorCount. If NumberOfProcessors is

set to a number less than 1 or greater tRawironment . ProcessorCount,

Environment .ProcessorCount Will be used internally. This property has no effect if the application is
used with a scalar version of the IMSL C# Numerical Library.

Rank
public int Rank {get; }

Description
Returns the rank of the matrix used to construct this instance.
Property Value

An int scalar containing the rank of the matrix used to construct this instance. The estimated rank of the
input matrix is the number of singular values which are larger than a tolerance.

Constructors

SVD
public SVD(double[,] a, double tol)

Description
Construct the singular value decomposition of a rectangular matrix with a given tolerance.
Parameters
a — A double matrix for which the singular value decomposition is to be computed.
tol — A double scalar containing the tolerance used to determine when a singular value is
negligible.
Remarks

If tol is positive, then a singular value is considered negligible if the singular value is less than or equal
totol. If tol is negative, then a singular value is considered negligible if the singular value is less than
or equal to the absolute value of the productef and the infinity norm of the input matrix. In the latter
case, the absolute valuewd1 generally contains an estimate of the level of the relative error in the data.

Exception

Imsl.Math.DidNotConvergeException isS thrown when the rank cannot be determined because
convergence was not obtained for all singular values

SvD
public SVD(double[,] a)

Description
Construct the singular value decomposition of a rectangular matrix with default tolerance.
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Parameter
a — A double matrix for which the singular value decomposition is to be computed.

Remarks

The tolerance used is 2.2204460492503e-14. This tolerance is used to determine rank. A singular value
is considered negligible if the singular value is less than or equal to this tolerance.

Methods

GetS
public double[] GetS()

Description

Returns the singular values.

Returns

A double array containing the singular values of the matrix.

GetU
public double[,] GetU()

Description

Returns the left singular vectors.

Returns

A double matrix containing the left singular vectors.

GetV
public doublel[,] GetV()

Description

Returns the right singular vectors.

Returns

A double matrix containing the right singular vectors

Inverse
public double[,] Inverse()

Description

Compute the Moore-Penrose generalized inverse of a real matrix.

Returns

A double matrix containing the generalized inverse of the matrix used to construct this instance.
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Example: Singular Value Decomposition of a Matrix

The singular value decomposition of a matrix is performed. The rank of the matrix is also computed.

using System;
using Imsl.Math;

public class SVDEx1

{
public static void Main(String[] args)
{
double[,] a = {
{1, 2, 1, 4%},
{3, 2, 1, 3},
{4, 3, 1, 4%,
{2, 1, 3, 1},
{1, 5, 2, 2},
{1, 2, 2, 3}
};
// Compute the SVD factorization of A
SVD svd = new SVD(a);
// Print U, S and V.
new PrintMatrix("U").SetPageWidth(80) .Print(svd.GetU());
new PrintMatrix("S").SetPageWidth(80) .Print(svd.GetS());
new PrintMatrix("V").SetPageWidth(80) .Print(svd.GetV());
// Find the rank of A.
int rank = svd.Rank;
Console.Out.WriteLine("rank = " + rank);
}
}
Output
U
0 1 2
0 -0.380475586320569 0.119670992640587 0.439082824383239
1 -0.403753713172442 0.345110837105607 -0.0565761852901658
2 -0.545120486248343 0.429264893493195 0.0513926928086694
3 -0.264784294004146 -0.0683195253271513 -0.883860867430429
4 -0.446310112301556 -0.816827623278282 0.141899675060401
5 -0.354628656614145 -0.102147399162125 -0.00431844397986985
3 4 5
0 -0.565399585908374 0.0243115161463761 -0.57258686109915
1 0.214775576522681 0.80890058872827 0.11929741721493
2 0.432144162809737 -0.572327648171096 0.0403309248707933
3 -0.215253698182974 -0.0625209225900579 -0.30621669907105
4 0.321269584269887 0.0621337820958098 -0.0799352679998222
5 -0.545800221853259 -0.0987946265624981 0.745739576113111
S
0
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[

NN W=

.4850179115597
.2697512144125
.65335616200783
.08872967244092

W N~ O

\

0 1 2
-0.444294128842354  0.555531257799947 -0.435378966673942
-0.558067238190387 -0.654298740112323  0.277456900458814
-0.32438610320628  -0.351360645592513 -0.732099533429598
-0.621238553843379  0.37393031038343 0.444401954223745

W N+~ O

3
0.55175438744187
0.428336065179864

-0.485128463324533
-0.526066236587424

W N+~ O

rank = 4

GenMinRes Class

public class Imsl.Math.GenMinRes
Linear system solver using the restarted Generalized Minimum Residual (GMRES) method.

GenMinRes implements restarted GMRES to generate an approximate solutfa=td. It is based on
GMRES by Homer Walker (1988).

The GMRES method begins with an approximate solukpand an initial residualy = b— Axy. At
iterationm, a correctiorgy, is determined in the Krylov subspace

km(V) = spar{v,Av,...,AM1y)
v = rg Which solves the least squares problem

min [lb—A(xo+2)[,
(ro)

ZEKkm(r
Then at iteratiomnm, Xm = Xg + Zm.

There are four distinct GMRES implementations, selectable through praperiyd. The first

Gram-Schmidt implementation is essentially the original algorithm by Saad and Schultz (1986). The
second Gram-Schmidt implementation, developed by Homer Walker and Lou Zhou, is simpler than the
firstimplementation. The least squares problem is constructed in upper-triangular form and the residual
vector updating at the end of a GMRES cycle is cheaper. The first Householder implementation is
algorithm 2.2 of Walker (1988), but with more efficient correction accumulation at the end of each
GMRES cycle. The second Householder implementation is algorithm 3.1 of Walker (1988). The

products of Householder transformations are expanded as sums, allowing most work to be formulated as
large scale matrix-vector operations.
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The Gram-Schmidt implementations are less expensive than the Householder, the latter requiring about
twice as many computations beyond the coefficient matrix/vector products. However, the Householder
implementations may be more reliable near the limits of residual reduction. See Walker (1988) for
details. Issues such as the cost of coefficient matrix/vector products, availability of effective
preconditioners, and features of particular computing environments may serve to mitigate the extra
expense of the Householder implementations.

Properties

Iterations
public int Iterations {get; }

Description

The actual number of GMRES iterations used.

Property Value

An int scalar representing the number of iterations used.

MaxIterations
public int MaxIterations {get; set; }

Description
The maximum number of iterations allowed.
Property Value
An int specifying the maximum number of iterations allowed.
Remarks
By default,MaxIterations = 1000.
Exception
System.ArgumentException isthrown ifMaxIterations is less than or equal to O.

MaxKrylovDim
public int MaxKrylovDim {get; set; }

Description
The maximum Krylov subspace dimension.
Property Value

An int scalar representing the maximum Krylov subspace dimension, that is, the maximum allowable
number of GMRES iterations allowed before restarting.

Remarks

By default,MaxKrylovDim is set to the minimum of and 20 where is the order of the system to be
solved.
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Exception
System.ArgumentException isthrown if MaxKrylovDim is lessthan 1 or greater than

Method
public Imsl.Math.GenMinRes.ImplementationMethod Method {get; set; }
Description
The implementation method to be used.
Property Value
An ImplementationMethod value specifying the implementation method to be used.
Remarks
ImplementationMethod Method Used
FirstGramSchmidt Use the first Gram-Schmidt implementatign.
This is the default value used.
SecondGramSchmidt Use the second Gram-Schmidt implementa-
tion.
FirstHouseholder Use the first Householder implementation|.
SecondHouseholder Use the second Householder implementa-
tion.

By default,Method = GenMinRes . ImplementationMethod.FirstGramSchmidt.

PreconditionerSolves
public int PreconditionerSolves {get; }

Description
The total number of GMRES right preconditioner solves.

Property Value
An int representing the number of GMRES right preconditioner solves.

Products
public int Products {get; }

Description
The total number of GMRES matrix-vector products used.

Property Value
An int representing the number of GMRES matrix-vector products used.

RelativeError
public double RelativeError {get; set; }

Description
The stopping tolerance.
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Property Value
A double scalar value specifying the stopping tolerance.
Remarks

The algorithm attempts to generatsuch that|b— Ax||, < t||b|,, wheret = RelativeError. By
default,RelativeError is set to 1.4901161193847656e-08.

Exception

System.ArgumentException isthrown ifRelativeError is less than or equal to 0.0.

ResidualNorm
public double ResidualNorm {get; }

Description

The final residual normjb — Ax||,.

Property Value

A double scalar value specifying the final residual norm.

ResidualUpdating

public Imsl.Math.GenMinRes.ResidualMethod ResidualUpdating {get; set; }

Description
The residual updating method to be used.
Property Value

A ResidualMethod value specifying the residual updating method to be used.

Remarks

ResidualMethod

Updating Method Used

LinearAtRestartOnly

Update by linear combinatio
upon restarting only. This is th
default value used.

LinearAtRestartAndTermination

Update by linear combinatio

upon restarting and at termina-

tion.

DirectAtRestartOnly

Update by direct evaluation upg
restarting only.

DirectAtRestartAndTermination

Update by direct evaluation upg

h

4%

h

=)

=]

restarting and at termination.

By default,ResidualUpdating iS set toLinearAtRestartOnly.

Constructor

GenMinRes

public GenMinRes(int n, Imsl.Math.GenMinRes.IFunction argF)
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Description
GMRES linear system solver constructor.
Parameters
n — An int scalar value which defines the order of the system to be solved.

argF — An IFunction that defines the user-supplied function which compatesAp. If argF
implementsIPreconditioner then right preconditioning is performed using this user supplied
function. Otherwise, no preconditioning is performed. Note #gfF can be used to act upon the
coefficients of matripA stored in different storage modes. See the examples.

Methods

GetGuess
public double[] GetGuess()

Description

Returns the initial guess of the solution.

Returns

A double array of lengthm containing the initial guess of the solution.

GetVectorProducts
public Imsl.Math.GenMinRes.IVectorProducts GetVectorProducts()

Description

Returns the user-supplied functions for the inner product and, optionally, the norm used in the
Gram-Schmidt implementations.

Returns

An IVectorProducts that defines the user-supplied functions for the inner product and, optionally, the
norm used in the Gram-Schmidt implementations.

SetGuess
public void SetGuess(double[] xGuess)

Description
Sets the initial guess of the solution.
Parameter
xGuess — A double array of lengthn containing the initial guess of the solution.

Remarks
By default the elements of this array are set to 0.0.

SetVectorProducts
public void SetVectorProducts(Imsl.Math.GenMinRes.IVectorProducts argP)
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Description

Sets the user-supplied functions for the inner product and, optionally, the norm to be used in the
Gram-Schmidt implementations.

Parameter

argP — An IVectorProducts specifying the user-defined function for the inner product and,
optionally, the norm in the Gram-Schmidt implementations. If this member function is not called,
the dot product will be used for the inner product andlth@orm will be used for the norm.

Solve
public double[] Solve(double[] Db)

Description
Generate an approximate solutiorw= b using the Generalized Residual Method.
Parameter

b — A double array which defines the right-hand side of the linear system.

Returns
A double array containing the solution of the linear system.
Exception
System.ArgumentException is thrown if the length ob is not consistent witt.

Example 1: Solve a Small Linear System

A solution to a small linear system is found. The coefficient matrix is stored as a full matrix and no
preconditioning is used. Typically, preconditioning is required to achieve convergence in a reasonable
number of iterations.

using System;
using Imsl.Math;
using IMSLException = Imsl.IMSLException;

public class GenMinResEx1l : GenMinRes.IFunction
{
private static double[,] a = {
{33.0, 16.0, 72.0%},
{-24.0, -10.0, -57.0},
{18.0, -11.0, 7.0}
};
private static double[] b = {129.0, -96.0, 8.5};
// If A were to be read in from some outside source the //
// code to read the matrix could reside in a constructor. //

public void Amultp(double[] p, double[] z)

{
double[] result;
result = Matrix.Multiply(a, p);
Array.Copy(result, 0, z, 0, z.Length);
}
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public static void Main(String[] args)

{
int n = 3;
GenMinResEx1l atp = new GenMinResEx1();
// Construct a GenMinRes object
GenMinRes gnmnrs = new GenMinRes(n, atp);
// Solve Ax = b
new PrintMatrix("x").Print(gnmnrs.Solve(b));
}
}
Output
b
0
0 0.999999999999999
1 1.5
2 1

Example 2: Solve a Small Linear System with User Supplied
Inner Product

A solution to a small linear system is found. The coefficient matrix is stored as a full matrix and no
preconditioning is used. Typically, preconditioning is required to achieve convergence in a reasonable
number of iterations. The user supplies a function to compute the inner product and norm within the
Gram-Schmidt implementation.

using System;
using Imsl.Math;
using IMSLException = Imsl.IMSLException;

public class GenMinResEx2 : GenMinRes.IFunction, GenMinRes.IVectorProducts
{
private static double[,] a = {
{33.0, 16.0, 72.0},
{-24.0, -10.0, -57.0},
{18.0, -11.0, 7.0}
};
private static double[] b = {129.0, -96.0, 8.5};
// If A were to be read in from some outside source the //
// code to read the matrix could reside in a constructor. //

public void Amultp(double[] p, double[] z)

{
double[] result;
result = Matrix.Multiply(a, p);
Array.Copy(result, 0, z, 0, z.Length);
}
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public double Innerproduct(double[] x, doublel] y)

{
int n = x.Length;
double tmp = 0.0;
for (int i = 0; i < n; i++)
{
tmp += x[i] * y[i];
}
return tmp;
}
public double Norm(double[] x)
{
int n = x.Length;
double tmp = 0.0;
for (int i = 0; i < n; i++)
{
tmp += x[i] * x[i];
}
return System.Math.Sqrt(tmp);
}
public static void Main(String[] args)
{
int n = 3;
GenMinResEx2 atp = new GenMinResEx2();
// Construct a GenMinRes object
GenMinRes gnmnrs = new GenMinRes(n, atp);
gnmnrs . SetVectorProducts (atp) ;
// Solve Ax = b
new PrintMatrix("x").Print(gnmnrs.Solve(b));
}
}
Output
X
0
0 0.999999999999999
1 1.5
2 1

Example 3. Solve a Small Linear System Stored in Sparse
Form

A solution to a small linear system in which the coefficient matrix has been stoBgthitseMatrix
form is found. An initial guess of ones is set before solving the system.

using System;
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using Imsl.Math;
public class GenMinResEx3 : GenMinRes.IFunction

{
private static SparseMatrix A;
private static double[] a = {6.0, 10.0, 15.0, -3.0, 10.0, -1.0,
-1.0, -3.0, -5.0, 1.0, 10.0, -1.0,
-2.0, -1.0, -2.0};
private static int[] irow = {5, 1, 2, 1, 3, 3, 4, 4, 4, 4, 0, 5, 5, 1, 3};
private static int[] jcol = {5, 1, 2, 2, 3, 4, 0, 5, 3, 4, 0, 0, 1, 3, 0};
private static double[] b = {10.0, 7.0, 45.0, 33.0, -34.0, 31.0};
private static double[] xguess = {1.0, 1.0, 1.0, 1.0, 1.0, 1.0};
public void Amultp(double[] p, double[] z)
{
double[] result;
result = Imsl.Math.SparseMatrix.Multiply(A, p);
Array.Copy(result, 0, z, O, z.Length);
}
public static void Main(String[] args)
{
int n = 6;
A = new SparseMatrix(n, n);
for (int i = 0; i < a.lLength; i++)
{
A.Set(irow[il, jcollil, alil);
}
GenMinResEx3 atp = new GenMinResEx3();
// Construct a GenMinRes object
GenMinRes gnmnrs = new GenMinRes(n, atp);
gnmnrs . SetGuess (xguess) ;
// Solve Ax = b
new PrintMatrix("x").Print(gnmnrs.Solve(b));
}
}
Output
X
0
0 1
1 2
2 3
3 4
4 5
5 6
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Example 4. Solve a Small Linear System Stored in Sparse

Form With Preconditioning

A solution to a small linear system in which the coefficient matrix has been stoBgthitseMatrix

form is found. An initial guess of ones is set before solving the system and preconditioning is used.

using System;
using Imsl.Math;

public class GenMinResEx4 : GenMinRes.IPreconditioner
{
private static SparseMatrix A;
private static double[] a = {6.0, 10.0, 15.0, -3.0, 10.0, -1.0,
-1.0, -3.0, -5.0, 1.0, 10.0, -1.0,
-2.0, -1.0, -2.0};
private static double[] b = {10.0, 7.0, 45.0, 33.0, -34.0, 31.0};
private static double[] xguess = {1.0, 1.0, 1.0, 1.0, 1.0, 1.0};
private static double[] diagin = {0.1, 0.1, 0.066666666666667, 0.1,
1.0, 0.16666666666666671;
private static int[] irow = {5, 1, 2, 1, 3, 3, 4, 4, 4, 4, 0, 5, 5, 1, 3};
private static int[] jcol = {5, 1, 2, 2, 3, 4, 0, 5, 3, 4, 0, 0, 1, 3, 0};
public virtual void Amultp(double[] p, double[] z)
{
double[] result;
result = Imsl.Math.SparseMatrix.Multiply (4, p);
Array.Copy(result, 0, z, O, z.Length);
}
public void Preconditioner(double[] r, double[] =z)
{
int n = z.Length;
for (int i = 0; i < n; i++)
{
z[i] = diagin[i] * r[i];
}
}
public static void Main(String[] args)
{
int n = 6;
A = new SparseMatrix(n, n);
for (int i = 0; i < a.lLength; i++)
{
A.Set(irow[il, jcollil, alil);
}
GenMinResEx4 atp = new GenMinResEx4();
// Construct a GenMinRes object
GenMinRes gnmnrs = new GenMinRes(n, atp);
gnmnrs . SetGuess (xguess) ;
// Solve Ax =D
new PrintMatrix("x").Print(gnmnrs.Solve(b));
}
}
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Output

0
0 1
1 2
2 3
3 4
4 5.00000000000001
5 6

Example 5: The Second Householder Implementation

The coefficient matrix in this example corresponds to the five-point discretization of the 2-d Poisson
equation with the Dirichlet boundary condition. Assuming the natural ordering of the unknowns, and
moving all boundary terms to the right hand side, we obtain a block tridiagonal matrix. (Consider the
tridiagonal matrix T which has the value 4.0 down the main diagonal and -1.0 along the upper and lower
co-diagonals. Then the coefficient matrix is the block tridiagonal matrix consisting of T's down the main
diagonal and -1 along the upper and lower codiagonals where | is the identity matrix.) Discretizing on a
20 x 20 grid implies that the coefficient matrix is 400 x 400. In the solution, the second Householder
implementation is selected and we choose to update the residual vector by direct evaluation.

using System;
using Imsl.Math;
public class GenMinResEx5 : GenMinRes.IFunction
{
//Creates a new instance of GenMinResExb
public GenMinResEx5()
{
}
public void Amultp(double[] p, double[] z)
{
int n = z.Length;
int k = (int) Math.Sqrt(n);
// Multiply by diagonal blocks
for (int i = 0; i < n; i++)

¢ z[i] = 4.0 * pl[il;

ior (int i = 0; i < n - 2; i++)

¢ z[i] = (- 1.0) * p[i + 1] + z[il;
ior (int i = 0; i < n - 2; i++)

i z[i + 1] = (- 1.0) * p[il] + z[i + 11;

// Correct for terms not properly in block diagonal
for (int i =k -1; i <n-k; i=1i+k)
{

z[i] += pl[i + 11;

z[i + 1] += pl[il;
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// Do the super and subdiagonal blocks, the -I’s
for (int i = 0; 1 < n - k; i++)
{
z[i]l = (- 1.0) * p[i + k] + z[i];
}
for (int i = 0; 1 < n - k; i++)
{
z[i + k] = (- 1.0) * p[i] + z[1i + k];
}
}

public static void Main(String[] args)
{
int n = 400;
double[] b = new double[n];
double[] xguess = new double[n];

GenMinResEx5 atp = new GenMinResEx5();

// Construct a GenMinRes object
GenMinRes gnmnrs = new GenMinRes(n, atp);
// Set right hand side and initial guess to ones */
for (int i = 0; i < n; i++)
{
b[i] = 1.0;
xguess[i] = 1.0;
}
gnmnrs . SetGuess (xguess) ;
gnmnrs.Method =
Imsl.Math.GenMinRes.ImplementationMethod.SecondHouseholder;
gnmnrs.ResidualUpdating =
Imsl.Math.GenMinRes.ResidualMethod.DirectAtRestartOnly;
// Solve Ax = b
gnmnrs. Solve(b) ;
int iterations = gnmnrs.Iterations;
Console.Out.WriteLine("The number of iterations used = " + iterations);
double resnorm = gnmnrs.ResidualNorm;
Console.Out.WriteLine("The final residual norm is " + resnorm);

Output

The number of iterations used = 92
The final residual norm is 2.52648529541037E-07

Example 6: The Second Householder Implementation With
Preconditioning

The coefficient matrix in this example corresponds to the five-point discretization of the 2-d Poisson
equation with the Dirichlet boundary condition. Assuming the natural ordering of the unknowns, and
moving all boundary terms to the right hand side, we obtain a block tridiagonal matrix. (Consider the
tridiagonal matrix T which has the value 4.0 down the main diagonal and -1.0 along the upper and lower
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co-diagonals. Then the coefficient matrix is the block tridiagonal matrix consisting of T's down the main
diagonal and -l along the upper and lower codiagonals where | is the identity matrix.) Discretizing on a
20 x 20 grid implies that the coefficient matrix is 400 x 400. In the solution, the second Householder
implementation is selected and we choose to update the residual vector by direct evaluation.
Preconditioning is used with the preconditioning matrix being a diagonal matrix with 4.0 down the main
diagonal and -1.0 along the upper and lower co-diagonals.Pieisonditioner method solves this
tridiagonal matrix.

using System;

using Imsl.Math;

public class GenMinResEx6 : GenMinRes.IPreconditioner
{

private double[] precondA, precondB, precondC;

// Creates a new instance of GenMinResEx6
public GenMinResEx6(int n)
{
precondA = new doublel[n];
precondB = new double[n];
precondC = new doublel[n];
// Define the preconditioning matrix
for (int i = 0; i < n; i++)

{

precondA[i] =
precondB[i]
precondC[i]

[}
S
== O

}

public void Amultp(double[] p, double[] z)
{

int m = z.Length;

int n = (int) Math.Sqrt(m);

// Multiply by diagonal blocks

for (int i = 0; i < m; i++)

{
z[i]l = 4.0 * p[il;
}
for (int i = 0; i < m - 2; i++)
{
z[i] -= pli + 1];
}
for (int i = 0; i < m - 2; i++)
{
z[i + 1] -= p[il;
}

// Correct for terms not properly in block diagonal
for (int i =n-1; i<m-n; i=1i+ n)
{

z[i] += p[i + 1];

z[i + 1] += pl[il;
}
// Do the super and subdiagonal blocks, the -I’s
for (int i = 0; 1 < m - n; i++)
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{

z[i] -= pl[i + nl;

}
for (int i = 0; i < m - n; i++)
{
z[i + n] -= plil;
}

}

/// Solve the tridiagonal preconditioning matrix problem for z.
public void Preconditioner(double[] r, double[] =z)
{

int n = z.Length;

double[] w = new doublel[n];

double[] v = new double[n];

double[] u = new doublel[n];

w[0] = precondA[0];

v[0] precondC[0] / w[0];

ul0] = r[0] / w[0];

for (int i = 1; i < n; i++)

{

w[i] = precondA[i] - precondB[i] * v[i - 1];
v[i] = precondC[i] / wl[il;
uli] = (r[i] - precondB[i] * uli - 1]1) / w[il;
}
z[n - 1] = uln - 1];
for (int j =n - 2; j >= 0; j--)
{

z[j1 = uljl - v[j]l = z[j + 1];
}

}

public static void Main(String[] args)
{
int n = 400;
double[] b = new doublel[n];
double[] xguess = new double[n];

GenMinResEx6 atp = new GenMinResEx6(n);

// Construct a GenMinRes object
GenMinRes gnmnrs = new GenMinRes(n, atp);
// Set right hand side and initial guess to ones
for (int i = 0; i < n; i++)
{
b[i] = 1.0;
xguess[i] = 1.0;
}
gnmnrs . SetGuess (xguess) ;
gnmnrs.Method = Imsl.Math.GenMinRes.ImplementationMethod.SecondHouseholder;
gnmnrs.ResidualUpdating = Imsl.Math.GenMinRes.ResidualMethod.
DirectAtRestartOnly;
// Solve Ax = b
gnmnrs . Solve(b) ;
int iterations = gnmnrs.Iterations;
Console.Out.WriteLine("The number of iterations used = " + iterations);
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double resnorm = gnmnrs.ResidualNorm;
Console.Out.WriteLine("The final residual norm is " + resnorm);

Output

The number of iterations used = 60
The final residual norm is 2.84141491724154E-07

GenMinRes.ImplementationMethod Enumeration

public enumeration Imsl.Math.GenMinRes.ImplementationMethod

Implementation methods.

Fields

FirstGramSchmidt
public Imsl.Math.GenMinRes.ImplementationMethod FirstGramSchmidt

Description
Indicates the first Gram-Schmidt implementation method is to be used.

FirstHouseholder
public Imsl.Math.GenMinRes.ImplementationMethod FirstHouseholder

Description
Indicates the first Householder implementation method is to be used.

SecondGramSchmidt
public Imsl.Math.GenMinRes.ImplementationMethod SecondGramSchmidt

Description
Indicates the second Gram-Schmidt implementation method is to be used.

SecondHouseholder
public Imsl.Math.GenMinRes.ImplementationMethod SecondHouseholder

Description
Indicates the second Householder implementation method is to be used.
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GenMinRes.ResidualMethod Enumeration

public enumeration Imsl.Math.GenMinRes.ResidualMethod

Residual updating methods.

Fields

DirectAtRestartAndTermination
public Imsl.Math.GenMinRes.ResidualMethod DirectAtRestartAndTermination

Description
Indicates residual updating is to be done by direct evaluation upon restarting and at termination.

DirectAtRestartOnly
public Imsl.Math.GenMinRes.ResidualMethod DirectAtRestartOnly

Description
Indicates residual updating is to be done by direct evaluation upon restarting only.

LinearAtRestartAndTermination
public Imsl.Math.GenMinRes.ResidualMethod LinearAtRestartAndTermination

Description
Indicates residual updating is to be done by linear combination upon restarting and at termination.

LinearAtRestartOnly
public Imsl.Math.GenMinRes.ResidualMethod LinearAtRestartOnly

Description
Indicates residual updating is to be done by linear combination upon restarting only.

GenMinRes.IFunction Interface

public interface Imsl.Math.GenMinRes.IFunction

Public interface for the user supplied functionG&nMinRes.
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Method

Amultp
abstract public void Amultp(double[] p, double[] =z)

Description

Used to compute = ApwhereA is the matrix of coefficients to solve apdandz are arrays of length,
the order of matrix.

Parameters
p — An inputdouble array of lengthn generated during the implementation of 8w ve method.
z — An outputdouble array of lengthn.

GenMinRes.|IPreconditioner Interface

public interface Imsl.Math.GenMinRes.IPreconditioner :
Imsl.Math.GenMinRes.IFunction

Public interface for the user supplied functiorG&nMinRes used for preconditioning.

Method

Preconditioner

abstract public void Preconditioner(double[] r, double[] z)

Description

Used to compute= M~1r whereM is the preconditioning matrix andandz are arrays of length, the
order of matrixM.

Parameters
r — An inputdouble array of lengthn generated during the implementation of 8w ve method.
z — An outputdouble array of lengthn.

GenMinRes.lVectorProducts Interface

public interface Imsl.Math.GenMinRes.IVectorProducts
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Public interface for the user supplied function to §aaMinRes object used for the inner product when
the Gram-Schmidt implementation is used.

Method

Innerproduct
abstract public double Innerproduct(double[] x, double[] y)

Description
Used to compute the inner product of two vectors for the Gram-Schmidt implementation.
Parameters

x — The first inputdouble vector which is to take part in the inner product.

y — The second inputouble vector which is to take part in the inner product.

Returns

A double, the value of the inner product efandy.

Remarks

If this function is not implemented, the dot product is used for the inner product.

GenMinRes.INorm Interface

public interface Imsl.Math.GenMinRes.INorm :
Imsl.Math.GenMinRes.IVectorProducts

Public interface for the user supplied function to @eaMinRes object used for the noriiX| when the
Gram-Schmidt implementation is used.

Method

Norm
abstract public double Norm(double[] x)

Description
Used to compute the norfiX|| in the Gram-Schmidt implementation.
Parameter

x — An inputdouble vector for which the norm will be computed.
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Returns

A double, the value of the norm aof.

Remarks

If this function is not implemented, tHe norm is used.

ConjugateGradient Class

public class Imsl.Math.ConjugateGradient

Solves a real symmetric definite linear system using the conjugate gradient method with optional
preconditioning.

ClassConjugateGradient solves the symmetric positive or negative definite linear sygtem b
using the conjugate gradient method with optional preconditioning. This method is described in detail by
Golub and Van Loan (1983, Chapter 10), and in Hageman and Young (1981, Chapter 7).

The preconditioning matri¥ is a matrix that approximates and for which the linear systeMz=r is
easy to solve. These two properties are in conflict; balancing them is a topic of current research. If no
preconditioning matrix is specifie)] is set to the identity, i.eM = 1.

The number of iterations needed depends on the matrix and the error tolerance. As a rough guide,
itmax= y/nforn>> 1,

wheren is the order of matriXA. See the references for details.

Let M be the preconditioning matrix, I&tp,r,xandz be vectors and let be the desired relative error.
Then the algorithm used is as follows:

e A=-1
® Po=Xo
eri=b—Amp

e fork=1,...,itmax
— Z=M"1ry
— if k=1then
x B=1
* =K
— else

* Be=(z¢r)/(Z_1"k-1)
* Pk = Zk+ PrPr-1
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endif
ok = (rx %)/ (PLAP)
X = Xi—1+ Ok P
— Tip1 =Tk — QAP
if (JJAR[2 < 7(1—24)[[%[[2) then
*x recomputel
0 ([JAP|2 < 7(1—4)[[x]|2) exit
— endif

e endfor

Here, A is an estimate okmax(I"), the largest eigenvalue of the iteration maffix- | — M~1A. The

stopping criterion is based on the result (Hageman and Young 1981, pp. 148-151)

1% = X|Im << 1 ><ZI<||M>
Xl N L= Amax(T) ) \ [%ellm /7

2 T
X% = X"Mx.

where

It is also known that
Amax(T1) < Amax(T2) < ... < Amax(T) < 1,

where theT; are the symmetric, tridiagonal matrices

Hi @2
2 U2 @3
T = w3 H3
. o
(/I

with ug =1—1/0y and, fork=2,...,1,

pe=1-PBc/o-1—1/ax and ax=/Bx/ o 1.

Usually, the eigenvalue computation is needed for only a few of the iterations.

Properties

Iterations
public int Iterations {get; }
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Description

The number of iterations needed by the conjugate gradient algorithm.
Property Value

An int value indicating the number of iterations needed.

Maxlterations
public int MaxIterations {get; set; }

Description
The maximum number of iterations allowed.
Property Value
An int value specifying the maximum number of iterations allowed.
Remarks
By default,MaxIterations = max(100Q/n).
Exception
System.ArgumentException isthrown ifMaxIterations is less than or equal to O.

RelativeError
public double RelativeError {get; set; }

Description
The relative error used for stopping the algorithm.
Property Value
A double specifying the relative error.
Remarks
By default,RelativeError = 1.49e-08, the square root of the precision.
Exception
System.ArgumentException is thrown ifRelativeError is less than 0.

Constructor

ConjugateGradient
public ConjugateGradient(int n, Imsl.Math.ConjugateGradient.IFunction argF)

Description
Conjugate gradient constructor.
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Parameters
n— An int scalar value defining the order of the matrix.

argF — An IFunction that defines the user-supplied function which compatesAp. If argF
implementsIPreconditioner then right preconditioning is performed using this user supplied
function. Otherwise, no preconditioning is performed. Note #gF can be used to act upon the
coefficients of matrixA stored in different storage modes.

Methods

GetJacobi
public double[] GetJacobi()

Description

Returns the Jacobi preconditioning matrix.

Returns

adouble vectordiagonal containing the diagonal of the Jacobi preconditiodethat is,
diagonal [1]=A;;, Athe input matrix.

SetJacobi
public void SetJacobi(double[] diagonal)

Description
Defines a Jacobi preconditioner as the preconditioning matrix, thetisthe diagonal oA.
Parameter
diagonal — A double vector containing the diagonal of the Jacobi preconditidhethat is,
diagonal[i]=A;, Athe input matrix.
Exception

System.ArgumentException is thrown if the length of vectodiagonal is not equal to the
ordern of input matrixA.

Solve
public double[] Solve(double[] b)

Description

Solves a real symmetric positive or negative definite sy#&m b using a conjugate gradient method
with or without preconditioning.

Parameter
b — A double vector of lengthn containing the right-hand side.

Returns
A double vector of lengthm containing the approximate solution to the linear system.
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Exceptions
System.ArgumentException is thrown if the length ob is not consistent with the orderof A.

Imsl.Math.SingularPreconditionMatrixException is thrown if the preconditioning matrix
is singular.

Imsl.Math.NotDefinitePreconditionMatrixException is thrown if the preconditioning
matrix is not definite.

Imsl.Math.SingularMatrixException is thrown if input matrixA is singular.
Imsl.Math.NotDefiniteAMatrixException is thrown if matrixA is not definite.

Imsl.Math.NoConvergenceException is thrown if the algorithm is not convergent within
MaxIterations iterations

Imsl.Math.NotDefiniteJacobiPreconditionerException is thrown if the Jacob
preconditioner is not definite.

Conjugate Gradient Example 1:

The solution to a positive definite linear system is found. The coefficient matrix is stored as a full matrix.

using System;
using Imsl.Math;

public class ConjugateGradientExl : ConjugateGradient.IFunction

{
private double[,] a = {
{1.0, - 3.0, 2.0},
{- 3.0, 10.0, - 5.0%},
{2.0, - 5.0, 6.0} };
public void Amultp(double[] p, double[] z)
{
double[] w = Matrix.Multiply(a, p);
Array.Copy(w, 0, z, O, z.Length);
}
public static void Main(String[] args)
{
int n = 3;
double[] b = {27.0, -78.0, 64.0%};
double[] solution = null;
ConjugateGradientExl atp = new ConjugateGradientEx1();
// Construct Cg object
ConjugateGradient cg = new ConjugateGradient(n, atp);
// Solve Ax=b
solution = cg.Solve(b);
new PrintMatrix("Solution") .Print(solution);
}
}

126 ¢ ConjugateGradient IMSL C# Numerical Library



Output

Solution
0
0 1.00000000000116
1 -3.99999999999972
2 6.99999999999984

Conjugate Gradient Example 2:

In this example, two different preconditioners are used to find the solution of a sparse positive definite
linear system which occurs in a finite difference solution of Laplace’s equation on a regutagrid,

¢ =50. The matrix isA = E(c?,c). For the first solution, Jacobi preconditioning with preconditioner

M = diag(A) is used. The required iteration number and maximum absolute error are printed. Next, a
more complicated preconditioning matrix, consisting of the symmetric tridiagonal part of A, is used.
Again, the iteration number and the maximum absolute error are printed. The iteration number is
substantially reduced.

using System;
using Imsl.Math;

public class ConjugateGradientEx2 : ConjugateGradient.IPreconditioner
{

private SparseMatrix A;

private SparseCholesky M;

public ConjugateGradientEx2(int n, int c)
{

// Create matrix E(m,c), n>1, 1<c<n-1

// See Osterby and Zlatev(1982), pp. 7-8
A = new SparseMatrix(n, n);

for (int j = 0; j < n; j++)

{
if (j - ¢ >=0)
A.Set(j, j - c, - 1.0);
if (j - 1>=0)
A.Set(j, j -1, - 1.0);
A.Set(j, j, 4.0);
if (j +1 < n)
A.Set(j, j +1, - 1.0);
if (j + ¢ < n)
A.Set(j, j +c, - 1.0);
}

// Create and factor preconditioning matrix
SparseMatrix C = new SparseMatrix(n, n);
for (int j = 0; j < n; j++)
{

if (-1 >=0)

C.Set(j, j - 1, - 1.0);
C.Set(j, j, 4.0);
if (j + 1 <n)
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C.Set(j, j + 1, - 1.0);

}

M = new SparseCholesky(C);
M.FactorSymbolically();
M.Fa

ctorNumerically();
}
public void Amultp(double[] p, double[] =z)
{
double[] w = A.Multiply(p);
Array.Copy(w, 0, z, O, w.Length);
}
public void Preconditioner(double[] r, double[] =z)
{
double[] w = M.Solve(r);
Array.Copy(w, 0, z, O, w.Length);
}

public static void Main(String[] args)

{
int n = 2500;
int c 50;

ConjugateGradientEx2 atp = new ConjugateGradientEx2(n, c);

// Set a predetermined answer and diagonal
double[] expected = new double[n];
double[] diagonal = new doublel[n];

for (int i = 0; i < n; i++)

{

(double) (i % 5);

4.0;

expected[i]
diagonal[i]

}

// Get right-hand side
double[] b = new doublel[n];
atp.Amultp(expected, b);

// Solve system with Jacobi preconditioning
ConjugateGradient cgJacobi = new ConjugateGradient(n, atp);
cgJacobi.SetJacobi(diagonal) ;

double[] solution = cgJacobi.Solve(b);

// Compute inf-norm of computed solution - exact solution, print results
double norm = 0.0;
for (int i = 0; i < n; i++)

{

norm = Math.Max(norm, Math.Abs(solution[i] - expected[i]));
}
Console.QOut.WriteLine("Jacobi preconditioning");
Console.Out.WriteLine("Iterations= " + cgJacobi.Iterations + ", norm= "
+ norm) ;

Console.Out.WriteLine();
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/%

* Solve the same system, with Cholesky preconditioner

*/

ConjugateGradient cgCholesky = new ConjugateGradient(n, atp);
solution = cgCholesky.Solve(b);

norm = 0.0;
for (int i = 0; i < n; i++)

{
norm = Math.Max(norm, Math.Abs(solution[i] - expected[i]));
}
Console.0Out.WriteLine("More general preconditioning");
Console.Qut.WriteLine("Iterations= " + cgCholesky.Iterations + ", norm= "
+ norm) ;
}
}
Output

Jacobi preconditioning
Iterations= 187, norm= 4.46344072813076E-10

More general preconditioning
Iterations= 127, norm= 5.13725062489812E-10

ConjugateGradient.IFunction Interface

public interface Imsl.Math.ConjugateGradient.IFunction

Public interface for the user supplied functiorCien jugateGradient.

Method

Amultp
abstract public void Amultp(double[] p, double[] =z)

Description
A user-supplied function which computesAp.
Parameters
p — An inputdouble vector of length dimension dk.
z — An outputdouble vector containing the matrix-vector produgp.
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ConjugateGradient.IPreconditioner Interface

public interface Imsl.Math.ConjugateGradient.IPreconditioner :
Imsl.Math.ConjugateGradient.IFunction

Public interface for the user supplied functiorCien jugateGradient used for preconditioning.

Method

Preconditioner
abstract public void Preconditioner(double[] r, double[] z)

Description

Used to compute = M~r whereM is the preconditioning matrix andandz are arrays of length, the
order of matrixM.

Parameters
r — An inputdouble array of lengtm generated during the implementation of 8w ve method.
z — An outputdouble array of lengthn.
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Chapter 2. Eigensystem Analysis

Types
ClaS S g N . o 132.
ClasSSSYMEIGEN . . ..o 136..

Usage Notes

An ordinary linear eigensystem problem is represented by the equatioml x whereA denotes am x

n matrix. The valuel is aneigenvalueandx # 0 is the correspondingigenvectar The eigenvector is
determined up to a scalar factor. In all functions, we have chosen this factor schdmEuclidean

length one, and the componenbodf largest magnitude is positive. Xfis a complex vector, this

component of largest magnitude is scaled to be real and positive. The entry where this component occurs
can be arbitrary for eigenvectors having nonunique maximum magnitude values.

Error Analysis and Accuracy

Except in special cases, functions will not return the exact eigenvalue-eigenvector pair for the ordinary
eigenvalue problemx= Ax. Typically, the computed pair

X, A

is an exact eigenvector-eigenvalue pair for a “nearby” matrix A + E. Information dbisutnown only
in terms of bounds of the forfhE||, < f (n)||Al|, €. The value of(n) depends on the algorithm, but is
typically a small fractional power of. The parametes is the machine precision. By a theorem due to
Bauer and Fike (see Golub and Van Loan 1989, p. 342),

min(i 4’ <k (X)||E|l, forallAins (A)

wherec (A) is the set of all eigenvalues #f(called thespectrunof A), X is the matrix of eigenvectors,
|||l is Euclidean length, ani(X) is the condition number o defined asc (X) = || X[, [|X72||,. If Ais
a real symmetric or complex Hermitian matrix, then its eigenvector matisrespectively orthogonal
or unitary. For these matrices(X) = 1.

The accuracy of the computed eigenvalues
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and eigenvectors

Xj
can be checked by computing their performance indekhe performance index is defined to be
]
T=max —————*<
1<j<n nel|Al,|[% ]|,

wheree is again the machine precision.

The performance indexis related to the error analysis because

IEs5]1, = [|A%; - A%

2
whereE is the “nearby” matrix discussed above.

While the exact value of is precision and data dependent, the performance of an eigensystem analysis
function is defined as excellentif< 1, good if 1< 7 < 100, and poor it > 100. This is an arbitrary
definition, but large values af can serve as a warning that there is a significant error in the calculation.

If the condition numbek(X) of the eigenvector matriX is large, there can be large errors in the
eigenvalues even if is small. In particular, it is often difficult to recognize near multiple eigenvalues or
unstable mathematical problems from numerical results. This facet of the eigenvalue problem is often
difficult for users to understand. Suppose the accuracy of an individual eigenvalue is desired. This can be
answered approximately by computing gendition number of an individual eigenvalsee Golub and

Van Loan 1989, pp. 344-345). For matricgssuch that the computed array of normalized eigenvectors

X is invertible, the condition number 4f is

Kj = He-er71

)

the Euclidean length of thieth row of X1, Users can choose to compute this matrix using the class LU

in “Linear Systems.” An approximate bound for the accuracy of a computed eigenvalue is then given by
kj€ ||All. To compute an approximate bound for the relative accuracy of an eigenvalue, divide this bound
by |2

Eigen Class

public class Imsl.Math.Eigen
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Collection of Eigen System functions.

Eigen computes the eigenvalues and eigenvectors of a real matrix. The matrix is first balanced.
Orthogonal similarity transformations are used to reduce the balanced matrix to a real upper Hessenberg
matrix. The implicit double-shifted QR algorithm is used to compute the eigenvalues and eigenvectors of
this Hessenberg matrix. The eigenvectors are normalized such that each has Euclidean length of value
one. The largest component is real and positive.

The balancing routine is based on the EISPACK rouBAEBANC. The reduction routine is based on the
EISPACK routine)RTHES andORTRAN. The QR algorithm routine is based on the EISPACK routine
HQR2. See Smith et al. (1976) for the EISPACK routines. Further details, some timing data, and credits
are given in Hanson et al. (1990).

While the exact value of the performance indexis highly machine dependent, the performance of
Eigen is considered excellent if < 1, good if 1< 7 < 100, and poor ift > 100.

The performance index was first developed by the EISPACK project at Argonne National Laboratory;
see Smith et al. (1976, pages 124-125).

Properties

MaxlIterations
virtual public int MaxIterations {get; set; }

Description

The maximum number of iterations.

Property Value

An int containing the maximum number of iterations.
Default: MaxIterations = 50.

Remarks

The maximum number of iterations must be greater than 0.

NumberOfProcessors
public int NumberOfProcessors {get; set; }

Description

Perform the parallel calculations with the maximum possible number of processors set to
NumberOfProcessors.

Property Value
An int indicating the maximum possible number of processors to use.
Remarks

By default,Number0fProcessors = Environment .ProcessorCount. If NumberOfProcessors is
set to a number less than 1 or greater thawi ronment . ProcessorCount,
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Environment .ProcessorCount Will be used internally. This property has no effect if the application is
used with a scalar version of the IMSL C# Numerical Library.

Constructor

Eigen
public Eigen()

Description
Constructor foEigen.

Methods

GetValues
public Imsl.Math.Complex[] GetValues()

Description

Returns the eigenvalues of a matrix of typible.

Returns

A Complex array containing the eigenvalues of this matrix in descending order.

GetVectors
public Imsl.Math.Complex[,] GetVectors()

Description
Returns the eigenvectors.
Returns

A Complex matrix containing the eigenvectors. The eigenvector corresponding to the j-th eigenvalue is
stored in the j-th column. Each vector is normalized to have Euclidean length one.

Performancelndex
public double PerformanceIndex(double[,] a)

Description
Returns the performance index of a real eigensystem.
Parameter

a— A double matrix.

Returns

A double scalar value indicating how well the algorithms which have computed the eigenvalue and
eigenvector pairs have performed.
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Remarks

A performance index less than 1 is considered excellent, 1 to 100 is good, while greater than 100 is
considered poor.

Solve
virtual public void Solve(double[,] a, bool computeVectors)

Description
Solves for the eigenvalues and (optionally) the eigenvectors of a real square matrix.
Parameters

a— A double square matrix for which the eigenvalues and (optionally) the eigenvectors are to be
found.

computeVectors — A bool value oftrue if the eigenvectors are to be computed.

Exception

Imsl.Math.DidNotConvergeException is thrown when the algorithm fails to converge on the
eigenvalues of the matrix

Example: Eigensystem Analysis

The eigenvalues and eigenvectors of a matrix are computed.

using System;
using Imsl.Math;

public class EigenEx1
{
public static void Main(String[] args)
{
double[,] a = {
{8, - 1, - 5})
{- 4, 4, - 2},
{18, - 5, - 7}
};
Eigen eigen = new Eigen();
eigen.Solve(a, true);
new PrintMatrix("Eigenvalues").SetPageWidth(80) .Print(eigen.GetValues());
new PrintMatrix("Eigenvectors").SetPageWidth(80) .Print(eigen.GetVectors());

Output

Eigenvalues
0
0 2+41i
1 2-4i
2 0.999999999999997
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Eigenvectors
0
0.316227766016838-0.3162277660168381
0.632455532033676
2 1.66533453693773E-16-0.6324555320336761

= O

1
0 0.316227766016838+0.3162277660168381
1 0.632455532033676
2 1.66533453693773E-16+0.6324555320336761

2
0 0.408248290463863
1 0.816496580927725
2 0.408248290463864

SymeEigen Class

public class Imsl.Math.SymEigen
Computes the eigenvalues and eigenvectors of a real symmetric matrix.

Orthogonal similarity transformations are used to reduce the matrix to an equivalent symmetric
tridiagonal matrix. These transformations are accumulated. An implicit rational QR algorithm is used to
compute the eigenvalues of this tridiagonal matrix. The eigenvectors are computed using the eigenvalues
as perfect shifts, Parlett (1980, pages 169, 172). The reduction routine is based on the EISPACK routine
TRED2. See Smith et al. (1976) for the EISPACK routines. Further details, some timing data, and credits
are given in Hanson et al. (1990).

Let M = the number of eigenvalues,= the array of eigenvalues, amglis the associated eigenvector
with jth eigenvalue.

Also, lete be the machine precision. The performance indeis defined to be

T= max N el
1=j<M 10Ne [|Al1 |||,

While the exact value of is highly machine dependent, the performancgéyfEigen is considered
excellentift < 1, good if 1< 100, and poor it > 100. The performance index was first developed by
the EISPACK project at Argonne National Laboratory; see Smith et al. (1976, pages 124-125).
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Constructors

SymEigen
public SymEigen(doublel[,] a)
Description
Constructs the eigenvalues and the eigenvectors for a real symmetric matrix.
Parameter
a — The symmetric matrix whose eigensystem is to be constructed.

SymEigen
public SymEigen(double[,] a, bool computeVectors)
Description
Constructs the eigenvalues and (optionally) the eigenvectors for a real symmetric matrix.
Parameters
a— A double symmetric matrix whose eigensystem is to be constructed.
computeVectors — A bool, true if the eigenvectors are to be computed.

Methods

GetValues
public double[] GetValues()

Description

Returns the eigenvalues.

Returns

A double array containing the eigenvalues in descending order.

Remarks

If the algorithm fails to converge on an eigenvalue, that eigenvalue is SeNto

GetVectors
public double[,] GetVectors()

Description

Return the eigenvectors of a symmetric matrix of typable.
Returns

A double array containing the eigenvectors.
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Remarks

The j-th column of the eigenvector matrix corresponds to the j-th eigenvalue. The eigenvectors are
normalized to have Euclidean length one. If the eigenvectors were not computed by the constructor, then
null is returned.

Performancelndex
public double PerformanceIndex(doublel[,] a)

Description
Returns the performance index of a real symmetric eigensystem.
Parameter

a— A double symmetric matrix.

Returns

A double scalar value indicating how well the algorithms which have computed the eigenvalue and
eigenvector pairs have performed.

Remarks

A performance index less than 1 is considered excellent, 1 to 100 is good, while greater than 100 is
considered poor.

Example: Eigenvalues and Eigenvectors of a Symmetric Ma-
trix

The eigenvalues and eigenvectors of a symmetric matrix are computed.

using System;
using Imsl.Math;

public class SymEigenEx1
{
public static void Main(String[] args)
{
doublel[,] a = {
{1, 1’ 1}’
{1’ 1, 1}’
{1, 1, 1}
I

SymEigen eigen = new SymEigen(a);

new PrintMatrix("Eigenvalues") .Print(eigen.GetValues());
new PrintMatrix("Eigenvectors") .Print(eigen.GetVectors());

Output

Eigenvalues
0
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0o 3
-3.53439879482695E-16

=

2 -2.22044604925031E-16
Eigenvectors
0 1 2
0 0.577350269189626  0.816496580927726 0
1 0.577350269189626 -0.408248290463863 -0.707106781186547
2 0.577350269189626 -0.408248290463863 0.707106781186548

Chapter 2. Eigensystem Analysis SymEigen 139



140 ¢ SymEigen IMSL C# Numerical Library



Chapter 3: Interpolation and
Approximation

Types

ClaSSSPIING .o 143.
ClaSS S AKIMIA . . . 146..
ClaSSC ST CB . oottt e 163.
ClassCsINterpolate . . . . ... e 152..
enumeratiorCsinterpolate.Condition .. ... .. e 154,
ClaSSCSPEIIOUIC . . . ottt 155..
ClaSSC S SN P . . .ottt 157..
ClasSSCSSOMOO N . . o e 158..
ClassSCSSMOOINC 2 . . . o 160..
ClaSSC ST CB . . ittt e 163.
ClasSB S PIINE . . ..o 168 .
ClasSBSINtEIPOIALE . . ..t 172..
ClasSSBSLEASISOUAIES . . . . .ottt et e e e 174. ..
ClaSSSPIINE 2D . . .o 177..
ClassSplNE2DINtErPOIate . . . . . ... e 180..
ClassSPlNE2DLEaStSOUAIES. . ...ttt e e e e e 189...
ClasSRAIAIBASIS . . . ...ttt 195..
interfaceRadialBasis.IFUNCHION .. ... e 207..
classRadialBasis.GaUSSIaN . . ... ... 207 ..
classRadialBasis.HardyMultiquadric . . .. ... 209.

Usage Notes

This chapter contains classes to interpolate and approximate data with cubic splines. Interpolation means
that the fitted curve passes through all of the specified data points. An approximation spline does not
have to pass through any of the data points. An appoximating curve can therefore be smoother than an
interpolating curve.

Cubic splines are smoo@ or C? fourth-order piecewise-polynomial (pp) functions. For historical and
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other reasons, cubic splines are the most heavily used pp functions.

This chapter contains four cubic spline interpolation classes and two approximation classes. These
classes are dervived from the base clskine, which provides basic services, such as spline evaluation
and integration.

Csinterpolate CsPeriodic
1.30 7 1.30 7
1104 110
1 n
0.90 7 0.80 7
0.70 0.70 ]
050 .50
030 .30
0109 010
E
-0.10 . e e 010 . ey I
000 1.00 2.00 300 400 500 600 7.00 000 1.00 200 300 400 500 600 7.00
CshAkima CsShape
1.30 7 1.30 7
110 110
a0 nan
0.70 7 0707
050 50
030 .30
010 010
E
-0.10 . I B 1 010 . A B R
000 1.00 2.00 300 400 500 GO0 7.00 000 1.00 200 300 400 500 GO0 7.00
CsSmaooth CsSmoothC2 (o = 0.01)
1.30 - 130 1
1107 1107
1 []
0.90 ] 0.80 ]
0.70 7 0707
050 .50
.20 .30
010 010
E
010 T T —— 010 T A mamat ——
000 1.00 2.00 300 400 500 600 7.00 000 1.00 200 300 400 500 600 7.00

The chart shows how the six cubic splines in this chapter fit a single data set.

ClassCsInterpolate allows the user to specify various endpoint conditions (such as the value of the
first and second derviatives at the right and left endpoints).

ClassCsPeriodic is used to fit periodic (repeating) data. The sample data set used is not periodic and
so the curve does not pass through the final data point.

ClassCsAkima keeps the shape of the data while minimizing oscillations.

ClassCsShape keeps the shape of the data by preserving its convexity.
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ClassCsSmooth constructs a smooth spline from noisy data.

ClassCsSmoothC2 constructs a smooth spline from noisy data using cross-validation and a
user-supplied smoothing parameter.

ClassBSpline is the abstract base class for univariate B-splines. B-splines provide a particularly
convenient and suitable basis for a given class of smooth piecewise polynomial (ppoly) functions. Such a
class is specified by giving its breakpoint sequence, its dedemnd the required smoothness across each

of the interior breakpoints. The corresponding B-spline basis is specified by giving its knot sequence

t € R. The specification rule is as follows: if the class is to have all derivatives up to and including the

j-th derivative continuous across the interior breakpéinthen the numbe; should occuk-j-1 times

in the knot sequence. Assuming tiigtandé,,_; are the endpoints of the interval of interest, choose the

first k knots equal tdp and the lask knots equal td&,,_1. This can be done because the B-splines are
defined to be right continuous ne&yand left continuous ned, 1.

When the above construction is completed, a knot sequesfdengthM is generated, and there are=

M-k B-splines of ordek, for exampleBy, .. .,Bm_1, spanning the ppoly functions on the interval with the
indicated smoothness. That is, each ppoly function in this class has a unique representation
p=ayBp+aBi1+--+an1Bm_1 as alinear combination of B-splines. A B-spline is a particularly
compact ppoly functionB; is a nonnegative function that is nonzero only on the intétyal. «] More
precisely, the support of thieth B-spline is[t;, tj x]. No ppoly function in the same class (other than the
zero function) has smaller support (i.e., vanishes on more intervals) than a B-spline. This makes
B-splines particularly attractive basis functions since the influence of any particular B-spline coefficient
extends only over a few intervals. When it is necessary to emphasize the dependence of the B-spline on
its parameters, we will use the notatiBp; ; to denote thé-th B-spline of ordek for the knot sequende

ClassBsInterpolate extendBSpline and creates a B-spline by interpolating data points.

ClassBsLeastSquares extendsBSpline and creates a B-spline by computing a least squares spline
approximation to data points.

ClassSpline2D is the abstract base class for the two-dimensional, tensor-product splines.

ClassSpline2DInterpolate computes &pline2D using interpolation from two-dimensional,
tensor-product data.

ClassRadialBasis computes an approximation to scattered daf@husing radial-basis functions.

Spline Class

public class Imsl.Math.Spline
Spline represents and evaluates univariate piecewise polynomial splines.

A univariate piecewise polynomial (functiopfx) is specified by giving its breakpoint sequence
breakPoint [1= £ € R", the ordek (degreek-1) of its polynomial pieces,and thex (n— 1) matrix
coef=c of its local polynomial coefficients. In terms of this information, the piecewise polynomial
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(ppoly) function is given by

K &)t
p(x) = JZlcji (Xj_i), for&§ <x< &1

(

The breakpoint sequenégeis assumed to be strictly increasing, and we extend the ppoly function to the
entire real axis by extrapolation from the first and last intervals.

Constructor

Spline
Spline()

Description
Initializes a new instance of the Imsl.Math.Spline {g.3)class.

Methods

Derivative
virtual public double Derivative(double x)

Description
Returns the value of the first derivative of the spline at a point.
Parameter

x — A double, the point at which the derivative is to be evaluated.

Returns
A double containing the value of the first derivative of the spline at the point x.

Derivative
virtual public double Derivative(double x, int ideriv)

Description
Returns the value of the derivative of the spline at a point.
Parameters

x — A double, the point at which the derivative is to be evaluated.

ideriv — An int specifying the derivative to be computed. If zero, the function value is returned.
If one, the first derivative is returned, etc.
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Returns
A double containing the value of the derivative of the spline at the point x.

Derivative
virtual public double[] Derivative(double[] x, int ideriv)

Description
Returns the value of the derivative of the spline at each point of an array.
Parameters

x — A double array of points at which the derivative is to be evaluated.

ideriv — An int specifying the derivative to be computed. If zero, the function value is returned.
If one, the first derivative is returned, etc.

Returns
A double array containing the value of the derivative the spline at each point of the array x.

Eval
virtual public double Eval(double x)

Description
Returns the value of the spline at a point.
Parameter
x — A double, the point at which the spline is to be evaluated.

Returns
A double giving the value of the spline at the point x.

Eval
virtual public double[] Eval(double[] x)

Description
Returns the value of the spline at each point of an array.
Parameter
x — A double array of points at which the spline is to be evaluated.

Returns
A double array containing the value of the spline at each point of the array x.

GetBreakpoints
public double[] GetBreakpoints()

Description
Returns a copy of the breakpoints.
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Returns
A double array containing a copy of the breakpoints.

Integral
virtual public double Integral(double a, double b)

Description

Returns the value of an integral of the spline.

Parameters
a — A double specifying the lower limit of integration.
b — A double specifying the upper limit of integration.

Returns
A double, the integral of the spline from a to b.

CsAkima Class

public class Imsl.Math.CsAkima : Spline
Extension of the Spline class to handle the Akima cubic spline.

ClassCsAkima computes & cubic spline interpolant to a set of data poifits f;) fori =0,...,n—1.
The breakpoints of the spline are the abscissas. Endpoint conditions are automatically determined by the
program; see Akima (1970) or de Boor (1978).

If the data points arise from the values of a smooth,Ghyfunctionf, i.e. f; = f(x), then the error will
behave in a predictable fashion. L&ebe the breakpoint vector for the above spline interpolant. Then,
the maximum absolute error satisfies

617

|f— S||[§075n—1] =C H f(Z)‘ [é0,8n-1

where

& = _max |G —Gi

CsAkima is based on a method by Akima (1970) to combat wiggles in the interpolant. The method is
nonlinear; and although the interpolant is a piecewise cubic, cubic polynomials are not reproduced.
(However, linear polynomials are reproduced.)
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Constructor

CsAkima
public CsAkima(double[] xData, double[] yData)

Description
Constructs the Akima cubic spline interpolant to the given data points.
Parameters

xData — A double array containing the x-coordinates of the data. Values must be distinct.
yData — A double array containing the y-coordinates of the data.

Exception

System.ArgumentException is thrown if the arraysData andyData do not have the same
length

Example: The Akima cubic spline interpolant

A cubic spline interpolant to a function is computed. The value of the spline at point 0.25 is printed.

using System;
using Imsl.Math;

public class CsAkimaEx1

{
public static void Main(String[] args)
{
int n = 11;
double[] x = new doublel[n];
double[] y = new double[n];
for (int k = 0; k < n; k++)
{
x[k] = (double) k / (double) (n - 1);
y[k] = Math.Sin(15.0 * x[k]);
}
CsAkima cs = new CsAkima(x, y);
double csv = cs.Eval(0.25);
Console.QOut.WriteLine("The computed cubic spline value at " +
"point .25 is " + csv);
}
}
Output

The computed cubic spline value at point .25 is -0.478185519991867
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CsTCB Class

public class Imsl.Math.CsTCB : Spline

Extension of the Spline class to handle a tension-continuity-bias (TCB) cubic spline, also known as a
Kochanek-Bartels spline and is a generalization of the Catmull-Rom spline.

Letx =xData, y =yData, andn = the length okData andyData. ClassCsTCB computes the
Kochanek-Bartels spline, a piecewise cubic Hermite spline interpolant to the set of data{goints
fori=0,...,n—1. The breakpoints of the spline are the abscissas. As with all of the univariate
interpolation functions, the abscissas need not be sorted.

The{x;} values are the knots, so th¢h interval is|x;, xi+1]. (To simplify the explanation, it is assumed
that the data points are given in increasing order.) The cubic Hermite irtth@egment has a starting
value ofy; and an ending value of, 1. Its incoming tangent is

Yisr1 —Yi

Xit1—Xi Xit1— X

wheret; is thei-th tension valueg; is thei-th continuity value, and; is thei-th bias value. Its outgoing
tangent is

AV Jr%(l—ti)(lJrCi)(lfbi)

DS = %(1*ti)(1*0i)(1+ bi)

Ll iVt Lo gyt Y
DD|_2(1 tl)(l+cl)(l+bl)xi+lfxi+2(l tl)(l CI)(l bl)XiJrl*Xi

The value of the tangent at the left endpoint is given as:

Yo—Y-1
X1—Xo

The value of the tangent at the right endpoint is given as:

Yn—Yn-1

Xn — Xn-1

By default the values of the tangents at the leftmost and rightmost endpoints are zero. These values can
be reset via theeftEndTangent andRightEndTangent properties.

The spline has a continuous first derivati@ {) if at each data point the left and right tangents are
equal. This is true if the continuity parametess,are all zero. For any values of the parameters the
spline is continuousP).

If tf = ¢, = by = 0 for alli, then the curve is the Catmull-Rom spline.

The following chart shows the same data points interpolated with different parameter values. All of the
tension, continuity, and bias parameters are zero except for the labeled parameter, which has the
indicated value at all data points.
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Tension controls how sharply the spline bends at the data points. The tension values can be set via the
SetTension method. Iftension values are near +1, the curve tightens. If thasion values are near
-1, the curve slackens.

The continuity parameter controls the continuity of the first derivative. The continuity values can be set
via theSetContinuity method. If thecontinuity value is zero, the spline’s first derivative is
continuous, so the spline@1.

The bias parameter controls the weighting of the left and right tangents. If zero, the tangents are equally
weighted. If the bias parameter is near +1, the left tangent dominates. If the bias parameter is near -1, the
right tangent dominates. The bias values can be set vigettigias method.

Tension=-1.0 Tension=1.0

\ \ \ \
\ x \
s \/ / J,z“

1\ Continuity=-1.0 . Contingity=1.0
\
\ \/ \ \\\/\
v4 /

Biag=-1.0 Bias=1.0

Y -‘1'|I "n

/ Vo
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Properties

LeftEndTangent
virtual public double LeftEndTangent {get; set; }

Description

The value of the tangent at the leftmost endpoint.

Property Value

A double containing the value of the tangent at the leftmost endpoint.
Default: LeftEndTangent is zero.

RightEndTangent
virtual public double RightEndTangent {get; set; }

Description

The value of the tangent at the rightmost endpoint.

Property Value

A double containing the value of the tangent at the rightmost endpoint.
Default: RightEndTangent IS zero.

Constructor

CsTCB
public CsTCB(double[] xData, double[] yData)

Description
Constructs the tension-continuity-bias (TCB) cubic spline interpolant to the given data points.
Parameters

xData — A double array containing the x-coordinates of the data.

yData — A double array containing the y-coordinates of the data.

Remarks
Values must be distinckData andyData must be of the same length.

Methods

Compute
virtual public void Compute()
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Description
Computes the tension-continuity-bias (TCB) cubic spline interpolant.

SetBias
virtual public void SetBias(double[] bias)

Description
Sets the bias values at the data points.
Parameter

bias — A double array of lengthkData.Length which contains bias values in the interval [-1,1].

For each point, if the bias value is zero, the left and right side tangents are equally weighted. If the
value is near +1, the left-side tangent dominates. If the value is near -1, the right side tangent
dominates.

Default: All values ofbias are zero.

SetContinuity
virtual public void SetContinuity(double[] continuity)

Description
Sets the continuity values at the data points.
Parameter

continuity — A double array of lengthxData.Length which contains continuity values in the
interval [-1,1]. For each point, if the continuity value is zero, the cun@'iat that point.
Otherwise, the curve has a corner at that point, but is still continu@)s (

Default: All values ofcontinuity are zero.

SetTension

virtual public void SetTension(double[] tension)

Description
Sets the tension values at the data points.
Parameter

tension — A double array of lengthkData.Length which contains tension values in the interval
[-1,1]. For each point, if the tension value is near +1, the curve is tightened at that point. If it is near
-1, the curve is slack.

Default: All values oftension are zero.

Example: The Kochanek-Bartels cubic spline interpolant

This example interpolates to a set of points. At x = 3, the continuity and tension parameters are -1. At all
other points, they are zero. Interpolated values are then printed.

using System;
using Imsl.Math;
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public class CsTCBEx1

{

public static void Main(String[] args)

{

double[]
double[]
double[]
double[]

CsTCB cs

xdata =
ydata
continui
tension

new CsTCB(xdata, ydata);

cs.SetContinuity(continuity);
cs.SetTension(tension);
cs.Compute() ;

Console.Out.WriteLine (" X "+ " value "),
for (int k =

{

0; k < 11; k++)

double x (double) k / 2.0;
double y = cs.Eval(x);
Console.Out.WriteLine(" {0,5:0.0000%}

{1,5:0.0000}",%, v);

Output

value

.0000
L4375
.0000
.1875
0000
.6875
.0000
.1875
.0000
.2500
.0000

.0000
.5000
.0000
.5000
.0000
.5000
.0000
.5000
.0000
.5000
.0000

O P WWNNRFR, P, OO
NFEFPR,PNDOOOWWNDNDWOO

Csinterpolate Class

public class Imsl.Math.CsInterpolate Spline

Extension of the Spline class to interpolate data points.

CsInterpolate computes &2 cubic spline interpolant to a set of data poifits f;) fori=0,...,n—1.

The breakpoints of the spline are the abscissas. Endpoint conditions are automatically determined by the
program. These conditions correspond to the “not-a-knot” condition (see de Boor 1978), which requires
that the third derivative of the spline be continuous at the second and next-to-last breakpoisi2 tr
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3, then the linear or quadratic interpolating polynomial is computed, respectively.

If the data points arise from the values of a smooth, 8yunctionf, i.e. fi = f(x), then the error will
behave in a predictable fashion. L&be the breakpoint vector for the above spline interpolant. Then,
the maximum absolute error satisfies

B <cl @ N
| f S|[~‘§o7§n]—CHf H[Eo@n]|é|
where
& = max |&1—&
i=0,...,n—1

For more details, see de Boor (1978, pages 55-56).

Constructors

Csinterpolate
public CsInterpolate(double[] xData, double[] yData)

Description
Constructs a cubic spline that interpolates the given data points.
Parameters
xData — A double array containing the x-coordinates of the data. Values must be distinct.

yData — A double array containing the y-coordinates of the data. The arx@ysa andyData
must have the same length.

Csinterpolate

public CsInterpolate(double[] xData, double[] yData,
Imsl.Math.CsInterpolate.Condition typeLeft, double valueleft,
Imsl.Math.CsInterpolate.Condition typeRight, double valueRight)

Description

Constructs a cubic spline that interpolates the given data points with specified derivative endpoint
conditions.

Parameters
xData — A double array containing the x-coordinates of the data. Values must be distinct.

yData — A double array containing the y-coordinates of the data. The arxdgsa andyData
must have the same length.

typelLeft — A CsInterpolate.Condition denoting the type of condition at the left endpoint.
This can b&lotAKnot, FirstDerivative Or SecondDerivative.

valueLeft — A double value at the left endpoint. ifypeLeft iS NotAKnot this is ignored,
Otherwise, it is the value of the specified derivative.
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typeRight — A CsInterpolate.Condition denoting the type of condition at the right endpoint.
This can beélotAKnot, FirstDerivative Or SecondDerivative.

valueRight — A double value at the right endpoint.

Example: The cubic spline interpolant

A cubic spline interpolant to a function is computed. The value of the spline at point 0.25 is printed.

using System;
using Imsl.Math;

public class CsInterpolateExl
{
public static void Main(String[] args)
{
int n = 11;
double[] x
double[] y

new double[n];
new double[n];

~
|

for (int = 0; k < n; k++)
{
x [k]

y [k]

(double) k / (double) (n - 1);
System.Math.Sin(15.0 * x[k]);

}

CsInterpolate cs = new CsInterpolate(x, y);

double csv = cs.Eval(0.25);

Console.Qut.WriteLine("The computed cubic spline value at " +
"point .25 is " + csv);

Output

The computed cubic spline value at point .25 is -0.548772503812158

Csinterpolate.Condition Enumeration

public enumeration Imsl.Math.CsInterpolate.Condition

Denotes the type of condition at an endpoint.
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Fields

FirstDerivative

public Imsl.Math.CsInterpolate.Condition FirstDerivative
Description

Satisfies the endpoint condition of the first derivative at the right and left points.

NotAKnot
public Imsl.Math.CsInterpolate.Condition NotAKnot

Description
Satisfies the “not-a-knot” condition.

SecondDerivative
public Imsl.Math.CsInterpolate.Condition SecondDerivative

Description
Satisfies the endpoint condition of the second derivative at the right and left points.

CsPeriodic Class

public class Imsl.Math.CsPeriodic : Spline
Extension of the Spline class to interpolate data points with periodic boundary conditions.

ClassCsPeriodic computes &2 cubic spline interpolant to a set of data poifug f;) for

i =0,...n—1. The breakpoints of the spline are the abscissas. The program enforces periodic endpoint
conditions. This means that the splimsatisfiess(a) = s(b) s (a) = 5 (b), ands’ (a) = s’ (b), wherea is

the leftmost abscissa abds the rightmost abscissa. If the ordinate values correspondiagnab are

not equal, then a warning message is issued. The ordinate vdlug sét equal to the ordinate valueaat

and the interpolant is computed.

If the data points arise from the values of a smooth @§yperiodic functiorf, i.e. fi = f(x), then the
error will behave in a predictable fashion. Lebe the breakpoint vector for the above spline interpolant.
Then, the maximum absolute error satisfies

|f = Slizg, 1 < CIF P, €
where

& i=._max |G — G

i=1..n-1

For more details, see de Boor (1978, pages 320-322).
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Constructor

CsPeriodic
public CsPeriodic(double[] xData, double[] yData)

Description
Constructs a cubic spline that interpolates the given data points with periodic boundary conditions.
Parameters

xData — A double array containing the x-coordinates of the data. There must be at least 4 data
points and values must be distinct.

yData — A double array containing the y-coordinates of the data. The arxdgsa andyData
must have the same length.

Example: The cubic spline interpolant with periodic boundary
conditions

A cubic spline interpolant to a function is computed. The value of the spline at point 0.23 is printed.

using System;
using Imsl.Math;

public class CsPeriodicEx1
{
public static void Main(String[] args)
{
int n = 11;
double[] x
double[] y

new double[n];
new double[n];

]
N

double h
for (int

{

.0 * System.Math.PI / 15.0 / 10.0;
0; k < n; k++)

b
1]

x [k]
y [k]

h * (double) (k);
System.Math.Sin(15.0 * x[k]);

}

CsPeriodic cs = new CsPeriodic(x, y);

double csv = cs.Eval(0.23);

Console.Out.WriteLine("The computed cubic spline value at " +
"point .23 is " + csv);

Output
The computed cubic spline value at point .23 is -0.303401472606451
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CsShape Class

public class Imsl.Math.CsShape : Spline
Extension of the Spline class to interpolate data points consistent with the concavity of the data.

ClassCsShape computes a cubic spline interpolantrtaata points, f; fori =0,...,n— 1. For ease of
explanation, we will assume thgt< X, 1, although it is not necessary for the user to sort these data
values. If the data are strictly convex, then the computed spline is cad¥eand minimizes the

expression
Xn
1 2
@)
X1

over all convexC! functions that interpolate the data. In the general case when the data have both convex
and concave regions, the convexity of the spline is consistent with the data and the above integral is
minimized under the appropriate constraints. For more information on this interpolation scheme, we
refer the reader to Micchelli et al. (1985) and Irvine et al. (1986).

One important feature of the splines produced by this class is that it is not possible, a priori, to predict
the number of breakpoints of the resulting interpolant. In most cases, there will be breakpoints at places
other than data locations. The method is nonlinear; and although the interpolant is a piecewise cubic,
cubic polynomials are not reproduced. However, linear polynomials are reproduced.) This routine
should be used when it is important to preserve the convex and concave regions implied by the data.

Constructor

CsShape
public CsShape(double[] xData, double[] yData)

Description

Construct a cubic spline interpolant which is consistent with the concavity of the data.

Parameters
xData — A double array containing the x-coordinates of the data. Values must be distinct.
yData — A double array containing the y-coordinates of the data. The arxdgsa andyData
must have the same length.

Exceptions
Imsl.Math.TooManyIterationsException is thrown if the iteration did not converge.
Imsl.Math.SingularMatrixException is thrown if matrix is singular.
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Example: The shape preserving cubic spline interpolant

A cubic spline interpolant to a function is computed consistent with the concavity of the data. The spline
value at 0.05 is printed.

using System;
using Imsl.Math;

public class CsShapeEx1

{
public static void Main(String[] args)
{
double[] x = new double[]{0.00, 0.10, 0.20, 0.30, 0.40,
0.50, 0.60, 0.80, 1.00};
double[] y = new double[]{0.00, 0.90, 0.95, 0.90, 0.10,
0.05, 0.05, 0.20, 1.00%};
CsShape cs = new CsShape(x, y);
double csv = cs.Eval(0.05);
Console.Qut.WriteLine("The computed cubic spline value at " +
"point .05 is " + csv);
}
}
Output

The computed cubic spline value at point .05 is 0.55823122286482

CsSmooth Class

public class Imsl.Math.CsSmooth : Spline
Extension of the Spline class to construct a smooth cubic spline from noisy data points.

ClassCsSmooth is designed to produceG? cubic spline approximation to a data set in which the

function values are noisy. This spline is called a smoothing spline. It is a natural cubic spline with knots
at all the data abscissas xData, but it does not interpolate the d&ba, fi). The smoothing splin8is

the uniqueC? function that minimizes

b

/ S (x)2dx

a

subject to the constraint

158 ¢ CsSmooth IMSL C# Numerical Library



3 1(50) - )l <o

whereo is the smoothing parameter. The reader should consult Reinsch (1967) for more information
concerning smoothing splineGsSmooth solves the above problem when the user provides the

smoothing parameter. CsSmoothC2 attempts to find the “optimal” smoothing parameter using the
statistical technique known as cross-validation. This means that (in a very rough sense) one chooses the
value ofc so that the smoothing splin&s) best approximates the value of the data aif it is

computed using all the data except tk; this is true for ali = 0,...,n— 1. For more information on

this topic, we refer the reader to Craven and Wahba (1979).

Constructors

CsSmooth
public CsSmooth(double[] xData, double[] yData)

Description

Constructs a smooth cubic spline from noisy data using cross-validation to estimate the smoothing
parameter. All of the points have equal weights.

Parameters
xData — A double array containing the x-coordinates of the data. Values must be distinct.

yData — A double array containing the y-coordinates of the data. The arxdgsa andyData
must have the same length.

CsSmooth
public CsSmooth(double[] xData, double[] yData, double[] weight)

Description

Constructs a smooth cubic spline from noisy data using cross-validation to estimate the smoothing
parameter. Weights are supplied by the user.

Parameters
xData — A double array containing the x-coordinates of the data. Values must be distinct.

yData — A double array containing the y-coordinates of the data. The arx@ysa andyData
must have the same length.

weight — A double array containing the relative weights. This array must havethe same length as
xData.

Example: The cubic spline interpolant to noisy data

A cubic spline interpolant to noisy data is computed using cross-validation to estimate the smoothing
parameter. The value of the spline at point 0.3010 is printed.
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using System;
using Imsl.Math;
using Imsl.Stat;

public class CsSmoothEx1

{
public static void Main(String[] args)
{
int n = 300;
double[] x = new doublel[n];
double[] y = new double[n];
for (int k = 0; k < n; k++)
{
x[k] = (3.0 * k) / (n - 1);
y[k] = 1.0 / (0.1 + System.Math.Pow(3.0 * (x[k] - 1.0), 4));
}
// Seed the random number generator
Imsl.Stat.Random rn = new Imsl.Stat.Random(1234579);
rn.Multiplier = 16807;
// Contaminate the data
for (int i = 0; i < n; i++)
{
y[i] += 2.0 * (float) rn.NextDouble() - 1.0;
}
// Smooth the data
CsSmooth c¢s = new CsSmooth(x, y);
double csv = cs.Eval(0.3010);
Console.Qut.WriteLine("The computed cubic spline value at " +
"point .3010 is " + csv);
}
}
Output

The computed cubic spline value at point .3010 is 0.0101201298963992

CsSmoothC2 Class

public class Imsl.Math.CsSmoothC2 : Spline
Extension of the Spline class used to construct a spline for noisy data points using an alternate method.

ClassCsSmoothC2 is designed to produceG? cubic spline approximation to a data set in which the
function values are noisy. This spline is called a smoothing spline. It is a natural cubic spline with knots
at all the data abscissasbut it does not interpolate the ddta, fi). The smoothing splin&; is the
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uniqueC? function that minimizes

subject to the constraint
n—-1 5
Z)\sa(xi)— fi*<o
i=

Recommended values fordepend on the weighta. If an estimate for the standard deviation of the
error in they-values is availiable, thew; should be set to this value and the smoothing parameter should
be choosen in the confidence interval corresponding to the left side of the above inequality. That is,

n—v2n<o <n++v2n

CsSmoothC2 is based on an algorithm of Reinsch (1967). This algorithm is also discussed in de Boor
(1978, pages 235-243).

Constructors

CsSmoothC2
public CsSmoothC2(double[] xData, double[] yData, double sigma)

Description

Constructs a smooth cubic spline from noisy data using an algorithm based on Reinsch (1967). All of the
points have equal weights.

Parameters
xData — A double array containing the x-coordinates of the data. Values must be distinct.

yData — A double array containing the y-coordinates of the data. The arx@ysa andyData
must have the same length.

sigma — A double value specifying the smoothing parameteirgma must not be negative.
CsSmoothC2

public CsSmoothC2(double[] xData, double[] yData, double[] weight, double
sigma)

Description

Constructs a smooth cubic spline from noisy data using an algorithm based on Reinsch (1967) with
weights supplied by the user.
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Parameters

xData — A double array containing the x-coordinates of the data. Values must be distinct.
yData — A double array containing the y-coordinates of the data. The arx@ysa andyData

must have the same length.

weight — A double array containing the weights. The arraymta andweight must have the

same length.

sigma — A double value specifying the smoothing parameteirgma must not be negative.

Example: The cubic spline interpolant to noisy data with sup-

plied weights

A cubic spline interpolant to noisy data is computed using supplied weights and smoothing parameter.

The value of the spline at point 0.3010 is printed.

using System;
using Imsl.Math;
using Imsl.Stat;

public class CsSmoothC2Ex1

{

public static void Main(String[] args)

{

// Set up a grid
int n = 300;

double[] x
double[] y
for (int k

{

new double[n];
new double([n];
0; k < n; k++)

x [k]
y [k]

(double) (k) / (double) (n - 1));

nn
= W
~

.0 *
.0/
}

// Seed the random number generator

Imsl.Stat.Random rn = new Imsl.Stat.Random(1234579);
rn.Multiplier = 16807;

// Contaminate the data
for (int i = 0; i < n; i++)
{
y[i] = y[i] + 2.0 * (float) rn.NextDouble() - 1.0;
}

// Set the weights
double sdev = 1.0 / System.Math.Sqrt(3.0);
double[] weights = new double[n];
for (int i = 0; i < n; i++)
{
weights[i] = sdev;

}

// Set the smoothing parameter
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double smpar = (double) n;

// Smooth the data

CsSmoothC2 cs = new CsSmoothC2(x, y, weights, smpar);

double csv = cs.Eval(0.3010);

Console.Qut.WriteLine("The computed cubic spline value at " +
"point .3010 is " + csv);

Output
The computed cubic spline value at point .3010 is 0.0335028881575695

CsTCB Class

public class Imsl.Math.CsTCB : Spline

Extension of the Spline class to handle a tension-continuity-bias (TCB) cubic spline, also known as a
Kochanek-Bartels spline and is a generalization of the Catmull-Rom spline.

Letx =xData, y =yData, andn = the length okData andyData. ClassCsTCB computes the
Kochanek-Bartels spline, a piecewise cubic Hermite spline interpolant to the set of data{goin}s
fori =0,...,n—1. The breakpoints of the spline are the abscissas. As with all of the univariate
interpolation functions, the abscissas need not be sorted.

The{x } values are the knots, so th¢h interval is[x;,x11]. (To simplify the explanation, it is assumed
that the data points are given in increasing order.) The cubic Hermite irttheegment has a starting
value ofy; and an ending value of, 1. Its incoming tangent is

_} I AYZ S N YiTYic1 } _t N1 py i Y
DS—Z(]. t|)(l CI)(1+bI)Xi+l—Xi+2(l t|)(1+C|)(1 b')XH_l_Xi

wheret; is thei-th tension valueg; is thei-th continuity value, anth; is thei-th bias value. Its outgoing
tangent is

Yi+1—Yi
Xit1— X

Yi—V¥i1
Xit1—X
The value of the tangent at the left endpoint is given as:

DD; = %(1—ti)(1+ci)(1+ bi) + %(1—ti)(l—ci)(1—bi)

Yo—Y-1
X1—Xo

The value of the tangent at the right endpoint is given as:
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Xn — Xn—1

By default the values of the tangents at the leftmost and rightmost endpoints are zero. These values can
be reset via théef tEndTangent andRightEndTangent properties.

The spline has a continuous first derivati@ t) if at each data point the left and right tangents are
equal. This is true if the continuity parametess,are all zero. For any values of the parameters the
spline is continuous®).

If ti = ¢, =y = 0 for all i, then the curve is the Catmull-Rom spline.

The following chart shows the same data points interpolated with different parameter values. All of the
tension, continuity, and bias parameters are zero except for the labeled parameter, which has the
indicated value at all data points.

Tension controls how sharply the spline bends at the data points. The tension values can be set via the
SetTension method. Iftension values are near +1, the curve tightens. If thasion values are near
-1, the curve slackens.

The continuity parameter controls the continuity of the first derivative. The continuity values can be set
via theSetContinuity method. If thecontinuity value is zero, the spline’s first derivative is
continuous, so the spline@1.

The bias parameter controls the weighting of the left and right tangents. If zero, the tangents are equally
weighted. If the bias parameter is near +1, the left tangent dominates. If the bias parameter is near -1, the
right tangent dominates. The bias values can be set vigettigias method.
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Tension=-1. Tension=1.0

oW, 7
Vi, \& V,

Bias=1.0

Properties
LeftEndTangent

virtual public double LeftEndTangent {get; set; }

Description

The value of the tangent at the leftmost endpoint.

Property Value

A double containing the value of the tangent at the leftmost endpoint.
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Default: Lef tEndTangent is zero.

RightEndTangent
virtual public double RightEndTangent {get; set; }

Description

The value of the tangent at the rightmost endpoint.

Property Value

A double containing the value of the tangent at the rightmost endpoint.
Default: RightEndTangent iS zero.

Constructor

CsTCB
public CsTCB(double[] xData, double[] yData)

Description
Constructs the tension-continuity-bias (TCB) cubic spline interpolant to the given data points.
Parameters

xData — A double array containing the x-coordinates of the data.

yData — A double array containing the y-coordinates of the data.

Remarks
Values must be distinckData andyData must be of the same length.

Methods

Compute

virtual public void Compute()

Description

Computes the tension-continuity-bias (TCB) cubic spline interpolant.

SetBias
virtual public void SetBias(double[] bias)

Description
Sets the bias values at the data points.
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Parameter

bias — A double array of lengthxData.Length which contains bias values in the interval [-1,1].

For each point, if the bias value is zero, the left and right side tangents are equally weighted. If the
value is near +1, the left-side tangent dominates. If the value is near -1, the right side tangent
dominates.

Default: All values ofbias are zero.

SetContinuity
virtual public void SetContinuity(double[] continuity)

Description
Sets the continuity values at the data points.
Parameter

continuity — A double array of lengthxData.Length which contains continuity values in the
interval [-1,1]. For each point, if the continuity value is zero, the cun@'iat that point.
Otherwise, the curve has a corner at that point, but is still continu@)s (

Default: All values ofcontinuity are zero.

SetTension
virtual public void SetTension(double[] tension)

Description
Sets the tension values at the data points.
Parameter

tension — A double array of lengthkData.Length which contains tension values in the interval
[-1,1]. For each point, if the tension value is near +1, the curve is tightened at that point. If it is near
-1, the curve is slack.

Default: All values oftension are zero.

Example: The Kochanek-Bartels cubic spline interpolant

This example interpolates to a set of points. At x = 3, the continuity and tension parameters are -1. At all
other points, they are zero. Interpolated values are then printed.

using System;
using Imsl.Math;

public class CsTCBEx1

{
public static void Main(String[] args)
{
double[] xdata = {0.0, 1.0, 2.0, 3.0, 4.0, 5.0};
double[] ydata = {6.0, 2.0, 3.0, 5.0, 1.0, 2.0};
double[] continuity = {0.0, 0.0, 0.0, - 1.0, 0.0, 0.0%};
double[] tension = {0.0, 0.0, 0.0, - 1.0, 0.0, 0.0%};

CsTCB cs = new CsTCB(xdata, ydata);
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cs.SetContinuity(continuity);
cs.SetTension(tension);
cs.Compute() ;

Console.Out.WriteLine(" X "+ " value "),
for (int k = 0; k < 11; k++)
{
double x = (double) k / 2.0;
double y = cs.Eval(x);
Console.Out.WriteLine(" {0,5:0.0000} {1,5:0.0000}",x, y);
}
}
}
Output
X value
0.0000 5.0000
0.5000 3.4375
1.0000 2.0000
1.5000 2.1875
2.0000 3.0000
2.5000 3.6875
3.0000 5.0000
3.5000 2.1875
4.0000 1.0000
4.5000 1.2500
5.0000 2.0000

BSpline Class

public class Imsl.Math.BSpline
Spline represents and evaluates univariate B-splines.

B-splines provide a particularly convenient and suitable basis for a given class of smooth ppoly
functions. Such a class is specified by giving its breakpoint sequence, itkpehet the required
smoothness across each of the interior breakpoints. The corresponding B-spline basis is specified by
giving its knot sequencec RM. The specification rule is as follows: If the class is to have all derivatives
up to and including the j-th derivative continuous across the interior breakfothen the numbet;

should occuk - j - 1 times in the knot sequence. Assuming thaand&, are the endpoints of the

interval of interest, choose the fitsknots equal t&; and the lask knots equal t&,,. This can be done
because the B-splines are defined to be right continuoustneand left continuous ned,.

When the above construction is completed, a knot sequenfdengthM is generated, and there are
= M-k B-splines of ordek, for exampleBy, ..., Bn_1, Spanning the ppoly functions on the interval with
the indicated smoothness. That is, each ppoly function in this class has a unique representation
p=agBo+aiB:1+...+an_1Bm_1 as a linear combination of B-splines. A B-spline is a particularly
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compact ppoly functionB; is a nonnegative function that is nonzero only on the inteftyd|, ). More
precisely, the support of the i-th B-splinefisti, «]. No ppoly function in the same class (other than the
zero function) has smaller support (i.e., vanishes on more intervals) than a B-spline. This makes
B-splines particularly attractive basis functions since the influence of any particular B-spline coefficient
extends only over a few intervals.

Constructor

BSpline
BSpline()

Description
Initializes a new instance of the Imsl.Math.BSpline {638)class.

Methods

Derivative
public double Derivative(double x)

Description
Returns the value of the first derivative of the B-spline at a point.
Parameter
x — A double which specifies the point at which the derivative is to be evaluated.

Returns
A double containing the value of the first derivative of the B-spline at the paint

Derivative
public double Derivative(double x, int ideriv)

Description

Returns the value of the derivative of the B-spline at a point.

Parameters
x — A double which specifies the point at which the derivative is to be evaluated.
ideriv — A int specifying the derivative to be computed.

Returns
A double containing the value of the derivative of the B-spline at the point x.
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Remarks
If ideriv is zero, the function value is returned. If one, the first derivative is returned, etc.

Derivative
public double[] Derivative(double[] x, int ideriv)

Description
Returns the value of the derivative of the B-spline at each point of an array.
Parameters
x — A double array of points at which the derivative is to be evaluated.
ideriv — A int specifying the derivative to be computed.

Returns

A double array containing the value of the derivative the B-spline at each point of thesarray
Remarks

If ideriv is zero, the function value is returned. If one, the first derivative is returned, etc.

Eval
public double Eval(double x)

Description
Returns the value of the B-spline at a point.
Parameter
x — A double which specifies the point at which the B-spline is to be evaluated.

Returns
A double giving the value of the B-spline at the point

Eval
public double[] Eval(double[] x)

Description
Returns the value of the B-spline at each point of an array.
Parameter
x — A double array of points at which the B-spline is to be evaluated.

Returns
A double array containing the value of the B-spline at each point of the array

GetKnots
public double[] GetKnots()

Description
Returns a copy of the knot sequence.
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Returns
A double array containing a copy of the knot sequence.

GetSpline
public Imsl.Math.Spline GetSpline()

Description

Returns &pline representation of the B-spline.
Returns

A Spline representation of the B-spline.

Integral
public double Integral(double a, double b)
Description
Returns the value of an integral of the B-spline.
Parameters
a — A double specifying the lower limit of integration.
b — A double specifying the upper limit of integration.

Returns
A double which specifies the integral of the B-spline franto b.

Example: The B-spline interpolant

A B-Spline interpolant to data is computed. The value of the spline at point .23 is printed.

using System;
using Imsl.Math;

public class BsInterpolateExl

{

public static void Main(String[] args)

{
int n = 11;
double[] x = new double[n];
double[] y = new double[n];
double h = 2.0 * System.Math.PI / 15.0 / 10.0;
for (int k = 0; k < n; k++)
{

x[k] = h * (double) (k);

y [k] System.Math.Sin(15.0 * x[k]);

}

BsInterpolate bs = new BsInterpolate(x, y);
double bsv = bs.Eval(0.23);
Console.Out.WriteLine("The computed B-spline value at point "
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+ ".23 is " + bsv);

Output

The computed B-spline value at point .23 is -0.303418399276769

Example: The B-spline least squares fit

A B-Spline least squares fit to data is computed. The value of the spline at point 4.5 is printed.

using System;
using Imsl.Math;

public class BsLeastSquaresEx1l

{
public static void Main(String[] args)
{
double[] x = new double[]{0, 1, 2, 3, 4, 5, 8, 9, 10};
double[] y = new double[]{1.0, 0.8, 2.4, 3.1, 4.5,
5.8, 6.2, 4.9, 3.7};
BsLeastSquares bs = new BsLeastSquares(x, y, 5);
double bsv = bs.Eval(4.5);
Console.Out.WriteLine("The computed B-spline value at point " +
"4.5 is " + bsv);
}
}
Output

The computed B-spline value at point 4.5 is 5.22855432359694

Bsinterpolate Class

public class Imsl.Math.BsInterpolate : BSpline
Extension of the BSpline class to interpolate data points.

Given the data points = xData, f = yData, andn the number of elements #Data andyData, the
default action oBsInterpolate computes a cubic (order = 4) spline interpolai the data using a
default “not-a-knot” knot sequence. Constructors are also provided that allow the order and knot
sequence to be specified. This algorithm is based on the r@RITNT by de Boor (1978, p. 204).

First, the xData vector is sorted and the result is stored The elements of yData are permuted
appropriately and stored myielding the equivalent datfg;, f;) for i = 0 ton-1. The following
preliminary checks are performed on the data, Withorder. We verify that
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X <Xy1fori=0,....n—2
ti <tizxfori=0,...,n—1
ti<tiyafori=0,....,n+k—2

The first test checks to see that the abscissas are distinct. The second and third inequalities verify that a
valid knot sequence has been specified.

In order for the interpolation matrix to be nonsingular, we also cligek< x <t, fori =0 ton-1 This
first inequality in the last check is necessary since the method used to generate the entries of the
interpolation matrix requires that tikgpossibly nonzero B-splines &t Bj_i,1, ..., Bj wherej satisfies
t; <x <tj;1 be well-defined (that isj —k+1 > 0).

Constructors

Bslinterpolate
public BsInterpolate(double[] xData, double[] yData)

Description

Constructs a B-spline that interpolates the given data points. The computed B-spline will be order 4
(cubic) and have a default “not-a-knot” spline knot sequence.

Parameters
xData — A double array containing the x-coordinates of the data. Values must be distinct.

yData — A double array containing the y-coordinates of the data. The arx@ysa andyData
must have the same length.

Bsinterpolate
public BsInterpolate(double[] xData, double[] yData, int order)

Description

Constructs a B-spline that interpolates the given data points and order, using a default “not-a-knot”
spline knot sequence.

Parameters
xData — A double array containing the x-coordinates of the data. Values must be distinct.

yData — A double array containing the y-coordinates of the data. The arxdgsa andyData
must have the same length.

order — An int denoting the order of the B-spline.

Bslinterpolate
public BsInterpolate(double[] xData, double[] yData, int order, double[] knot)

Description
Constructs a B-spline that interpolates the given data points, using the specified order and knots.
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Parameters
xData — A double array containing the x-coordinates of the data. Values must be distinct.

yData — A double array containing the y-coordinates of the data. The arx@ysa andyData
must have the same length.

order — A int denoting the order of the spline.
knot — A double array containing the knot sequence for the B-spline.

Example: The B-spline interpolant

A B-Spline interpolant to data is computed. The value of the spline at point .23 is printed.

using System;
using Imsl.Math;

public class BsInterpolateExl
{
public static void Main(String[] args)
{
int n = 11;
double[] x
double[] y

new double[n];
new double[n];

double h
for (int

{

]
N

.0 * System.Math.PI / 15.0 / 10.0;
0; k < n; k++)

~
]

x [k]
y [k]

h * (double) (k);
System.Math.Sin(15.0 * x[k]);

}

BsInterpolate bs = new BsInterpolate(x, y);

double bsv = bs.Eval(0.23);

Console.Out.WriteLine("The computed B-spline value at point "
+ ".23 is " + bsv);

Output

The computed B-spline value at point .23 is -0.303418399276769

BsLeastSquares Class

public class Imsl.Math.BsLeastSquares : BSpline

Extension of the BSpline class to compute a least squares spline approximation to data points.
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Let's make the identifications

n = xData.Length

x = xData

f = yData

m = nCoef

k = order

For convenience, we assume that the sequeiE@acreasing, although the class does not require this.

By default,k = 4, and the knot sequence we select equally distributes the knots through the sistinct
In particular, them + k knots will be generated ifxi, xn] with k knots stacked at each of the extreme
values. The interior knots will be equally spaced in the interval.

Once knotg and weightsv are determined, then the spline least-squares fit to the data is computed by
minimizing over the linear coefficients

n—

lV\/i[fi—Jiaij(N)]z

where theBj, j = 1,...,mare a (B-spline) basis for the spline subspace.
This algorithm is based on the routine L2APPR by deBoor (1978, p. 255).

Constructors

BsLeastSquares
public BsLeastSquares(double[] xData, double[] yData, int nCoef)

Description
Constructs a least squares B-spline approximation to the given data points.
Parameters

xData — A double array containing the x-coordinates of the data.

yData — A double array containing the y-coordinates of the data. The arx@ysa andyData
must have the same length.

nCoef — A int denoting the linear dimension of the spline subspace. It should be smaller than the
number of data points and greater than or equal to the order of the spline (whose default value is 4).

BsLeastSquares
public BsLeastSquares(double[] xData, double[] yData, int nCoef, int order)

Description
Constructs a least squares B-spline approximation to the given data points.
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Parameters
xData — A double array containing the x-coordinates of the data.

yData — A double array containing the y-coordinates of the data. The arx@ysa andyData
must have the same length.

nCoef — A int denoting the linear dimension of the spline subspace. It should be smaller than the
number of data points and greater than or equal to the order of the spline.

order — A int denoting the order of the spline.

BsLeastSquares
public BsLeastSquares(double[] xData, double[] yData, int nCoef, int order,
double[] weight, double[] knot)

Description
Constructs a least squares B-spline approximation to the given data points.
Parameters

xData — A double array containing the x-coordinates of the data.

yData — A double array containing the y-coordinates of the data. The arx@ysa andyData
must have the same length.

nCoef — A int denoting the linear dimension of the spline subspace. It should be smaller than the
number of data points and greater than or equal to the order of the spline.

order — A int denoting the order of the spline.

weight — A double array containing the weights for the data. The arrdysta, yDataa and
weight must have the same length.

knot — A double array containing the knot sequence for the spline.

Example: The B-spline least squares fit

A B-Spline least squares fit to data is computed. The value of the spline at point 4.5 is printed.

using System;
using Imsl.Math;

public class BsLeastSquaresEx1l

{
public static void Main(String[] args)
{
double[] x = new double[]{0, 1, 2, 3, 4, 5, 8, 9, 10};
double[] y = new double[]{1.0, 0.8, 2.4, 3.1, 4.5,
5.8, 6.2, 4.9, 3.7};
BsLeastSquares bs = new BsLeastSquares(x, y, 5);
double bsv = bs.Eval(4.5);
Console.Qut.WriteLine("The computed B-spline value at point " +
"4.5 is " + bsv);
}
}
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Output

The computed B-spline value at point 4.5 is 5.22855432359694

Spline2D Class

public class Imsl.Math.Spline2D
Represents and evaluates tensor-product splines.

The simplest method of obtaining multivariate interpolation and approximation functions is to take
univariate methods and form a multivariate method via tensor products. In the case of two-dimensional
spline interpolation, the derivation proceeds as follows:tj.be a knot sequence for splines of orégr

andty be a knot sequence for splines of orégrLet Ny + ky be the length ofy, andNy + ks be the length

of ty. Then, the tensor-product spline has the following form:

Ny*l Nx—1
% CnmB k t (X) Bm,ky,ty (y)

m=0 n=

Given two sets of points
Nx
X2y

ANy
{W}Fﬂ
for which the corresponding univariate interpolation problem can be solved, the tensor-product
interpolation problem finds the coefficierg, so that

and

Ny—1Ny—1
Z) CnmBn k.t (%) Bmky.t, (¥5) = fij

m=0 n=

This problem can be solved efficiently by repeatedly solving univariate interpolation problems as
described in de Boor (1978, p. 347).

Constructor

Spline2D
Spline2D()

Description
Initializes a new instance of the Imsl.Math.Spline2D 1@7)class.
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Methods

Derivative
virtual public double Derivative(double x, double y, int xPartial, int
yPartial)

Description
Returns the value of the partial derivative of the tensor-product spline at the(poyit
Parameters

x — A double scalar specifying the-coordinate of the evaluation point for the tensor-product
spline.

y — A double scalar specifying thg-coordinate of the evaluation point for the tensor-product
spline.

xPartial — An int scalar specifying thg-partial derivative.

yPartial — An int scalar specifying thg-partial derivative.

Returns

A double scalar containing the value of the partial derivative
Ji+is

wherei = xPartial andj = yPartial, at(x, y).

Derivative
virtual public double[,] Derivative(double[] xVec, double[] yVec, int xPartial,
int yPartial)

Description
Returns the values of the partial derivative of the tensor-product spline of an array of points.
Parameters
xVec — A double array specifying the-coordinates at which the spline is to be evaluated.
yVec — A double array specifying thg-coordinates at which the spline is to be evaluated.
xPartial — An int scalar specifying thg-partial derivative.
yPartial — An int scalar specifying thg-partial derivative.

Returns
An double matrix containing the values of the partial derivatives
ditls
d'x dly

wherei = xPartial andj = yPartial, at each(x, y).

GetCoefficients
virtual public double[,] GetCoefficients()
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Description

Returns the coefficients for the tensor-product spline.
Returns

A double matrix containing the coefficients.

GetXKnots
virtual public double[] GetXKnots()

Description

Returns the knot sequences in thdirection.

Returns

A double array of containing the knot sequences of the spline irxttigection.

GetYKnots
virtual public double[] GetYKnots()

Description

Returns the knot sequences in fhdirection.

Returns

A double array containing the knot sequences of the spline iryttigection.

Integral
public double Integral(double a, double b, double c, double d)

Description
Returns the value of an integral of a tensor-product spline on a rectangular domain.
Parameters
a — A double specifying the lower limit for the first variable of the tensor-product spline.
b — A double specifying the upper limit for the first variable of the tensor-product spline.
c — A double specifying the lower limit for the second variable of the tensor-product spline.
d — A double specifying the upper limit for the second variable of the tensor-product spline.

Returns

A double, the integral of the tensor-product spline over the rectafgleb] by [c, d].
Remarks

If sis the spline, then théntegral method returns

b d
/ / s(x,y)dydx
Ja Cc

This method uses the (univariate integration) identity (22) in de Boor (1978, p. 151)

/anoc-B- (r)dr—ril a-tj+k_tj B; (x)
mig; 1 Bi k iZ; 2; j K i k+1
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wherety < x < t;.

It assumes (for all knot sequences) that the first ancklksbts are stacked, that ig,= ... =tx_1 and
th=... =thk_1, Wherekis the order of the spline in theory direction.

Value
virtual public double Value(double x, double y)

Description
Returns the value of the tensor-product spline at the [{girg).
Parameters

x — A double scalar specifying thg-coordinate of the evaluation point for the tensor-product
spline.

y — A double scalar specifying thg-coordinate of the evaluation point for the tensor-product
spline.

Returns

A double scalar containing the value of the tensor-product spline.

Value
virtual public double[,] Value(double[] xVec, double[] yVec)

Description

Returns the values of the tensor-product spline of an array of points.

Parameters
xVec — A double array specifying the-coordinates at which the spline is to be evaluated.
yVec — A double array specifying thg-coordinates at which the spline is to be evaluated.

Returns
A double matrix containing the values evaluated.

Spline2DInterpolate Class

public class Imsl.Math.Spline2DInterpolate : Spline2D

Computes a two-dimensional, tensor-product spline interpolant from two-dimensional, tensor-product
data.

The classSpline2DInterpolate computes a tensor-product spline interpolant. The tensor-product
spline interpolant to daté(x;,y;, fij) }, where 0<i < (ny—1) and 0< j < (ny—1) has the form

Ny—1ln,—1

% Cntn,kx,tx (X) Bm,ky,ty (y)

m=0 n=
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whereky andky are the orders of the splines. These numbers are defaulted to be 4, but can be set to any
positive integer usingOrder andyOrder in the constructor. Likewiséy andty are the corresponding

knot sequencesKknots andyKnots). These default values are selectedspyine2DInterpolate.

The algorithm requires that

ty(ky—1) <yj <ty(ny—1) 0<j<n -1

Tensor-product spline interpolants in two dimensions can be computed quite efficiently by solving
(repeatedly) two univariate interpolation problems.

The computation is motivated by the following observations. It is necessary to solve the system of

equations
ny—1n,—1

Z) CrmBr .k, tx (%) Bmpk, 1, (Yj) = fij

m=0 n=

Setting

ny—21

hmi = % CnmBh,ky t (Xi)

n=

note that for each fixedfrom 0 ton, — 1, we haveny linear equations in the same number of unknowns

as can be seen below:
ny—1

> PmiBrjg, (¥i) = fij
m=0

ny—lny—1
Zt) Cntn.,kX,tX (Xi)Bm,ky.,ty(yj) = fij

m=0 n=

Setting

ny—1

hmi = % Cntn.kx,tx (Xl)

n=

note that for each fixedfrom 0 ton, — 1, we haveny — 1 linear equations in the same number of

unknowns as can be seen below: .
ny—
> B, (i) = fij
m=0

The same matrix appears in all of the equations above:

[Bmvkyvty(yj)] 0<mj<n—1

Thus, only factor this matrix once and then apply this factorization tathigyht-hand sides. Once this
is done andh,; is computed, then solve for the coefficients, using the relation

nx—1

ZO CnmBh k.t (Xi) = hmi
n—=

for nfrom 0 tony — 1, which again involves one factorization amgsolutions to the different right-hand
sides. The clas3pline2DInterpolate is based on the routine SPLI2D by de Boor (1978, p. 347).
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Constructors

Spline2DlInterpolate
public Spline2DInterpolate(double[] xData, double[] yData, double[,] fData)

Description

Constructor foiSpline2DInterpolate.

Parameters
xData — A double array containing the data points in tk@irection.
yData — A double array containing the data points in tielirection.

fData — A double matrix of sizexData.Length by yData.Length containing the values to be
interpolated.

Spline2DInterpolate
public Spline2DInterpolate(double[] xData, double[] yData, double[,] fData, int
x0rder, int yOrder)

Description

Constructor foiSpline2DInterpolate.

Parameters
xData — A double array containing the data points in thalirection.
yData — A double array containing the data points in tiairection.

fData — A double matrix of sizexData.Length by yData.Length containing the values to be
interpolated.

x0rder — An int scalar value specifying the order of the spline inxkdirection.x0rder must be
at least 1. By defaultOrder = 4, tensor-product cubic spline.

yOrder — An int scalar value specifying the order of the spline inyhdirection.y0rder must be
at least 1. By defaultyOrder = 4, tensor-product cubic spline.

Spline2DlInterpolate
public Spline2DInterpolate(double[] xData, double[] yData, double[,] fData, int
x0rder, int yOrder, double[] xKnots, double[] yKnots)

Description

Constructor foiSpline2DInterpolate.

Parameters
xData — A double array containing the data points in tk@irection.
yData — A double array containing the data points in telirection.

fData — A double matrix of sizexData.Length by yData.Length containing the values to be
interpolated.
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x0rder — An int scalar value specifying the order of the spline inxkgirection.x0rder must be
at least 1. By defaulOrder = 4, tensor-product cubic spline.

yOrder — An int scalar value specifying the order of the spline inykdirection.y0rder must be
at least 1. By defaultyOrder = 4, tensor-product cubic spline.

xKnots — A double array of sizexData.Length + x0rder specifying the knot sequences of the
spline in thex-direction. By default, knot sequences are selected by the class.

yKnots — A double array of sizeyData.Length + yOrder specifying the knot sequences of the
spline in they-direction. By default, knot sequences are selected by the class.

Example 1
A tensor-product spline interpolant to a function
foxy) =x+y?

is computed. The values of the interpolant and the error on a 4 x 4 grid are displayed.

using System;
using Imsl.Math;

public class Spline2DInterpolateEx1

{
private static double F(double x, double y)
{
return (x * x * x + y * y);
}

public static void Main(String[] args)

{
int nData = 11;
int outData = 2;
double[,] fdata = new double[nData,nData];
double[] xData = new double[nData];
double[] yData = new double[nData];
double x, y, z;

// Set up grid
for (int i = 0; i < nData; i++)

{

xDatal[i] = yDatal[i] = (double) i / ((double) (mData - 1));
}
for (int i = 0; i < nData; i++)
{

for (int j = 0; j < nData; j++)

{

fdatali,j] = F(xDatal[i], yDataljl);

}

}

// Compute tensor-product interpolant
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Spline2DInterpolate spline = new Spline2DInterpolate(xData,
yData, fdata);

// Print results

Console.Out.WriteLine(" x y F(x, yo "
+ "Interpolant Error");

for (int i = 0; i < outData; i++)

{
x = (double) i / (double) (outData);
for (int j = 0; j < outData; j++)
{
y = (double) j / (double) (outData);
z = spline.Value(x, y);
Console.Out.WriteLine(x.ToString("0.0000")+" "
+y.ToString("0.0000")+"  "+F(x,y).ToString("0.0000")
+" "+z.ToString("0.0000")+" "
+Math.Abs(F(x, y) - z).ToString("0.0000"));
}
}
}
}
Output
X y F(x, y) Interpolant Error
0.0000 0.0000 0.0000 0.0000 0.0000
0.0000  0.5000  0.2500 0.2500 0.0000
0.5000 0.0000 0.1250 0.1250 0.0000
0.5000 0.5000 0.3750 0.3750 0.0000
Example 2
A tensor-product spline interpolant to a function

fooy) =X +y?

is computed. The values of the interpolant and the error on a 4 x 4 grid are displayed. Notice that the first
interpolant with order = 3 does not reproduce the cubic data, while the second interpolant with order = 6
does reproduce the data.

using System;
using Imsl.Math;

public class Spline2DInterpolateEx2

{
private static double F(double x, double y)
{
return (x * x * x +y * y);
¥

public static void Main(String[] args)
{
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int nData = 7;
int outData = 4;

double[,] fData = new double[nData,nData];
double[] xData = new double[nData];
double[] yData = new double[nData];

double x, y, z;

// Set up grid
for (int i = 0; i < nData; i++)

{

xData[i] = yData[i] = (double) i / ((double) (nData - 1));
}
for (int i = 0; i < nData; i++)
{

for (int j = 0; j < nData; j++)

{

fDatali,j] = F(xDatalil, yDataljl);

}

}

for (int order = 3; order < 7; order += 3)

// Compute tensor-product interpolant
Spline2DInterpolate spline = new Spline2DInterpolate(xData, yData,
fData, order, order);

// Print results

Console.Out.WriteLine("\nThe order of the spline is " + order);
Console.Out.WriteLine(" x y F(x, y) "

+ "Interpolant Error");

for (int i = 0; i < outData; i++)
{
x = (double) i / (double) (outData);

for (int j = 0; j < outData; j++)
{

y = (double) j / (double) (outData);
z = spline.Value(x, y);

Console.Out.WriteLine(x.ToString("0.0000")+" "
+y.ToString("0.0000")+"  "+F(x,y).ToString("0.0000")
+" "+z.ToString("0.0000")+" "
+Math.Abs(F(x, y) - 2).ToString("0.0000"));

Output

The order of the spline is 3
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b4 y F(x, y) Interpolant Error

0.0000 0.0000  0.0000 0.0000 0.0000
0.0000 0.2500 0.0625 0.0625 0.0000
0.0000 0.5000 0.2500 0.2500 0.0000
0.0000 0.7500 0.5625 0.5625 0.0000
0.2500 0.0000 0.0156 0.0158 0.0002
0.2500 0.2500 0.0781 0.0783 0.0002
0.2500 0.5000 0.2656 0.2658 0.0002
0.2500 0.7500 0.5781 0.5783 0.0002
0.5000 0.0000 0.1250 0.1250 0.0000
0.5000 0.2500 0.1875 0.1875 0.0000
0.5000 0.5000 0.3750 0.3750 0.0000
0.5000 0.7500 0.6875 0.6875 0.0000
0.7500 0.0000 0.4219 0.4217 0.0002
0.7500 0.2500 0.4844 0.4842 0.0002
0.7500 0.5000 0.6719 0.6717 0.0002
0.7500 0.7500 0.9844 0.9842 0.0002
The order of the spline is 6
X y F(x, y) Interpolant Error
0.0000 0.0000 0.0000 0.0000 0.0000
0.0000 0.2500 0.0625 0.0625 0.0000
0.0000 0.5000 0.2500 0.2500 0.0000
0.0000 0.7500 0.5625 0.5625 0.0000
0.2500 0.0000 0.0156 0.0156 0.0000
0.2500 0.2500 0.0781 0.0781 0.0000
0.2500 0.5000 0.2656 0.2656 0.0000
0.2500 0.7500 0.5781 0.5781 0.0000
0.5000 0.0000 0.1250 0.1250 0.0000
0.5000 0.2500 0.1875 0.1875 0.0000
0.5000 0.5000 0.3750 0.3750 0.0000
0.5000 0.7500 0.6875 0.6875 0.0000
0.7500 0.0000 0.4219 0.4219 0.0000
0.7500 0.2500  0.4844 0.4844 0.0000
0.7500 0.5000 0.6719 0.6719 0.0000
0.7500 0.7500 0.9844 0.9844 0.0000
Example 3
A spline interpolans to a function
f(xy) =x%y?

is constructed. Then, the values of the partial derivative

9%s(xy)

Ix22y

and the error are computed on a 4 x 4 grid.

using System;
using Imsl.Math;

public class Spline2DInterpolateEx3
{
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private static double F(double x, double y)
{
return (x * X * x * y * y);

}

private static double F21(double x, double y)
{

return (6.0 * x * 2.0 * y);
}

public static void Main(String[] args)

{
int nData = 11;
int outData = 2;
double[,] fData = new double[nData,nData];
double[] xData = new double[nData];
double[] yData = new double[nData];
double x, y, z;

// Set up grid
for (int i = 0; i < nData; i++)
{
xDatal[i] = yData[i] = (double) i / ((double) (mData - 1));
}

for (int i = 0; i < nData; i++)
{
for (int j = 0; j < nData; j++)
{
fDatali,j] = F(xDatalil, yDataljl);
}
}

// Compute tensor-product interpolant
Spline2DInterpolate spline = new Spline2DInterpolate(xData, yData, fData);

// Print results

Console.Out.WriteLine(" x y F21(x, y)
+ "21InterpDeriv  Error");

for (int i = 0; i < outData; i++)

{

x = (double) (1 + i) / (double) (outData + 1);

for (int j = 0; j < outData; j++)
{
y = (double) (1 + j) / (double) (outData + 1);
z spline.Derivative(x, y, 2, 1);
Console.Out.WriteLine(x.ToString("0.0000")+" "
+y.ToString("0.0000")+" "+F21(x,y) .ToString("0.0000")
+" "+z.ToString("0.0000")+" "
+Math.Abs(F21(x, y) - z).ToString("0.0000"));
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Output

X y F21(x, y) 21InterpDeriv  Error
0.3333 0.3333 1.3333 1.3333 0.0000
0.3333 0.6667 2.6667 2.6667 0.0000
0.6667 0.3333 2.6667 2.6667 0.0000
0.6667 0.6667 5.3333 5.3333 0.0000
Example 4

This example integrates a two-dimensional, tensor-product spline over the rectangle [0, x] by [0, y].

using System;
using Imsl.Math;

public class Spline2DInterpolateEx4
{

// Define function
private static double F(double x, double y)
{

return (x*xx*x+y*y);

}

// The integral of F from O to x and O to y
private static double FI(double x, double y)
{

return (y*x*x*x*x/4.0 + x*y*y*xy/3.0);
}

public static void Main(String[] args)

{
int nData = 11, outData = 2;
double[,] fData = new double[nData, nData];
double[] xData = new double[nData];
double[] yData = new double[nData];
double x, y, zZ;

// Set up grid
for (int i = 0; i < nData; i++)

{

xDatal[i] = yData[i] = (double) i / ((double) (nData-1));
}
for (int i = 0; i < nData; i++)
{

for (int j = 0; j < nData; j++)

{

fDatali, j] = F(xDatal[il, yDatal[jl);

}

}

// Compute tensor-product interpolant
Spline2DInterpolate spline =
new Spline2DInterpolate(xData, yData, fData);

188 e Spline2DInterpolate IMSL C# Numerical Library



// Print results

Console.Out.WriteLine(" x y FI(x, y) Integral Error");
for (int i = 0; i < outData; i++)
{

x = (double) (1+i) / (double) (outData+l);
for (int j = 0; j < outData; j++)
{
y = (double) (1+j) / (double) (outData+l);
z spline.Integral(0.0, x, 0.0, y);
Console.Qut.WriteLine(x.ToString("0.0000") + " " +
y.ToString("0.0000") + " "o+
FI(x, y).ToString("0.0000") + " "o+
z.ToString("0.0000") + " "o+
Math.Abs (FI(x,y)-2z).ToString("0.0000"));

Output

X y FI(x, y) Integral Error
0.3333 0.3333 0.0051 0.0051 0.0000
0.3333 0.6667 0.0350 0.0350 0.0000
0.6667 0.3333 0.0247 0.0247 0.0000
0.6667 0.6667 0.0988 0.0988 0.0000

Spline2DLeastSquares Class

public class Imsl.Math.Spline2DLeastSquares : Spline2D
Computes a two-dimensional, tensor-product spline approximant using least squares.

The Spline2DLeastSquares class computes a tensor-product spline least-squares approximation to
weighted tensor-product data. The input consists of data vectors to specify the tensor-product grid for the
data, two vectors with the weights, the values of the surface on the grid, and the specification for the
tensor-product spline. The grid is specified by the two veotergData andy = yData of length
n=xData.Length andm=yData.Length, respectively. A two-dimensional arr&y fData contains

the data values which are to be fit. The two vectars xWeights andwy = yWeights contain the

weights for the weighted least-squares problem. The information for the approximating tensor-product
spline can be provided using tBetX0rder, SetY0rder, SetXKnots andSetYKnots methods. This
information is contained iRy = xOrder, ty = xKnots, andN = xSplineSpaceDim for the spline in the

first variable, and irky = yOrder, ty = yKnots andM = ySplineSpaceDim for the spline in the second
variable. This class computes coefficients for the tensor-product spline by solving the normal equations
in tensor-product form as discussed in de Boor (1978, Chapter 17). The interested reader might also
want to study the paper by Grosse (1980).
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As the computation proceeds, we obtain coefficiemtsnimizing

n-1m-1 N1t ,
i;} JZOWx(i)Wy(j) |J<Zo I; kB (%, Yi) — fij]

where the functiorBy is the tensor-product of two B-splines of ordgrandky. Specifically, we have

Bui (X,Y) = Bkt (X) Bi k1, (¥)

The spline
N-1M-1

> Z) CxiBii
& 15

and its partial derivatives can be evaluated using/dime method.

Constructor

Spline2DLeastSquares
public Spline2DLeastSquares(double[] xData, double[] yData, double[,] fData,
int xSplineSpaceDim, int ySplineSpaceDim)
Description
Constructor foiSpline2DLeastSquares.
Parameters
xData — A double array containing the data points in tk@irection.
yData — A double array containing the data points in tielirection.

fData — A double matrix of sizexData.Length by yData.Length containing the values to be
approximated.

xSplineSpaceDim — An int scalar value specifying the linear dimension of the spline subspace
for thex variable. It should be smaller thadata.Length and greater than or equalt0rder
(whose default value is 4).

ySplineSpaceDim — An int scalar value specifying the linear dimension of the spline subspace
for they variable. It should be smaller thgbdata.Length and greater than or equal y0rder
(whose default value is 4).

Methods

Compute
public void Compute()
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Description

Computes a two-dimensional, tensor-product spline approximant using least squares.

GetErrorSumOfSquares
public double GetErrorSumOfSquares()

Description

Returns the weighted error sum of squares.

Returns

A double scalar containing the weighted error sum of squares.

GetXOrder
virtual public int GetXOrder ()

Description

Returns the order of the spline in tkelirection.

Returns

An int scalar containing the order of the spline in thdirection.

GetXWeights
virtual public double[] GetXWeights()

Description

Returns the weights for the least-squares fit inxurection.

Returns

A double array containing the weights for the least-squares fit irktdection.
GetYOrder

virtual public int GetYOrder ()

Description

Returns the order of the spline in tialirection.

Returns

An int scalar containing the order of the spline in {rdirection.
GetYWeights

virtual public double[] GetYWeights()

Description

Returns the weights for the least-squares fit inytukrection.

Returns

A double array containing the weights for the least-squares fit inytection.
SetXKnots

virtual public void SetXKnots(double[] xKnots)
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Description
Sets the knot sequences of the spline inxuirection.
Parameter

xKnots — A double array of sizexSplineSpaceDim + xOrder specifying the knot sequences of
the spline in thex-direction.

Default: Knot sequences are selected by the class.

SetXOrder
virtual public void SetXOrder(int xOrder)

Description
Sets the order of the spline in tiedirection.
Parameter

x0rder — An int scalar value specifying the order of the spline inxkgirection.x0rder must be
greater than or equal to 1.

Default: xOrder = 4, implying a tensor-product cubic spline.

SetXWeights
virtual public void SetXWeights(double[] xWeights)

Description
Sets the weights for the least-squares fit inxtaérection.
Parameter

xWeights — A double array of sizexData.Length specifying the weights for the least-squares fit
in thex-direction.

Default: All weights are equal to 1.

SetYKnots
virtual public void SetYKnots(double[] yKnots)

Description
Sets the knot sequences of the spline inytukrection.
Parameter

yKnots — A double array of sizeySplineSpaceDim + yOrder specifying the knot sequences of
the spline in the-direction.

Default: Knot sequences are selected by the class.

SetYOrder

virtual public void SetYOrder(int yOrder)

Description
Sets the order of the spline in tlyedirection.
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Parameter

yOrder — An int scalar value specifying the order of the spline inykdirection.yOrder must be
greater than or equal to 1.

Default: yOrder = 4, implying a tensor-product cubic spline.

SetYWeights
virtual public void SetYWeights(double[] yWeights)

Description
Sets the weights for the least-squares fit inyftirection.
Parameter

yWeights — A double array of sizeyData.Length specifying the weights for the least-squares fit
in they-direction.

Default: All weights are equal to 1.

Example

The data for this example comes from the func@sin(x+y) on the rectangle [0, 3] x [0, 5]. This
function is first sampled on a 50 x 25 grid. Next, an attempt to recover it by using tensor-product cubic
splines is performed. The values of the functésin(x+ y) are printed on a 2 x 2 grid and compared

with the values of the tensor-product spline least-squares fit.

using System;
using Imsl.Math;

public class Spline2DLeastSquaresEx1l {

private static double F(double x, double y) {
return (Math.Exp(x) * Math.Sin(x + y));
}

public static void Main(String[] args)

{
int nxData = 50, nyData = 25, outData = 2;
double[] xData = new double[nxData];
double[] yData = new double[nyData];
double[,] fData = new double[nxData, nyData];
double x, y, z;

// Set up grid
for (int i = 0; i < nxData; i++) {
xDatal[i] = 3.0*(double) i / ((double) (nxData - 1));

}
for (int i = 0; i < nyData; i++) {

yData[i] = 5.0%(double) i / ((double) (nyData - 1));
}

// Compute function values on grid
for (int i = 0; i < nxData; i++) {
for (int j = 0; j < nyData; j++) {
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fDatali, j] = F(xDatal[i], yDataljl);
}

// Compute tensor-product approximant
Spline2DLeastSquares spline =
new Spline2DLeastSquares(xData, yData, fData, 5, 7);

spline.Compute() ;
x = spline.GetErrorSumOfSquares();

// Print results
Console.Out.WriteLine("The error sum of squares is " +
x.ToString("0.0000") + "\n");

double[,] output = new double[outData*outData, 5];
for (int i = 0, idx = 0; i < outData; i++) {
x = (double) i / (double) (outData);
for (int j = 0; j < outData; j++) {
y = (double) j / (double) (outData);
z = spline.Value(x, y);
output [idx, 0] = x;
output [idx, 1] = y;
output [idx, 2] = F(x,y);
output [idx, 3]
output [idx, 4] = Math.Abs(F(x,y)-2);
idx++;

]
N

}

String[] labels = {"x", "y", "F(x, y)", "Fitted Values", "Error"};
PrintMatrixFormat pmf = new PrintMatrixFormat();

pmf . NumberFormat = "0.0000";

pmf . SetColumnLabels (labels) ;

new PrintMatrix() .Print(pmf, output);

}
}
Output
The error sum of squares is 3.7532

X y F(x, y) Fitted Values Error
0 0.0000 0.0000 0.0000 -0.0204 0.0204
1 0.0000 0.5000 0.4794 0.5002 0.0208
2 0.5000 0.0000 0.7904 0.8158 0.0253
3 0.5000 0.5000 1.3874 1.3842 0.0031
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RadialBasis Class

public class Imsl.Math.RadialBasis

RadialBasis computes a least-squares fit to scattered da®d jwhered is the dimension. More
precisely, we are given data points

Xg,. .., %n_1 € RY
and function values

fo,..., fro1 € Rl

The radial basis fit to the data is a functiBnwvhich approximates the above data in the sense that it
minimizes the sum-of-squares error

n-1
> wi(F(x) - fi)?

wherew are the weights. Of course, we must restrict the functional forf éfere we assume itis a
linear combination of radial functions:
m-1

F(x) = 0 (||x—c;j
(x) ];)061 (lIx=cjlh)

Thec;j are thecenters

A radial function,¢ (r), maps|0, ») into R%. The default radial function is the Hardy multiquadric,
o(r)=r2+682

with 6 = 1. An alternate radial function is the Gaussia‘rﬁxz.
By default, the centers are points in a Faure sequence, scaled to cover the box containing the data.

Two Update methods allow the user to specify weights for each data point in the approximation scheme.
In this way the user can influence the fit of the radial basis function. For example, if weights are in the
range [0,1] then O-weighted points are effectively removed from computations and 1-weighted points

will have more influence than any others. When the number of centers equals the number of data points,
the RBF fit will be “exact”, otherwise it will be an approximation (useful for large or noisy data sets).
Provided the ratios of the weights are not too extreme, weights will not appreciably change the accuracy
of the fit to the data, but they will affect the shape of the approximating function away from the data:
Greater weights result in greater influence at greater distances.

Properties

ANOVA
public Imsl.Stat.ANOVA ANOVA {get; }
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Description

Returns the\NOVA statistics from the linear regression.

Property Value

An ANOVA table and related statistics.

See Also: Imsl.Stat.LinearRegression §34), Imsl.Stat. ANOVA (p.708

RadialFunction
public Imsl.Math.RadialBasis.IFunction RadialFunction {get; set; }

Description

The radial function.

Property Value

A RadialBasis.IFunction Which is the current radial function.

Constructor

RadialBasis

public RadialBasis(int nDim, int nCenters)

Description

Creates a new instance of RadialBasis.

Parameters
nDim — An int specifying the number of dimensions.
nCenters — An int specifying the number of centers.

Methods

Eval
public double Eval(double[] x)

Description
Returns the value of the radial basis approximation at a point.
Parameter

x — A double array containing the locations of the data point at which the approximation is to be
computed.
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Returns
A double containing the value of the radial basis approximatiox. at

Eval
public double[] Eval(doublel[,] x)

Description

Returns the value of the radial basis at a point.

Parameter
x — A double matrix of sizen by nDim containing the points at which the radial basis is to be
evaluated.

Returns

A double array giving the value of the radial basis at the paint

Gradient
public double[] Gradient(double[] x)

Description
Returns the gradient of the radial basis approximation at a point.
Parameter

x — A double array containing the locations of the data point at which the approximation’s
gradient is to be computed.

Returns

A double array, of lengtmDim containing the value of the gradient of the radial basis approximation at
X.

Update
public void Update(double[] x, double f)

Description

Adds a data point with weight = 1.

Parameters
x — A double array containing the locations of the data point.
f — A double containing the function value at the data point.

Update
public void Update(double[] x, double f, double w)

Description
Adds a data point with a specified weight.
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Parameters
x — A double array containing the locations of the data point.
f — A double containing the function value at the data point.
w — A double containing the weight of this data point.

Update
public void Update(double[,] x, double[] f)

Description
Adds a set of data points, all with weight = 1.
Parameters

x — A double matrix of sizen by nDim containing the locations of the data points for each
dimension.

f — A double array containing the function values at the data points.

Update
public void Update(double[,] x, double[] f, double[] w)

Description
Adds a set of data points with user-specified weights.
Parameters

x — A double matrix of sizen by nDim containing the locations of the data points for each
dimension.

f — A double array containing the function values at the data points.
w — A double array containing the weights associated with the data points.

Example: Radial Basis Function Approximation

The function
e IIXI%/d

whered is the dimension, is evaluated at a set of randomly chosen points. Random noise is added to the
values and a radial basis approximated to the noisy data is computed. The radial basis fit is then
compared to the original function at another set of randomly chosen points. Both the average error and
the maximum error are computed and printed.

In this example, the dimensial¥10. The function is sampled at 200 random points, in|thk 1]¢
cube, to which what noise in the range [-0.2,0.2] is added. The error is computed at 1000 random points,
also from thd—1,1]¢ cube. The compute errors are less than the added noise.

using System;
using Imsl.Math;

public class RadialBasisEx1
{
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public static void Main(String[] args)
{

int nDim = 10;

// Sample, with noise, the function at 100 randomly chosen points
int nData = 200;
double[,] xData = new double[nData,nDim];
double[] fData = new double[nData];
Imsl.Stat.Random rand = new Imsl.Stat.Random(234567);
double[] tmp = new double[nDim];
for (int k = 0; k < nData; k++)
{
for (int i = 0; i < nDim; i++)

{

tmp [i] xDatalk,i] = 2.0 * rand.NextDouble() - 1.0;
}
// noisy sample
fDatal[k] =
fen(tmp) + 0.20 * (2.0 * rand.NextDouble() - 1.0);

}

// Compute the radial basis approximation using 25 centers
int nCenters = 25;

RadialBasis rb = new RadialBasis(nDim, nCenters);
rb.Update(xData, fData);

// Compute the error at a randomly selected set of points
int nTest = 1000;
double maxError = 0.0;
double aveError = 0.0;
double[] x = new double[nDim];
for (int k = 0; k < nTest; k++)
{
for (int i = 0; i < nDim; i++)
{
x[i] = 2.0 * rand.NextDouble() - 1.0;
¥
double error = Math.Abs(fcn(x) - rb.Eval(x));
aveError += error;
maxError = Math.Max(error, maxError);
double f fen(x);

}

aveError /= nTest;

Console.WriteLine("average error is " + aveError);
Console.WriteLine("maximum error is " + maxError);

// The function to approximate
internal static double fcn(double[] x)

{

double sum = 0.0
for (int k = 0;

{

k < x.Length; k++)

sum += x[k] * x[k];
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}
sum /= x.Length;
return Math.Exp(-sum);

Output

average error is 0.0419789795502543
maximum error is 0.171666811944547

Example: “Custom” Radial Basis Function Approximation

Data is generated from the function

v y
€20 SINXCOS—
2.0

where a number ofx(y) pairs make up a set of randomly chosen points. Random noise is added to the
values, a “custom” Polyharmonic Spline radial basis function is specified

() = rk k=1,35,...
PU= rkinr k=24.86,...
and a radial basis approximation of the noisy data is computed. The radial basis fit is then compared to

the original function at another set of randomly chosen points. Both the average normalized error and the
maximum normalized error are computed and printed.

In this example, the order of the Polyharmonic Splike?. The function is sampled at 200 random
points and the error is computed at 10000 random points.

using System;
using Imsl.Math;

public class RadialBasisEx2

{

// The function to approximate
static double fcn(double[] x)
{
return Math.Exp((x[1]) / 2.0) * Math.Sin(x[0]) -
Math.Cos((x[1]) / 2.0);
}

public class PolyHarmonicSpline : RadialBasis.IFunction

{

virtual public int Order
{

get

{

return order;

}

}

200 e RadialBasis IMSL C# Numerical Library



virtual public bool EvenOrder

{
get
{
return isEven;
}
}

private int order = 3;

private bool isEven = false;

public PolyHarmonicSpline(int order)

{
this.isEven = order % 2 == 0;
this.order = order;
}
public virtual double F(double x)
{
if (this.isEven)
{
return Math.Pow(x, order) * Math.Log(x);
}
return Math.Pow(x, order);
}
public virtual double G(double x)
{
if (order == 1)
{
return 1;
}
if (this.isEven)
{
return order * Math.Pow(x, order - 1) * Math.Log(x) +
Math.Pow(x, order - 1);
}
return order * Math.Pow(x, order - 1);
}

public static void Main(String[] args)
{

int nDim = 2;

// Sample, with noise, the function at 100 randomly chosen points
int nData = 200;

double[,] xData = new double[nData,nDim];

double[] fData = new double[nData];

double[] row = new double[nDim];

Imsl.Stat.Random rand = new Imsl.Stat.Random(123457);
rand.Multiplier = 16807;

double[] noise = new double[nData * nDim];

for (int k = 0; k < nData; k++)
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for (int i = 0; i < nDim; i++)

{
noisel[k * 2 + i] = 1.0d - 2.0d * rand.NextDouble();
xDatalk,i] = 3 * noisel[k * 2 + i];

}

// noisy sample

for(int j = 0; j<nDim; j++)
row[jl=xDatalk, jl;

fDatal[k] = fcn(row) + noiselk * 2] / 10;

}

// Compute the radial basis approximation using 100 centers
int nCenters = 100;

RadialBasis rb = new RadialBasis(nDim, nCenters);
rb.RadialFunction = new PolyHarmonicSpline(2);
rb.Update(xData, fData);

// Compute the error at a randomly selected set of points
int nTest = 10000;

double maxError = 0.0;
double aveError = 0.0;
double maxMagnitude = 0.0;

double[][] x = new double[nTest][];
for (int i2 = 0; i2 < nTest; i2++)
{

x[i2] = new double[nDim];
}

noise = new double[nTest * nDim];

for (int i = 0; i < nTest; i++)

{
for (int j = 0; j < nDim; j++)
{
noise[i * 2 + j] = 1.0d - 2.0d * (double) rand.NextDouble();
x[i]1[j] = 3 * noisel[i * 2 + jI;
}
double error = Math.Abs(fcn(x[i]) - rb.Eval(x[i]));
maxMagnitude = Math.Max(Math.Abs(fcn(x[i])), maxMagnitude);
aveError += error;
maxError = Math.Max(error, maxError);
}

aveError /= nTest;

Console.WriteLine("Average normalized error is " + aveError /
maxMagnitude) ;

Console.WriteLine("Maximum normalized error is " + maxError /
maxMagnitude) ;

Console.WriteLine("Using even order equation: " +
((PolyHarmonicSpline) rb.RadialFunction).EvenOrder);
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Output

Average normalized error is 0.0180558727060151
Maximum normalized error is 0.257565310407464
Using even order equation: True

Example: Multiquadric Radial Basis Function Approximation

Data is generated from the function

eTyO sinxcos y
2.0

where a number ofx(y) pairs make up a set of randomly chosen points. Random noise is added to the
values, a Hardy multiquadric radial basis function is specified- 62 and a radial basis approximation

of the noisy data is computed. The radial basis fit is then compared to the original function at another set
of randomly chosen points. Both the average normalized error and the maximum normalized error are
computed and printed.

In this example, the parameter of the Hardy multiquadric radial basis fungtieB.5. The function is
sampled at 100 random points and the error is computed at 10000 random points.

using System;
using Imsl.Math;

public class RadialBasisEx3

{

public static void Main(String[] args)
{

int nDim = 2;

// Sample, with noise, the function at 100 randomly chosen points
int nData = 100;

double[,] xData = new double[nData, nDim];

double[] fData = new double[nData];

double[] row = new double[nDim];

Imsl.Stat.Random rand = new Imsl.Stat.Random(123457);
rand.Multiplier = 16807;
double[] noise = new double[nData * nDim];
for (int k = 0; k < nData; k++)
{
for (int i = 0; i < nDim; i++)
{
noisel[k * 2 + i] = 1.0d - 2.0d * (double) rand.NextDouble();
xDatalk, i] = 3 * noisel[k * 2 + i];
}
// noisy sample
for(int j = 0; j<nDim; j++)
row[jl=xDatalk, jl;
fDatal[k] = fcn(row) + noiselk * 2] / 10;
}

// Compute the radial basis approximation using 100 centers
int nCenters = 100;
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RadialBasis rb = new RadialBasis(nDim, nCenters);
rb.RadialFunction = new RadialBasis.HardyMultiquadric(5.5);
rb.Update(xData, fData);

// Compute the error at a randomly selected set of points
int nTest = 10000;

double maxError = 0.0;
double aveError = 0.0;
double maxMagnitude = 0.0;

Imsl.WarningObject w = Imsl.Warning.WarningObject;
Imsl.Warning.WarningObject = null;
double[][] x = new double[nTest][];
for (int i2 = 0; i2 < nTest; i2++)
{
x[i2] = new double[nDim];
}

noise = new double[nTest * nDim];

for (int i = 0; i < nTest; i++)
{
for (int j = 0; j < nDim; j++)
{
noise[i * 2 + j] = 1.0d - 2.0d * rand.NextDouble();
x[i]1[j] = 3 * noisel[i * 2 + jI;
}
double error = Math.Abs(fcn(x[i]) - rb.Eval(x[i]));
maxMagnitude = Math.Max(Math.Abs(fcn(x[i])),
maxMagnitude) ;
aveError += error;
maxError = Math.Max(error, maxError);
}

aveError /= nTest;

Imsl.Warning.WarningObject = w;

Console.WriteLine("Average normalized error is " +
aveError / maxMagnitude);

Console.WriteLine("Maximum normalized error is " +
maxError / maxMagnitude) ;

}

// The function to approximate
internal static double fcn(double[] x)

{
return Math.Exp((x[1]) / 2.0) * Math.Sin(x[0]) -
Math.Cos((x[1]) / 2.0);
}
}
Output

Average normalized error is 0.0110861431448538
Maximum normalized error is 0.054260728660165
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Example: Gaussian Radial Basis Function Approximation

Data is generated from the function

e’}0 sinxcos y
2.0

where a number ofx(y) pairs make up a set of randomly chosen points. Random noise is added to the
values, a Gaussian radial basis function is specia"réd2 and a radial basis approximation of the noisy

data is computed. The radial basis fit is then compared to the original function at another set of randomly
chosen points. Both the average normalized error and the maximum normalized error are computed and
printed.

In this example, the parameter of the Gaussian radial basis furectiodl 1. The function is sampled at
100 random points and the error is computed at 10000 random points.

using System;
using Imsl.Math;

public class RadialBasisEx4

{

public static void Main(String[] args)
{

int nDim = 2;

// Sample, with noise, the function at 100 randomly chosen points
int nData = 100;

double[,] xData = new double[nData,nDim];

double[] fData = new double[nData];

double[] row = new double[nDim];

Imsl.Stat.Random rand = new Imsl.Stat.Random(123457);
rand.Multiplier = 16807;

double[] noise = new double[nData * nDim];

for (int k = 0; k < nData; k++)

{
for (int i = 0; i < nDim; i++)
{
noisel[k * 2 + i] = 1.0d - 2.0d * (double) rand.NextDouble();
xDatalk,i] = 3 * noisel[k * 2 + i];
}
// noisy sample
for(int j = 0; j<nDim; j++)
row[jl=xDatalk,j];
fDatal[k] = fcn(row) + noisel[k * 2] / 10;
}

// Compute the radial basis approximation using 100 centers
int nCenters = 100;

RadialBasis rb = new RadialBasis(nDim, nCenters);
rb.RadialFunction = new RadialBasis.Gaussian(.1);
rb.Update(xData, fData);

// Compute the error at a randomly selected set of points
int nTest = 10000;
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double maxError = 0.0;
double aveError = 0.0;
double maxMagnitude = 0.0;

Imsl.WarningObject w = Imsl.Warning.WarningObject;
Imsl.Warning.WarningObject = null;
double[][] x = new double[nTest][];
for (int i2 = 0; i2 < nTest; i2++)
{
x[i2] = new double[nDim];
}

noise = new double[nTest * nDim];

for (int i = 0; i < nTest; i++)
{
for (int j = 0; j < nDim; j++)
{
noise[i * 2 + j] = 1.0d - 2.0d * rand.NextDouble();
x[11[j] = 3 * noisel[i * 2 + jl;
}
double error = Math.Abs(fcn(x[i]) - rb.Eval(x[il));
maxMagnitude = Math.Max(Math.Abs(fcn(x[i])),
maxMagnitude) ;
aveError += error;
maxError = Math.Max(error, maxError);
}

aveError /= nTest;

Imsl.Warning.WarningObject = w;

Console.WriteLine("Average normalized error is " +
aveError / maxMagnitude);

Console.WriteLine("Maximum normalized error is " +
maxError / maxMagnitude);

}

// The function to approximate
internal static double fcn(double[] x)

{
return Math.Exp((x[1]) / 2.0) * Math.Sin(x[0]) -
Math.Cos((x[11) / 2.0);
}
}
Output

Average normalized error is 0.0109549594616543
Maximum normalized error is 0.0230039785369829
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RadialBasis.IFunction Interface

public interface Imsl.Math.RadialBasis.IFunction

Public interface for the user supplied function to Ra@lialBasis object.

Methods

F
abstract public double F(double x)

Description
A radial basis function.
Parameter
x — A double, the point at which the function is to be evaluated.

Returns
A double, the value of the function at

G
abstract public double G(double x)

Description

The derivative of the radial basis function used to calculate the gradient of the radial basis
approximation.

Parameter
x — A double, the point at which the function is to be evaluated.

Returns
A double, the value of the function at.

RadialBasis.Gaussian Class

public class Imsl.Math.RadialBasis.Gaussian : Imsl.Math.RadialBasis.IFunction

The Gaussian basis functioer,axz.
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Constructor

Gaussian
public Gaussian(double a)

Description

Creates a Gaussian basis functo@®.
Parameter

a — A double specifying the value of the function parameter. Decreasing the Gaussian parameter
decreases fitting-error but may increase computational effort.

Methods

F
Final public double F(double x)

Description
A Gaussian basis function.
Parameter
x — A double, the point at which the function is to be evaluated.

Returns
A double, the value of the function at

G
Final public double G(double x)

Description

The derivative of the Gaussian basis function used to calculatexth ent of the radial basis
approximation.

Parameter
x — A double, the point at which the function is to be evaluated.

Returns
A double, the value of the function at.
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RadialBasis.HardyMultiquadric Class

public class Imsl.Math.RadialBasis.HardyMultiquadric :
Imsl.Math.RadialBasis.IFunction

The Hardy multiquadric basis functiogr2 4 52.

Constructor

HardyMultiquadric

public HardyMultiquadric(double delta)
Description

Creates a Hardy multiquadric basis functign? + 52.
Parameter

delta — A double specifying the value of the function parameter. Increasing the multiquadric
parameter decreases fitting-error but generally increases computational effort.

Default: delta = 1.0.

Methods

F
Final public double F(double x)

Description
A Hardy multiquadric basis function.
Parameter
x — A double, the point at which the function is to be evaluated.

Returns
A double, the value of the function at.

G
Final public double G(double x)

Description

The derivative of the Hardy multiquadric basis function used to calculaterth&ient of the radial
basis approximation.
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Parameter
x — A double, the point at which the function is to be evaluated.

Returns
A double, the value of the function at.
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Chapter 4: Quadrature

Types

ClassSQUAOIAIUNE . . . ..o e 212..
interfaceQuadrature. IFUNCHION . .. ... .. 219..
classHyperRectangleQuadrature . . ... e e 220..
interfaceHyperRectangleQuadrature. lFUNCLioN . ... ...t i 224 ..

Usage Notes
Univariate Quadrature

Class Quadrature computes approximations to integrals of the form
b
/ f (x)dx
JC

One situation that occasionally arises in univariate quadrature concerns the approximation of integrals
when only tabular data are given. The functions described above do not directly address this question.
However, the standard method for handling this problem is first to interpolate the data, and then to
integrate the interpolant. This can be accomplished by using a IMSL C# Library spline interpolation
class derived fromims1.Math.Spline and the methodmsl.Math.Spline.Integral (a,b)

Multivariate Quadrature

The class HypercubeQuadrature computes an approximation to the integral of a funciiariables
over a hyper-rectangle.

by bn
/ f(Xey vy Xn)OXn...dXg
a an

Return Values from User-Supplied Functions

All values returned by user-supplied functions must be valid real numbers. It is the user’s responsibility
to check that the values returned by a user-supplied function do not contain NaN, infinity, or negative
infinity values.
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Example: Minimum of a smooth function

The minimum ofe* — 5x is found using function evaluations only.

using System;
using Imsl.Math;

public class OptimizationIntroExl : MinUncon.IFunction
{
public double F(double x)
{
double y = Math.Exp(x) - 5.0 * x;
if (!(Double.IsNaN(y)))
{
return y;
}
else
{
return 0.0;
}
}

public static void Main(String[] args)
{
MinUncon zf = new MinUncon();
zf .Guess = 0.0;
zf.Accuracy = 0.001;
MinUncon.IFunction fcn = new OptimizationIntroEx1();
Console.Write("Minimum is " + zf.ComputeMin(fcn));

Quadrature Class

public class Imsl.Math.Quadrature

Quadrature is a general-purpose integrator that uses a globally adaptive scheme in order to reduce the
absolute error.

Quadrature subdivides the intervaly, B and uses @2k + 1)-point Gauss-Kronrod rule to estimate the
integral over each subinterval. The error for each subinterval is estimated by comparison \iffothe
Gauss quadrature rule. The subinterval with the largest estimated error is then bisected and the same
procedure is applied to both halves. The bisection process is continued until either the error criterion is
satisfied, roundoff error is detected, the subintervals become too small, or the maximum number of
subintervals allowed is reached. The Cl@gsdrature is based on the subroutiQaG by Piessens et al.
(1983).

If the function to be integrated has endpoint singularities then extrapolation should be enabled. As
described above, the integral’s value is approximated by applying a quadrature rule to a series of
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subdivisions of the interval. The sequence of approximate values converges to the integral’s value. The
e-algorithm can be used to extrapolate from the initial terms of the sequence to its limit. Without
extrapolation, the quadrature approximation sequence converges slowly if the function being integrated
has endpoint singularities. Thkealgorithm accelerates convergence of the sequence in this case. The
class EpsilonAlgorithm (p513)implements the-algorithm. With extrapolation, this class is similar to

the subroutin@AGS by Piessens et al. (1983).

The desired absolute errar, can be set usinfibsoluteError property. The desired relative errgr,
can be set usinBelativeError property. The methodval computes the approximate integral value
R~ f;’ f(x)dx. It also computes an error estim&ewhich can be retrieved usitBrrorEstimate
property. These are related by the following equation:

./:f(x)dx

b
/ f(x)dx— R‘ <EL max{s,p
Ja

Properties

AbsoluteError
public double AbsoluteError {get; set; }

Description

The absolute error tolerance.

Property Value

A double scalar value specifying the absolute error.

ErrorEstimate
public double ErrorEstimate {get; }

Description

Returns an estimate of the relative error in the computed result.

Property Value

A double specifying an estimate of the relative error in the computed result.

ErrorStatus
public int ErrorStatus {get; }

Description

Returns the non-fatal error status.

Property Value

An int specifying the non-fatal error status:
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Status

Meaning

No error.

Maximum number of subdivisions allowed has been achieved. One

can allow more subdivisions by setting thexSubintervals. If

this yields no improvement it is advised to analyze the integrand

in order to determine the integration difficulties. If the position

of

a local difficulty can be determined (e.g. singularity, discontinuity

within the interval) one will probably gain from splitting up th

e

interval at this point and calling the integrator on the subranges. If
possible, an appropriate special-purpose integrator should be used,

which is designed for handling the type of difficulty involved.

The occurrence of roundoff error is detected, which prevents

the

requested tolerance from being achieved. The error may be under-

estimated.

Extremely bad integrand behavior occurs at some points of the in-

tegration interval.

The algorithm does not converge. Roundoff error is detected in

the extrapolation table. It is presumed that the requested toler
cannot be obtained.

ance

The algorithm does not converge. Roundoff error is detected in

the extrapolation table. It is presumed that the requested toler

ance

cannot be achieved, and that the returned result is the best which

can be obtained.

The integral is probably divergent, or slowly convergent. It must

be noted that divergence can occur with any other status value.

Extrapolation

public bool Extrapolation {get; set; }

Description

If true, the epsilon-algorithm for extrapolation is enabled.

Property Value

A bool, true if the epsilon-algorithm for extrapolation is to be enablesll se otherwise.

Remarks

The default isfalse (extrapolation is not used).

MaxSubintervals

public int MaxSubintervals {get; set; }

Description

The maximum number of subintervals allowed.

Property Value

An int specifying the maximum number of subintervals to be allowed.
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Remarks
The default value is 500.

NumberOfProcessors

public int NumberOfProcessors {get; set; }

Description

Perform the parallel calculations with the maximum possible number of processors set to
NumberOfProcessors

Property Value
An int indicating the maximum possible number of processors to use.
Remarks

By default,NumberOfProcessors = Environment .ProcessorCount. If NumberOfProcessors is

set to a number less than 1 or greater thawironment . ProcessorCount,

Environment .ProcessorCount Will be used internally. This property has no effect if the application is
used with a scalar version of the IMSL C# Numerical Library.

Parallel
public bool Parallel {get; set; }

Description
Enable or disable performinguadrature. IFunction.F in parallel.
Property Value

A bool indicating whether or not thguadrature. IFunction.F calculations are to be performed in
parallel.

Remarks

By default,Parallel = true. This property has no effect if the application is used with a scalar version
of the IMSL C# Numerical Library.

RelativeError
public double RelativeError {get; set; }

Description

The relative error tolerance.

Property Value

A double scalar value specifying the relative error.

Rule

public int Rule {get; set; }
Description

The Gauss-Kronrod rule.

Property Value

An int specifying the rule to be used.
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Remarks
The default is 3.

Rule Data points used
1 7-15

2 10-21

3 15-31
4
5
6

20-41
25-51
30-61

Constructor

Quadrature
public Quadrature()

Description
Constructs &uadrature object.

Method

Eval
public double Eval(Imsl.Math.Quadrature.IFunction f, double a, double b)

Description
Returns the value of the integral from a to b.
Parameters
f — The function to be integrated.
a — A double specifying the lower limit of integration.

b — A double specifying the upper limit of integration, either or both of a and b can be
Double.POSITIVE_INFINITY or Double.NEGATIVE INFINITY.

Returns

A double specifying the integral value from a to b.

Example 1: Integral of exp(2x)

The integralj’l3 e*dxis computed and compared to its expected value.
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using System;
using Imsl.Math;

public class QuadratureExl : Quadrature.IFunction

{
public double F(double x)
{
return Math.Exp(2.0 * x);
}
public static void Main(String[] args)
{
Quadrature q = new Quadrature();
Quadrature.IFunction fcn = new QuadratureEx1();
double result = q.Eval(fcn, 1.0, 3.0);
double expect =
(System.Math.Exp(6) - System.Math.Exp(2)) / 2.0;
Console.Out.WriteLine("result = " + result);
Console.Qut.WriteLine("expect = " + expect);
}
}
Output
result = 198.019868696902
expect = 198.019868696902

Example 2: Integral of exp(-x) from O to infinity

The integralfy’ e *dxis computed and compared to its expected value.

using System;
using Imsl.Math;

public class QuadratureEx2 : Quadrature.IFunction

{
public double F(double x)
{
return Math.Exp(- x);
}
public static void Main(String[] args)
{
Quadrature q = new Quadrature();
Quadrature.IFunction fcn = new QuadratureEx2();
double result = q.Eval(fcn, 0.0, Double.PositiveInfinity);
double expect = 1.0;
Console.Out.WriteLine("result = " + result);
Console.Qut.WriteLine("expect = " + expect);
}
}

Quadrature Quadrature
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Output

result
expect

0.999999999999999
1

Example 3: Integral of the entire real line

The integral/®, zer9e—x dxis computed and compared to its expected value. This integral is evaluated
in Gradshteyn and Ryzhik (equation 3.417.1).

using System;
using Imsl.Math;

public class QuadratureEx3 : Quadrature.IFunction

{
public double F(double x)
{
return x / (4.0 * Math.Exp(x) + 9.0 * Math.Exp(-x));
}
public static void Main(String[] args)
{
Quadrature q = new Quadrature();
Quadrature.IFunction fcn = new QuadratureEx3();
double result = q.Eval(fcn, Double.NegativeInfinity,
Double.PositiveInfinity);
double expect = System.Math.PI * System.Math.Log(1.5) / 12.0;
Console.Out.WriteLine("result = " + result);
Console.QOut.WriteLine("expect = " + expect);
}
}
Output
result = 0.106150517076628
expect = 0.106150517076633
Reference

Gradshteyn, I. S. and I. M. Ryzhik (1969gble of Integrals, Series, and Producégademic Press,
New York.

Example 4: Integral of an oscillatory function

The integral of cos(X) for a = 10* is computed and compared to its expected value. Because the
function is highly oscillatory, the quadrature rule is set to 6. The relative error tolerance is also set.

using System;
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using Imsl.Math;

public class QuadratureEx4 : Quadrature.IFunction

{
private double a;
public QuadratureEx4(double a)
{
this.a = a;
}
public double F(double x)
{
return Math.Cos(a * x);
}
public static void Main(String[] args)
{
double a = 1.0e4;
Quadrature.IFunction fcn = new QuadratureEx4(a);
Quadrature q = new Quadrature();
q.Rule = 6;
q.RelativeError = 1e-10;
double result = q.Eval(fcn, 0.0, 1.0);
double expect = Math.Sin(a) / a;
Console.Out.WriteLine("result = " + result);
Console.Qut.WriteLine("expect = " + expect);
Console.Out.WriteLine
("relative error = " + (expect - result) / expect);
Console.Out.WriteLine
("relative error estimate = " + q.ErrorEstimate);
}
}
Output

result = -3.05614388902539E-05

expect = -3.05614388888252E-05

relative error = -4.67475872674725E-11
relative error estimate = 1.04883755430041E-08

Quadrature.lFunction Interface

public interface Imsl.Math.Quadrature.IFunction

Interface defining function for th@uadrature class.

Quadrature Quadrature.lFunction
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Method

F
abstract public double F(double x)

Description
Function to be integrated.
Parameter
x — A double specifying the point at which the function is to be evaluated.

Returns
A double specifying the value of the function at x.

HyperRectangleQuadrature Class

public class Imsl.Math.HyperRectangleQuadrature
HyperRectangleQuadrature integrates a function over a hypercube.

This class is used to evaluate integrals of the form:

bn-1

bo
/ f(X0,-. ,Xn—1)0dX0. .. dX—1
-1 ]

Integration of functions over hypercubes by Monte Carlo, in which the integral is evaluated as the value
of the function averaged over a sequence of randomly chosen points. Under mild assumptions on the
function, this method will converge like/1/n, where n is the number of points at which the function is
evaluated.

It is possible to improve on the performance of Monte Carlo by carefully choosing the points at which

the function is to be evaluated. Randomly distributed points tend to be non-uniformly distributed. The
alternative to a sequence of random points is a low-discrepancy sequence. A low-discrepancy sequence
is one that is highly uniform.

This function is based on the low-discrepancy Faure sequence as computed by Imsl.Stat.FaureSequence
(p- 1216)

Properties

AbsoluteError
public double AbsoluteError {get; set; }
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Description

Sets the absolute error tolerance.

Property Value

A double scalar value specifying the absolute error tolerance.

ErrorEstimate
public double ErrorEstimate {get; }

Description

Returns an estimate of the relative error in the computed result.

Property Value

A double specifying an estimate of the relative error in the computed result.

NumberOfProcessors
public int NumberOfProcessors {get; set; }

Description

Perform the parallel calculations with the maximum possible number of processors set to
NumberOfProcessors

Property Value
An int indicating the maximum possible number of processors to use.
Remarks

By default,NumberOfProcessors = Environment .ProcessorCount. If NumberOfProcessors is

set to a number less than 1 or greater thanironment . ProcessorCount,

Environment .ProcessorCount Will be used internally. This property has no effect if the application is
used with a scalar version of the IMSL C# Numerical Library.

Parallel
public bool Parallel {get; set; }

Description
Enable or disable performirfyperRectangleQuadrature. IFunction.F in parallel.
Property Value

A bool indicating whether or not theyperRectangleQuadrature.IFunction.F calculations are to
be performed in parallel.

Remarks

By default,Parallel = true. This property has no effect if the application is used with a scalar version
of the IMSL C# Numerical Library.

RelativeError
public double RelativeError {get; set; }
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Description

Sets the relative error tolerance.

Property Value

A double scalar value specifying the relative error tolerance.

Constructors

HyperRectangleQuadrature
public HyperRectangleQuadrature(int dimension)

Description
Constructs a HyperRectangleQuadrature object.
Parameter
dimension — A int which specifies the dimension of the Faure sequence.

HyperRectangleQuadrature
public HyperRectangleQuadrature(Imsl.Stat.IRandomSequence sequence)

Description
Constructs @lyperRectangleQuadrature object.
Parameter
sequence — A IRandomSequence Object containing the random number sequence.

Methods

Eval
public double Eval(Imsl.Math.HyperRectangleQuadrature.IFunction f)

Description
Returns the value of the integral over the unit cube.
Parameter

f — A IFunction containing the function to be integrated.

Returns
A double containing the value of the integral over the unit cube.

Eval
public double Eval(Imsl.Math.HyperRectangleQuadrature.IFunction f, double[] a,
double[] b)
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Description

Returns the value of the integral over a cube.

Parameters
f — A IFunction containing the function to be integrated.
a — A double specifying the lower limit of integration. If null all of the lower limits default to 0.
b — A double specifying the upper limit of integration. If null all of the upper limits default to 1.

Returns
A double containing the value of the integral over the unit cube.

Example: HyperRectangle Quadrature

This example evaluates the following multidimensional integral, withO.

:11.../:’ Li(—n‘ﬁ)xj] dxo... A%y 1 = % [1— (-iﬂ

using System;
using Imsl.Math;

public class HyperRectangleQuadratureExl :
HyperRectangleQuadrature.IFunction

{
public double F(double[] x)
{
int sign = 1;
double sum = 0.0;
for (int i = 0; i < x.Length; i++)
{
double prod = 1.0;
for (int j = 0; j <= 1i; j++)
{
prod *= x[j];
}
sum += sign * prod;
sign = - sign;
}
return sum;
}
public static void Main(String[] args)
{
HyperRectangleQuadrature q = new HyperRectangleQuadrature(10);
double result = q.Eval(new HyperRectangleQuadratureEx1());
Console.Out.WriteLine("result = " + result);
}
}
Output

result = 0.333125383208954
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HyperRectangleQuadrature.lFunction Interface

public interface Imsl.Math.HyperRectangleQuadrature.IFunction

Interface for the HyperRectangleQuadrature function.

Method

F
abstract public double F(double[] x)

Description
Returns the value of the function at the given point.
Parameter
x — A double array specifying the point at which the function is to be evaluated.

Returns
A double specifying the value of the function at

224 ¢ HyperRectangleQuadrature.lFunction IMSL C# Numerical Library



Chapter 5: Differential Equations
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Usage Notes
Ordinary Differential Equations

An ordinary differential equatioiis an equation involving one or more dependent variables cgllethe
independent variablé, and derivatives of thg with respect td.

In theinitial-value problem(IVP), the initial or starting values of the dependent variaiest a known
valuet =tp are given. Values ofj(t) fort > 0 ort < tp are required.

TheOdeRungeKutta class solves the IVP for ODEs of the form

d .
d—f:)/i:fi(t,yl,...7yN) i=1..,N
with y; = (t =to) specified. Heref; is a user-supplied function that must be evaluated at any set of
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values(t,y1,...,yn),i=1,...,N.

This problem statement is abbreviated by writing it as a system of first-order ODEs,

YOy (t), ..o yn O] [f(t,y),.... I (ty)]"

so that the problem becomgs= f (t,y) with initial valuesy(to).

The system

dy
G =Y=fty

is said to bestiff if some of the eigenvalues of the Jacobian matrix

{oyi/dy;}

are large and negative. This is frequently the case for differential equations modeling the behavior of
physical systems, such as chemical reactions proceeding to equilibrium where subspecies effectively
complete their reactions in different epochs. An alternate model concerns discharging capacitors such
that different parts of the system have widely varying decay ratetinjerconstants

Users typically identify stiff systems by the fact that numerical differential equation solvers such as
OdeRungeKutta are inefficient, or else completely fail. Special methods are often required. The most
common inefficiency is that a large number of evaluationtpf/) (and hence an excessive amount of
computer time) are required to satisfy the accuracy and stability requirements of the software.

Partial Differential Equations

TheFeynmanKac class solves the Feynman-Kac equation, a single partial differential equation, on a
finite interval[Xmin, Xmax- This equation often arises in applications from financial engineering and that
is the primary focus of the documentation examples. The equation, initial conditions and Feynman-Kac
boundary values are given by

o2(x,t)

ft+:u(xat)+ 2

fuix— k(X 1) f =@ (f,xt),

(xT) = p(). {f = 2" etc).
a(x,t) f +b(x,t) fx+c(X,t) fxx = d(X,t), X = Xmin OF X = Xmax.

The solution is approximated by a piece-wise series of Hermite quintic polynomials on a grid of the
interval [Xmin, Xmax| that yields a twice differentiable solution.

To assist in the evaluation of the approximate solution and its derivatives there is method
GetSplineValue.
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ODE Class

public class Imsl.Math.ODE

ODE represents and solves an initial-value problem for ordinary differential equations.

Properties

Floor
virtual public double Floor {get; set; }

Description

The value used in the norm computation.
Property Value

A double used in the norm computation.
Default: Floor = 1.0.

Remarks

Floor must be greater than zero.

InitialStepsize
virtual public double InitialStepsize {get; set; }

Description

The initial internal step size.

Property Value

A double specifying the initial internal step size.

Default: InitialStepsize = 0.0.

Remarks

InitialStepsize must be greater than or equal to zero.

MaxSteps
virtual public int MaxSteps {get; set; }

Description

The maximum number of internal steps allowed.

Property Value

An int specifying the maximum number of internal steps allowed.
Default: MaxSteps = 500.

Differential Equations ODE

227



Remarks
MaxSteps must be greater than zero.

MinimumStepsize
virtual public double MinimumStepsize {get; set; }

Description

The minimum internal step size.

Property Value

A double specifying the minimum internal step size.
Default: MinimumStepsize = 0.0.

Remarks

MinimumStepsize must be greater than or equal to zero.

NormMethod
virtual public Imsl.Math.ODE.ErrorNormOptions NormMethod {get; set; }

Description

The error norm.

Property Value

An ODE.ErrorNormOptions specifying the error norm.
Default: NormMethod = ODE.ErrorNormOptions.MinAbsRel.
Remarks

NormMethod must be one of the values specified in the table which follows. In the following tabte,
the absolute value for an estimate of the erroy; ().

value Constraint
MinAbsRel Minimum of the absolute error and the relative errpr,
equals the maximum & /max(|yi(t)|,1)

Abs Absolute error, equaliax e )
Max Maximum ofe /max(|y;(t)|, floor)
Euclidean Scaled Euclidean norm defined as

neq 2

s=1/Y oz
ic1 Wi

wherew; = g /maxy;(t)|,1.0) andneqis the number of
equations

Scale
virtual public double Scale {get; set; }
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Description

The scaling factor.

Property Value

A double specifying the scaling factor.
Default: Scale = 1.0.

Remarks

Scale must be greater than zero.

Tolerance
virtual public double Tolerance {get; set; }

Description

The error tolerance.

Property Value

A double specifying the error tolerance.
Default: Tolerance = 1.0e-6.

Remarks

Tolerance must be greater than zero.

Constructor

ODE
O0DEQ)

Description
Initializes a new instance of the Imsl.Math.ODE §27)class.

Methods

ExamineStep
virtual void ExamineStep(Imsl.Math.ODE.ExamineStepOptions state, double t,
double[] y)

Description
Called before and after each internal step.

Differential Equations ODE 229



Parameters

state — An ODE.ExamineStepOptions, one ofBeforeStep, AfterSuccessfulStep Or
AfterUnsuccessfulStep.

t — A double representing the independent variable.
y — A double array containing the dependent variables.

Remarks
This method can be over-ridden by the user to examine intermediate valuesdf.

GetMaximumStepsize

virtual public double GetMaximumStepsize()

Description

Returns the maximum internal step size.

Returns

A double specifying the maximum internal step size.

SetMaximumStepsize
virtual public void SetMaximumStepsize(double stepsize)

Description
Sets the maximum internal step size.
Parameter

stepsize — A double specifying the maximum internal step sizgepsize must be greater than
zero.

Remarks
Default: SeesetMaximumStepsize in the subclasses for the default values used.

Vnorm
virtual double Vnorm(double[] v, double[] y, double[] ymax)

Description

Returns the norm of a vector.

Parameters
v — A double array containing the vector whose norm is to be computed.
y — A double array containing the values of the dependent variable.
ymax — A double array containing the maximumvalues computed thus far.

Returns
A double scalar value representing the norm of the veetor
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Remarks

This method can be over-ridden by the user to supply a different norm than those available through
ODE.ErrorNormOptions, SeeNormMethod property.

ODE.ExamineStepOptions Enumeration

public enumeration Imsl.Math.ODE.ExamineStepOptions

ExamineStep options

Fields

AfterSuccessfulStep
public Imsl.Math.ODE.ExamineStepOptions AfterSuccessfulStep

Description
Indicates examining after a successful step.

AfterUnsuccessfulStep
public Imsl.Math.ODE.ExamineStepOptions AfterUnsuccessfulStep

Description
Indicates examining after an unsuccessful step.

BeforeStep
public Imsl.Math.ODE.ExamineStepOptions BeforeStep

Description
Indicates examining before the next step.

ODE.ErrorNormOptions Enumeration

public enumeration Imsl.Math.ODE.ErrorNormOptions

ErrorNorm options
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Fields

Abs
public Imsl.Math.ODE.ErrorNormOptions Abs

Description
Indicates that the error norm to be used is to be the absolute error, etaxls |).

Euclidean
public Imsl.Math.ODE.ErrorNormOptions Euclidean

Description
Indicates that the error norm to be used is to be the scaled Euclidean norm defined as

neq

QZ

S=
G Wi

wherew; = g /maxJyi(t)|,1.0) andneqis the number of equations.

Max
public Imsl.Math.ODE.ErrorNormOptions Max

Description

Indicates that the error norm to be used is to be the maximugyy ofaxJyi(t)|, floor) wherefloor is set
via theFloor property.

MinAbsRel
public Imsl.Math.ODE.ErrorNormOptions MinAbsRel

Description

Indicates that the error norm to be used is to be the minimum of the absolute error and the relative error,
equals the maximum & /max(|yi(t)|,1).

OdeRungeKutta Class

public class Imsl.Math.OdeRungeKutta : ODE

Solves an initial-value problem for ordinary differential equations using the Runge-Kutta-Verner
fifth-order and sixth-order method.

ClassDdeRungeKutta finds an approximation to the solution of a system of first-order differential
equations of the forn% =y = f(t,y) with given initial data. The class attempts to keep the global error
proportional to a user-specified tolerance. This class is efficient for nonstiff systems where the derivative
evaluations are not expensive.
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OdeRungeKutta is based on a code designed by Hull, Enright and Jackson (1976, 1977). It uses
Runge-Kutta formulas of order five and six developed by J. H. Verner.

Constructor

OdeRungeKutta
public OdeRungeKutta(Imsl.Math.OdeRungeKutta.IFunction function)

Description
Constructs an ODE solver to solve the initial value probtbrut = f(t,y).
Parameter
function — Implementation of interfacEFunction that defines the right-hand side functiigtyy)

Methods

SetMaximumStepsize
override public void SetMaximumStepsize(double stepsize)

Description
Sets the maximum internal step size.
Parameter

stepsize — A double specifying the maximum internal step sizgepsize must be greater than
zero.

Default: stepsize = 2.

Solve
virtual public void Solve(double t, double tEnd, double[] y)

Description
Integrates the ODE system frotrto tEnd.
Parameters
t — A double specifying the independent variable.
tEnd — A double specifying the value of at which the solution is desired.

y — On input, adouble array containing the initial values. On outputi@ible array containing
the approximate solution.

Remarks
On all but the first call t®olve, the value oft must equal the value afEnd from the previous call.
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Exceptions

Imsl.Math.DidNotConvergeException is thrown if the number of internal steps exceeds
MaxSteps (default 500). This can be an indication that the ODE system is stiff. This exception can
also be thrown if the error tolerance condition could not be met.

Imsl.Math.ToleranceTooSmallException is thrown if the computation does not converge on
some step.

Example: Runge-Kutta-Verner ordinary differential equation
solver

An ordinary differential equation problem is solved using a solver which implements the
Runge-Kutta-Verner method. The solution at time t=10 is printed.

using System;
using Imsl.Math;

public class OdeRungeKuttaExl : OdeRungeKutta.IFunction

{
public void F(double t, double[] y, double[] yprime)
{
yprime[0] = 2.0 * y[0] * (1 - y[11);
yprime[1] = - y[1] * (1 - y[0]);
public static void Main(String[] args)
{
double[] y = new double[]{1l, 3};
OdeRungeKutta q = new OdeRungeKutta(new OdeRungeKuttaEx1());
int nsteps = 10;
for (int k = 0; k < nsteps; k++)
{
q.Solve(k, k + 1, y);
}
Console.Qut.WriteLine("Result = {" + y[0] + "," + y[1] + "}");
}
}
Output

Result = {3.14434167651608,0.3488265985197}

OdeRungeKutta.lFunction Interface

public interface Imsl.Math.OdeRungeKutta.IFunction

Public interface for user supplied function@@eRungeKutta object.
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Method

F
abstract public void F(double t, double[] y, double[] yprime)

Description

Returns the value of the function at the given point.

Parameters
t — A double, the point at which the function is to be evaluated.
y — A double array which contains the dependent variable values.
yprime — A double array which contains the value of the function ayj.

OdeAdamsGear Class

public class Imsl.Math.OdeAdamsGear : ODE

Extension of the ODE class to solve a stiff initial-value problem for ordinary differential equations using
the Adams-Gear methods. ClagiAdamsGear finds an approximation to the solution of a system of
first-order differential equations of the form

dy
a :)/: f(tay)

with given initial conditions foly at the starting value fdr The class attempts to keep the global error
proportional to a user-specified tolerance. The proportionality depends on the differential equation and
the range of integration.

The code is based on using backward difference formulas not exceeding order five as outlined in Gear
(1971) and implemented by Hindmarsh (1974). There is an optional use of the code that employs implicit
Adams formulas. This use is intended for nonstiff problems with expensive fungtien$(t,y).

Properties

IntegrationMethod

virtual public Imsl.Math.OdeAdamsGear.IntegrationType IntegrationMethod {get;
set; }

Description

The integration method.
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Property Value

An OdeAdamsGear. IntegrationType Specifying the integration method to be used.
Default: IntegrationMethod = OdeAdamsGear . IntegrationType . BDF.

Remarks

IntegrationMethod must be one of the values specified in the table which follows.

value Description
Adams Use the implicit Adams method.
BDF Use backward differentiation formula (BDF) methods.

MaximumFunctionEvaluations
virtual public int MaximumFunctionEvaluations {get; set; }

Description

The maximum number of function evaluationsyballowed.

Property Value

An int specifying the maximum number of function evaluations’ afllowed.
Default: No limit is enforced. .

Remarks

MaximumFunctionEvaluations must be greater than zero.

MaxOrder
virtual public int MaxOrder {get; set; }

Description

The highest order formula to use of impligidams type orBDF type.

Property Value

An int specifying the highest order formula to use of implicitams type OrBDF type.
Default: MaxOrder = 12 for Adams andMax0Order = 5 for BDF.

Remarks

MaxOrder must be greater than zero.

NumberOfFcnEvals
virtual public int NumberOfFcnEvals {get; }

Description

Returns the number of function evaluations/omade.

Property Value

An int specifying the number of function evaluationsybfmade.

NumberOfJacobianEvals
virtual public int NumberOfJacobianEvals {get; }
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Description

Returns the number of Jacobian matrix evaluations used.

Property Value

An int specifying the number of Jacobian matrix evaluations used.

NumberOfSteps
virtual public int NumberOfSteps {get; }

Description

Returns the number of internal steps taken.

Property Value

An int specifying the number of internal steps taken.

SolveMethod
virtual public Imsl.Math.OdeAdamsGear.SolveOption SolveMethod {get; set; }

Description

The method for solving the formula equations.

Property Value

An O0deAdamsGear . SolveOption specifying the method to be used for solving the formula equations.
Default: SolveMethod = OdeAdamsGear . SolveOption.ChordComputedJacobian.

Remarks

Note that if the problem is stiff and a chord or modified Newton method is most efficient, use
ChordUserJacobian 0Or ChordComputedJacobian. SolveMethod must be one of the values specified
in the table which follows.

value Description

FunctionIteration Use a function iteration or successive substi-
tution method.

ChordUserJacobian Use a chord or modified Newton method and
a user-supplied Jacobian.

ChordComputedJacobian Use a chord or modified Newton method apd
a divided differences Jacobian.

ChordComputedDiagonal Use a chord method and a diagonal matrix
based on a directional directive.

Constructor

OdeAdamsGear
public OdeAdamsGear(Imsl.Math.OdeAdamsGear.IFunction function)
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Description
Constructs an ODE solver to solve the initial value probtiyrt = f(t,y).
Parameter
function — Implementation of interface IFunction that defines the right-hand side fundtfbyy)

Methods

SetMaximumStepsize

override public void SetMaximumStepsize(double stepsize)

Description

Sets the maximum internal step size.

Parameter
stepsize — A double specifying the maximum internal step siz&epsize must be greater than
zero.

Remarks

Default: stepsize = 1.7976931348623157e+308 .

Solve
virtual public void Solve(double t, double tEnd, double[] y)

Description
Integrates the ODE system frotrto tEnd.
Parameters
t — A double specifying the independent variable.
tEnd — A double specifying the value of at which the solution is desired.

y — On input, adouble array containing the initial values. On outputi@ble array containing
the approximate solution.

Remarks
On all but the first call t8olve, the value oft must equal the value afEnd from the previous call.
Exceptions

Imsl.Math.DidNotConvergeException is thrown if the number of internal steps exceeds
MaxSteps (default 500). This can be an indication that the ODE system is stiff. This exception can
also be thrown if the error tolerance condition could not be met.
Imsl.Math.ToleranceTooSmallException is thrown if the computation does not converge on
some step.

Imsl.Math.MaxFcnEvalsExceededException is thrown if the maximum number of function
evaluations allowed has been exceeded.

Imsl.Math.SingularMatrixException is thrown if the factorization function encounters a
singular matrix during LU decomposition.
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Example: Adams-Gear ordinary differential equation solver

A mildly stiff ordinary differential equation problem is solved using a solver which implements the
Adams-Gear method. The solution at time t=240 is printed.

using System;
using Imsl.Math;

public class OdeAdamsGearExl
{
private class MyFunction : OdeAdamsGear.IFunction
{
public MyFunction(double k1, double k2, double k3)
{
this.k1
this.k2
this.k3

ki;
k2;
k3;

}

private double ki;

private double k2;

private double k3;

public virtual double[] F(double t, double[] y)

{
double[] yprime = new double[y.Length];
yprime[0] = - y[0] - y[0] * y[1] + k1 * y[1];
yprime[1] = (- k2) * y[1] + k3 * (1.0 - y[1]) * y[0];
return yprime;

}

public static void Main(String[] args)
{

double ki1 294.0;
double k2 3.0;
double k3 = 0.01020408;

OdeAdamsGear.IFunction f = new MyFunction(kl, k2, k3);

double t = 0.0;

double tend = 240.0;

double([] y = {1.0, 0.0};

OdeAdamsGear q = new OdeAdamsGear(f);

q.NormMethod = OdeAdamsGear.ErrorNormOptions.Abs;

q.SolveMethod =
OdeAdamsGear.SolveOption.ChordComputedJacobian;

q.Tolerance = le-3;

q.Solve(t, tend, y);

// Print Results

Console.Out.WriteLine ("Result = {{{0,5:0.####}, {1,5:0.####}}1}",
y[0l, y[11);
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Output

Result = {0.3924, 0.0013}

OdeAdamsGear.IntegrationType Enumeration

public enumeration Imsl.Math.OdeAdamsGear.IntegrationType

Integration type.

Fields

Adams

public Imsl.Math.OdeAdamsGear.IntegrationType Adams
Description

Use the implicit Adams method.

BDF
public Imsl.Math.OdeAdamsGear.IntegrationType BDF

Description
Use backward differentiation formula (BDF) methods.

OdeAdamsGear.SolveOption Enumeration

public enumeration Imsl.Math.OdeAdamsGear.SolveOption

Solve option.

Fields

ChordComputedDiagonal
public Imsl.Math.OdeAdamsGear.SolveOption ChordComputedDiagonal
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Description
Use a chord method and a diagonal matrix based on a directional directive.

ChordComputedJacobian
public Imsl.Math.OdeAdamsGear.SolveOption ChordComputedJacobian

Description

Use a chord or modified Newton method and a Jacobian approximated by divided differences.

ChordUserJacobian
public Imsl.Math.OdeAdamsGear.SolveOption ChordUserJacobian

Description
Use a chord or modified Newton method and a user-supplied Jacobian.

Functionlteration
public Imsl.Math.OdeAdamsGear.SolveOption FunctionIteration

Description
Use a function iteration or successive substitution method.

OdeAdamsGear.lFunction Interface

public interface Imsl.Math.OdeAdamsGear.IFunction

Public interface for user supplied function@@eAdamsGear object.

Method

F
abstract public double[] F(double t, double[] y)

Description
Computes the value of the functign= f(t,y) at the given point.
Parameters

t — A double, the point at which the function is to be evaluated.
y — A double array which contains the dependent variable values.
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Returns
A double array of lengthy . Length which contains the value of the function

By =ft,y).

OdeAdamsGear.lJacobian Interface

public interface Imsl.Math.OdeAdamsGear.IJacobian :
Imsl.Math.OdeAdamsGear.IFunction

Public interface for the user supplied function to evaluate the Jacobian matrix.

Method

Jacobian
abstract public double[,] Jacobian(double t, double[] y, double[] yprime)

Description
Used to compute the Jacobian of the function.at
Parameters
t — A double, the point at which the function is to be evaluated.
y — A double array which contains the dependent variable values.
yprime — A double array which contains the value of the functi%%ﬁ: y = f(t,y).

Returns
A double y.Length by y.Length matrix containing the value of the Jacobian of the function. at

FeynmanKac Class

public class Imsl.Math.FeynmanKac
Solves the generalized Feynman-Kac PDE.

ClassFeynmanKac solves the generalized Feynman-Kac PDE on a rectangular grid with boundary
conditions using a finite element Galerkin method. The generalized Feynman-Kac differential equation

has the form 5
X, 1
ft+u(x,t)fx+c 1)

fXX_ K(X)t)f = ¢(faxvt)7
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where the initial data satisfidgx, T) = p(x). The derivatives aré = %, etc. Method

ComputeCoefficients uses a finite element Galerkin method over the rectangle
Xmin, Xmand % [T, T]
in (x,t) to compute the approximate solution. The intef¥a}n, Xmax| is decomposed with a grid
(Xmin =)X1 < X2 < ... < Xm(= Xmax) -
On each subinterval the solution is represented by
f(xt) = fibo(2) + fi+1bo(1—2) + hif/b1(2) — N/ 1b1(1—2) + "2 ba(2) + h2 1o (1 2).
The values

/ " / 1
fi, £ 60 fiva, g, g

are time-dependent coefficients associated with each interval. The basis fubgtiong, are given for
X € X, %i1], hi = %11 —%, 2= (x=x)/hi,z€ [0,1],

by
bo(z) = —62 + 152" — 102+ 1= (1-2)3(62 + 32+ 1),

bi(z2) = 32+ 82— 62 +z= (1-232(3z+ 1),
ba(z) = %(—z5+3z4—3z3+22) = %(1—2)322.

By adding the piece-wise definitions the unknown solution function may be arranged as the series

3m
f(xt) = ‘ZLYiﬁi (X), X € [Xmin, Xmax»

where the time-dependent coefficients are defined by re-labeling:

ya2=fi,ys1="f,ya="f"i=1..m
The Galerkin principle is then applied. Using the provided initial and boundary conditions leads to an
Index 1 differential-algebraic equation for the coefficiepts = 1,...,3m.

This system is integrated using the variable order, variable step algdith#iX noted in Hanson, R.
and Krogh, F. (2008)50lving Constrained Differential-Algebraic Systems Using ProjectiSofution
values and their time derivatives at a grid preceding fiilmexpressed in units of time remaining, are
given back by method$etSplineCoefficients andGetSplineCoefficientsPrime, respectively.
For further details of deriving and solving the system see Hanson, R. (2088);ating Feynman-Kac
Equations Using Hermite Quintic Finite ElemenT® evaluatd or its partials

fx, Txxs Txxx Tts Tixs fixxs fixxx @t @any time point in the grid, use methGdtSplineValue.

One useful application of thEeynmanKac class is financial analytics. This is illustrated in Example 2,
which solves a diffusion model for call options which, in the special case2 reduces to the
Black-Scholes (BS) model. Another useful application forRhgnmanKac class is the calculation of

the Greeks, i.e. various derivatives of Feynman-Kac solutions applicable to, e.g., the pricing of options
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and related financial derivatives. In Example 5, FlegnmanKac class is used to calculate eleven of the
Greeks for the same diffusion model introduced in Example 2 in the special BS case. These Greeks are
also calculated using the BS closed form Greek equationsh(geéen.wikipedia.org/wiki/Thesreeks.

The Feynman-Kac and BS solutions are output and compared. Example 5 illustrates that the
FeynmanKac class can be used to explore the Greeks for a much wider class of financial models than can
BS.

Properties

GausslLegendreDegree
public int GaussLegendreDegree {get; set; }

Description

The number of quadrature points used in the Gauss-Legendre quadrature formula.
Property Value

An int scalar, the degree of the polynomial used in the Gauss-Legendre quadrature.
Default: GaussLegendreDegree = 6.

Remarks

It is required that the degree of the polynomial is greater than or equal to 6.

InitialStepsize
public double InitialStepsize {get; set; }

Description

The starting step size for the integration.

Property Value

A double scalar, the starting step size used in the integrator.

Default: InitialStepsize = -1.1102230246252e-16.

Remarks

The starting step size must be less than zero since the integration is internally dorvefrtom
t=tGrid[tGrid.Length-1] in a negative direction.

MaximumBDFOrder
public int MaximumBDFOrder {get; set; }

Description

The maximum order of the backward differentiation formulas (BDF).
Property Value

An int, the maximum order of the BDF used in the integrator.
Default: MaximumBdfOrder = 5.
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Remarks
The maximum order of the BDF must be greater than zero and less than 6.

MaximumStepsize
public double MaximumStepsize {get; set; }

Description

The maximum internal step size used by the integrator.

Property Value

A positive scalar of typ@ouble, the maximum internal step size.

Default: MaximumStepsize = Double.MaxValue, the largest possible machine number.

MaxSteps
public int MaxSteps {get; set; }

Description
The maximum number of internal steps allowed.
Property Value

An int scalar specifying the maximum number of internal steps allowed between each output point of
the integration.

Default: MaxSteps = 500000.

Method
public Imsl.Math.FeynmanKac.PDEStepControlMethod Method {get; set; }

Description

The step control method used in the integration of the Feynman-Kac PDE.

Property Value

A PDEStepControlMethod value specifying the step control method used in the integration.
Default: Method = FeynmanKac.PDEStepControlMethod.MethodOfSoederlind.

Remarks
PDEStepControlMethod Description
MethodOfSoederlind Use method of Soederlind.
MethodOfPetzold Use method from the original Petzold code
DASSL.
TimeBarrier

public double TimeBarrier {get; set; }

Description
Sets or returns the barrier used for integration in the time direction.
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Property Value

A double scalar, the time point beyond which the integrator should not integrate.
Default: TimeBarrier = tGrid[tGrid.Length-1].

Remarks

This time barrier controls whether the integrator should integrate in the time direction beyond a special
point, TimeBarrier, and then interpolate to get the Hermite quintic spline coefficients and its
derivatives at the points itiGrid. It is required thaTimeBarrier be greater than or equal to
tGrid[tGrid.Length-1].

Constructor

FeynmanKac
public FeynmanKac(Imsl.Math.FeynmanKac.IPdeCoefficients pdeCoeffs)

Description
Constructs a PDE solver to solve the Feynman-Kac PDE.
Parameter

pdeCoeffs — Implementation of interface IPdeCoefficients that computes the values of the
Feynman-Kac coefficients at a given pofnt,x).

Methods

ComputeCoefficients
public void ComputeCoefficients(int numLeftBounds, int numRightBounds,
Imsl.Math.FeynmanKac.IBoundaries pdeBounds, double[] xGrid, double[] tGrid)

Description
Determines the coefficients of the Hermite quintic splines that represent an approximate solution for the
Feynman-Kac PDE.
Parameters
numLeftBounds — An int scalar, the number of left boundary conditions. It is required that
1 < numLeftBounds <3.
numRightBounds — An int scalar, the number of right boundary conditions. It is required that
1 < numRightBounds <3.
pdeBounds — Implementation of interfacEBoundaries that computes the boundary coefficients
and terminal condition for giveiit ,x).

xGrid — A double array containing the breakpoints for the Hermite quintic splines used in the
discretization. The length 6fGrid must be at least ZGrid.Length > 2, and the elements in
xGrid must be in strictly increasing order.
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tGrid — A double array containing the set of time points (in time-remaining units) where an
approximate solution is returned. The elements in atGyid must be positive and in strictly
increasing order.

Exceptions

Imsl.Math.ToleranceTooSmallException is thrown if the absolute or relative error
tolerances used in the integrator are too small.

Imsl.Math.TooManyStepsException is thrown if the integrator needs too many iteration steps.

Imsl.Math.ErrorTestException is thrown if the error test used in the integrator failed
repeatedly.

Imsl.Math.CorrectorConvergenceException is thrown if the corrector failed to converge
repeatedly.

Imsl.Math.IterationMatrixSingularException is thrown if one of the iteration matrices
used in the integrator is singular.

Imsl.Math.TimeIntervalTooSmallException is thrown if the distance between an
intermediate starting and end point for the integration is too small.

Imsl.Math.TcurrentTstopInconsistentException is thrown if during the integration the
current integration time and given stepsize is inconsistent with the endpoint of the integration.

Imsl.Math.TEqualsToutException is thrown if during the integration process the actual
integration time and the end time of the integration are identical.

Imsl.Math.InitialConstraintsException isthrown if at the initial integration point some
of the constraints are inconsistent.

Imsl.Math.ConstraintsInconsistentException is thrown if during the integration process
the constraints for the actual time point and given stepsize are inconsistent.

Imsl.Math.SingularMatrixException isS thrown if one of the matrices used outside the
integrator is singular.

Imsl.Math.BoundaryInconsistentException is thrown if the boundary conditions are
inconsistent.

GetAbsoluteErrorTolerances
public double[] GetAbsoluteErrorTolerances()

Description

Returns absolute error tolerances.

Returns

A double array of length8+xGrid.Length containing absolute error tolerances for the solutions.

GetRelativeErrorTolerances
public double[] GetRelativeErrorTolerances()

Description
Returns relative error tolerances.

Differential Equations FeynmanKac e 247



Returns
A double array of lengthB+xGrid.Length containing relative error tolerances for the solutions.

GetSplineCoefficients
public double[,] GetSplineCoefficients()

Description

Returns the coefficients of the Hermite quintic splines that represent an approximate solution of the
Feynman-Kac PDE.

Returns

A double matrix of dimension(tGrid.Length+1) by (3*xGrid.Length) containing the coefficients

of the Hermite quintic spline representation of the approximate solution for the Feynman-Kac PDE at
time points0, tGrid[0],...,tGrid[tGrid.Length-1]. SettingntGrid = tGrid.Length and
nxGrid = xGrid.Length the approximate solution is given by

3«nxGrid—1
f(xt) = Z) vij Bj(x) fort = tGrid[i — 1],i = 1,...,ntGrid.
=

The representation for the initial datatato is

3xnxGrid—1

p(x) = iBj(x).
X J;) Yo; Bj (x

The (ntGrid+1) by (3*nxGrid) matrix

.1 J=0,...,3xnxGrid—1
(ij )i:O,...,ntGrid

is stored row-wise in the returned array.

Remarks

TheComputeCoefficients method must be invoked first before invoking this method. Otherwise, the
method throws afinvalidOperationException exception.

GetSplineCoefficientsPrime
public double[,] GetSplineCoefficientsPrime()

Description

Returns the first derivatives of the Hermite quintic spline coefficients that represent an approximate
solution of the Feynman-Kac PDE.

Returns

A double matrix of dimension(tGrid.Length+1) by (3*xGrid.Length) containing the first
derivatives (in time) of the coefficients of the Hermite quintic spline representation of the approximate
solution for the Feynman-Kac PDE at time poiats tGrid[0],...,tGrid[tGrid.Length-1]. The
approximate solution itself is given by

3xnxGrid—1 _
Z) YijBj(x) fort=1tGrid[i —1],i =1,...,ntGrid,
J:

ft(X,t)
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and
3xnxGrid—1

fr(x,1) YoiBj(x) fort=0.
t J;) 0jF~]

The (ntGrid+1) by (3*nxGrid) matrix

j=0,...,3*xnxGrid—1
Vi) izo. nGrid

is stored row-wise in the returned array.
Remarks

TheComputeCoefficients method must be invoked first before invoking this method. Otherwise, the
method throws afinvalidOperationException exception.

GetSplineValue
public double[] GetSplineValue(double[] evaluationPoints, doublel[]
coefficients, int ideriv)

Description

Evaluates for time value 0 or a time valuetiGrid the derivative of the Hermite quintic spline
interpolant at evaluation points within the rangexgtid.

Parameters

evaluationPoints — A double array containing the points -direction at which the Hermite
quintic spline representing the approximate solution to the Feynman-Kac PDE or one of its
derivatives is to be evaluated. It is required that all elements in arrajuationPoints are
greater than or equal tGrid [0] and less than or equal #&rid [xGrid.Length-1].

coefficients — A double array of lengtB*xGrid.Length containing the coefficients of the
Hermite quintic spline representing the approximate solutmmf; to the Feynman-Kac PDE.
These coefficients are the rows of the arraysineCoeffs andsplineCoeffsPrime returned by
methodsGetSplineCoefficients andGetSplineCoefficientsPrime. If the user wants to
compute approximate solutiorisor fy, fyx, fxxx t0 the Feynman-Kac PDE at time poihtone must
assign row0 of splineCoeffs to arraycoefficients. If the user wants to compute these
approximate solutions for time pointstGrid[i], i=0,...,tGrid.Length-1, one must
assign rowi+1 of splineCoeffs to arraycoefficients. The same reasoning applies to the
computation of approximate solutiotfisand fix, fixx, fixxx @and assignment of rows of array
splineCoeffsPrime to arraycoefficients.

ideriv — An int specifying the derivative to be computed. It must be 0, 1, 2 or 3.

Returns

A double array containing the derivative of ordideriv of the Hermite quintic spline representing the
approximate solutiofor f; to the Feynman Kac PDE atraluationPoints. If ideriv=0, then the
spline values are returned.ifieriv=1, then the first derivative is returned, etc.

SetAbsoluteErrorTolerances
public void SetAbsoluteErrorTolerances(double[] atol)
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Description

Sets the absolute error tolerances.

Parameter
atol — A double array of lengtl8+xGrid.Length specifying the absolute error tolerances for the
row-wise solutions returned by methGdtSplineCoefficients. All entries inatol must be
greater than or equal to zero. Also, not all entriestnl andrtol are allowed to be equal to O
simultaneously.
Default:atol1[i] = 1.0e-5 fori=0, . ..,3*xGrid.Length-1.

SetAbsoluteErrorTolerances
public void SetAbsoluteErrorTolerances(double atol)

Description
Sets the absolute error tolerances.
Parameter

atol — A double scalar specifying the absolute error tolerances for the row-wise solutions
returned by methodetSplineCoefficients. The tolerance valugtol is applied to all
3*xGrid.Length solution componentsatol must be greater than or equal to zero. Also, not all
entries inatol andrtol are allowed to be equal to 0 simultaneously.

Default: atol = 1.0e-5.

SetForcingTerm
public void SetForcingTerm(Imsl.Math.FeynmanKac.IForcingTerm forceTerm)

Description

Sets the user-supplied method that computes approximations to the forcing(teramd its derivative
d¢/dy used in the FeynmanKac PDE.

Parameter

forceTerm — An IForcingTerm object specifying the user defined function used for computation
of the forcing termp (f, x,t) and its derivative)¢ /dy.
Default: If this member function is not called it is assumed tht, x, t) is identically zero.

SetlnitialData
public void SetInitialData(Imsl.Math.FeynmanKac.IInitialData initData)

Description
Sets the user-supplied method for adjustment of initial data or as an opportunity for output during the
integration steps.
Parameter
initData — An IInitialData object specifying the user-defined function for adjustment of
initial data or as an opportunity for output during the integration steps.
Default: No adjustment of initial data or output during the integration steps is done.

SetRelativeErrorTolerances
public void SetRelativeErrorTolerances(double[] rtol)
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Description
Sets the relative error tolerances.
Parameter

rtol — A double array of lengttBxxGrid.Length specifying the relative error tolerances for the
row-wise solutions returned by meth@dtSplineCoefficients. All entries inrtol must be
greater than or equal to zero. Also, not all entriestinl andrtol are allowed to be equal to 0
simultaneously.

Default: rtol[i] = 1.0e-5 fori=0, . ..,3*xGrid.Length-1.

SetRelativeErrorTolerances
public void SetRelativeErrorTolerances(double rtol)

Description
Sets the relative error tolerances.
Parameter

rtol — A double scalar specifying the relative error tolerances for the row-wise solutions returned

by methodGetSplineCoefficients The tolerance valuetol is applied to all
3*xGrid.Length solution componentxtol must be greater than or equal to zero. Also, not all
entries inatol andrtol are allowed to be equal to 0 simultaneously.

Default: rtol = 1.0e-5.

SetTimeDependence
public void SetTimeDependence(bool[] timeFlag)

Description

Sets the time dependence of the coefficients, boundary conditions and fupatidine Feynman Kac
equation.

Parameter
timeFlag — A bool vector of length 7 indicating time dependencies in the Feynman-Kac PDE.

Index Time dependency of

(o)

u

K

Left boundary conditions
Right boundary conditions

¢

OO WIN+-|O

Remarks

timeFlag[i] = true indicates that the associated value is time-dependentFlag[i] = false
indicates that the associated value is time-independent.

Default: timeFlag[i] = falsefori=0,...,6.
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Example 1: American Option vs. European Option on a Vanilla
Put

The value of the American Option on a Vanilla Put can be no smaller than its European counterpart. That
is due to the American Option providing the opportunity to exercise at any time prior to expiration. This
example compares this difference - or premium value of the American Option - at two time values using
the Black-Scholes model. The example is based on Wilmott et al. (1996, p. 176), and uses the non-linear
forcing or weighting term described in Hanson, R. (2008)kgrating Feynman-Kac Equations Using

Hermite Quintic Finite Element$or evaluating the price of the American Option. The coefficients,

payoff, boundary conditions and forcing term for American and European options are defined through
interfacesIPdeCoefficients, IBoundaries andIForcingTerm, respectively. One breakpoint is set
exactly at the strike price. The sets of parameters in the computation are:

1. Strike priceK = 10.0

2. \olatility c = 0.4

3. Times until expiration {1/ 4, 1/ 2
4. Interest rate = 0.1

5. Xmin = 0.0, Xnax = 30.0

6. nxGrid =61, n= 3 x nxGrid = 183

The payoff function is the “vanilla option’p(x) = max K — x,0) .

using System;
using Imsl.Math;

public class FeynmanKacExl : FeynmanKac.IPdeCoefficients,
FeynmanKac.IBoundaries
{
// The coefficient sigma(x)
public double Sigma(double x, double t)
{
double sigma = 0.4;
return (sigma * x);

}

// The coefficient derivative d(sigma) / dx
public double SigmaPrime(double x, double t)
{

double sigma = 0.4;

return sigma;

}

// The coefficient mu(x)
public double Mu(double x, double t)
{

double interestRate = 0.1;

double dividend = 0.0;
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return ((interestRate - dividend) * x);

}

// The coefficient kappa(x)
public double Kappa(double x, double t)
{

double interestRate = 0.1;

return interestRate;

}

public void LeftBoundaries(double time, double[,] bndCoeffs)

{
bndCoeffs[0, 0] =
bndCoeffs[0, 1] =
bndCoeffs[0, 2] =
bndCoeffs[0, 3] = -1.
bndCoeffs[1, 0] =
bndCoeffs[1, 1] =
bndCoeffs[1, 2] =
bndCoeffs[1, 3] =

o = O

O~

O OO
O O OO

}

public void RightBoundaries(double time, double[,] bndCoeffs)

{
bndCoeffs[0, 0] =
bndCoeffs[0, 1] =
bndCoeffs[0, 2] =
bndCoeffs[0, 3] =
bndCoeffs[1, 0] =
bndCoeffs[1, 1] =
bndCoeffs[1, 2] =
bndCoeffs[1, 3] =
bndCoeffs[2, 0] =
bndCoeffs[2, 1] =
bndCoeffs[2, 2] =
bndCoeffs[2, 3] =

el e NeNeoNeoN e NeNo Nl
[eNeoNeoNeoNeoNeoNeoNeoNeoNoNeNe]

}

public double Terminal(double x)
{
double zero = 0.0;
// Strike price
double strikePrice = 10.0;
// The payoff function
double val = Math.Max(strikePrice - x, zero);

return val;

}

class MyForcingTerm : FeynmanKac.IForcingTerm
{
public void Force(int interval, double[] y, double time, double width,
double[] xlocal, double[] qw, double[,] u, double[] phi,
double[,] dphi)

const int local = 6;
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const double zero = 0.0;

const double one = 1.0;

double[] yl = new double[locall;
double[] bf = new double[locall;
double val, strikePrice, interestRate;
double rt, mu;

int nxGrid = y.Length / 3;

int ndeg = xlocal.Length;

for (int i = 0; i < local; i++)

{
y1l[i] = y[3 * interval - 3 + il;
phil[i] = zero;

}

strikePrice = 10.0;

interestRate = 0.1;

val = 1.0e-5;

mu = 2.0;

// This is the local definition of the forcing term
for (int j = 1; j <= local; j++)

{
for (int 1 = 1; 1 <= ndeg; 1++)
{
bf[0] = ul0, 1 - 1];
bf[1] = ul1, 1 - 1];
bf[2] = ul2, 1 - 1];
bf[3] = ul6, 1 - 1];
bf[4] = ul7, 1 - 1];
bf[5] = ul8, 1 - 1];
rt = 0.0;
for (int k = 0; k < local; k++)
{
rt += yl[k] * bf[k];
}
rt = val / (rt + val - (strikePrice - xlocall[l - 1]));
philj - 11 += qw[l - 1] * bf[j - 1] * Math.Pow(rt, mu);
}
}
for (int i = 0; i < local; i++)
{
phil[i] = (-phi[i]) * width * interestRate * strikePrice;
}

// This is the local derivative matrix for the forcing term
for (int i = 0; i < local; i++)

{
for (int j = 0; j < local; j++)
{
dphili, j] = zero;
}
}
for (int j = 1; j <= local; j++)
{

for (int i = 1; i <= local; i++)

{
for (int 1 = 1; 1 <= ndeg; 1++)
{
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bf[0] = ul0, 1 - 1];

bf[1] = ul1l, 1 - 1];

bf[2] = ul2, 1 - 11;

bf[3] = ul6, 1 - 1];

bf[4] = ul7, 1 - 1];

bf[5] = ul8, 1 - 1];

rt = 0.0;

for (int k = 0; k < local; k++)
{

rt += yl[k] * bfl[k];
}
rt = one / (rt + val - (strikePrice - xlocall[l - 1]));
dphilj - 1, i - 1] += qwll - 1] * bf[i - 1] * bf[j - 1]
* Math.Pow(rt, mu + 1.0);

}
}
}
for (int i = 0; i < local; i++)
{
for (int j = 0; j < local; j++)
{
dphil[i, j] = mu * dphi[i, j] * width * Math.Pow(val, mu)
* interestRate * strikePrice;
}
}
return;

}

public static void Main(String[] args)
{

// Compute American Option Premium for Vanilla Put

// The strike price

double KS = 10.0;

// The sigma value

double sigma = 0.4;

// Time values for the options

int nt = 2;

double[] tGrid = { 0.25, 0.5 };

// Values of the underlying where evaluations are made

double[] evaluationPoints = { 0.0, 2.0, 4.0, 6.0, 8.0,

10.0, 12.0, 14.0, 16.0

};

// Value of the interest rate

double r = 0.1;

// Values of the min and max underlying values modeled

double xMin = 0.0, xMax = 30.0;

// Define parameters for the integration step.

int nxGrid = 61;

int nv = 9;

int nint = nxGrid - 1, n = 3 * nxGrid;

double[] xGrid = new double[nxGrid];

double dx;

int nlbcd = 2, nrbcd = 3;

// Define an equally-spaced grid of points for the

// underlying price
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dx = (xMax - xMin) / ((double)nint);
xGrid[0] = xMin;
xGrid[nxGrid - 1] = xMax;
for (int i = 2; i <= nxGrid - 1; i++)
{

xGrid[i - 1] = xGrid[i - 2] + dx;
}

FeynmanKacExl exl = new FeynmanKacEx1(Q);

FeynmanKac european = new FeynmanKac(exl);
FeynmanKac american = new FeynmanKac(exl);

MyForcingTerm forceTerm = new MyForcingTerm();

american.SetForcingTerm(forceTerm) ;

european.ComputeCoefficients(nlbcd, nrbcd, exl, xGrid, tGrid);
american.ComputeCoefficients(nlbcd, nrbcd, exl, xGrid, tGrid);

// Evaluate solutions at vector of points evaluationPoints, at each

// time value prior to expiration.

double[,] europeanCoefficients = european.GetSplineCoefficients();
double[,] americanCoefficients = american.GetSplineCoefficients();

double[] europeanTimeCoeffs = new double[n];
double[] americanTimeCoeffs = new double[n];

double[][] splineValuesEuropean = new double[nt][];
double[] [] splineValuesAmerican = new double[nt][];

for (int i = 0; i < nt; i++)

1, jl;
1, jl;

{
// Exctract spline coefficients for individual times
for (int j = 0; j < n; j++)
{
europeanTimeCoeffs[j] = europeanCoefficients[i +
americanTimeCoeffs[j] = americanCoefficients[i +
}
splineValuesEuropean[i] =
european.GetSplineValue(evaluationPoints, europeanTimeCoeffs, 0);
splineValuesAmerican[i] =
american.GetSplineValue(evaluationPoints, americanTimeCoeffs, 0);
}

Console.Out.WriteLine();

Console.Qut.WriteLine("American Option Premium for Vanilla Put, " +

"3 and 6 Months Prior to Expiry")

>

Console.Qut.WriteLine (" Number of equally spaced spline" +

" knots:{0,4:d}", nxGrid);
Console.Out.WriteLine(" Number of unknowns:{0,4:d}", n);
Console.0Out.WriteLine (" Strike={0,6:f2}, sigma={1,5:£f2}, " +

"Interest Rate={2,5:f2}", KS, sigma, r);

Console.Out.WriteLine();
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Console.Out.WriteLine(" Underlying European" +
" American");
for (int i = 0; i < nv; i++)
{
Console.Out.WriteLine (" {0,10:f43}{1,10:£4}{2,10:f4}" +
"{3,10:£4}{4,10:£4}",
evaluationPoints[i],
splineValuesEuropean[0] [i],
splineValuesEuropean[1] [i],
splineValuesAmerican[0] [i],
splineValuesAmerican[1][i]);

Output

American Option Premium for Vanilla Put, 3 and 6 Months Prior to Expiry
Number of equally spaced spline knots: 61
Number of unknowns: 183
Strike= 10.00, sigma= 0.40, Interest Rate= 0.10

Underlying European American
0.0000 9.7531 9.5123 10.0000  10.0000
2.0000 7.7531 7.5123 8.0000 8.0000
4.0000 5.7531 5.5128 6.0000 6.0000
6.0000 3.7569 3.5583 4.0000 4.0000
8.0000 1.9024 1.9181 2.0202 2.0954

10.0000 0.6694 0.8703 0.6923 0.9219
12.0000 0.1675 0.3477 0.1712 0.3625
14.0000 0.0326 0.1279 0.0332 0.1321
16.0000 0.0054 0.0448 0.0055 0.0461

Example 2: A diffusion model for Call Options

In Beckers (1980) there is a model for a Stochastic Differential Equation of option pricing. The idea is a
“constant elasticity of variance diffusion (or CEV) class”

dS= uSdt+ 6S*?dW, 0 < a < 2.

The Black-Scholes model is the limiting case— 2. A numerical solution of this diffusion model yields
the price of a call option. Various values of the strike pKgdime valuesg and power coefficient are
used to evaluate the option price at values of the underlying price. The sets of parameters in the
computation are:

1. powera =2.0,1.0,0.0

2. strike priceK = 15.0,20.0,25.0

3. volatility 0 =0.2,0.3,0.4

4. times until expiration {1/12, 4 /12,7 /12
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. underlying prices §19.0, 20.0, 21.p
. interest rate = 0.05

. Xmin = 0,Xmax = 60

. NXGrid= 121 n = 3 x nxGrid = 363

0o N o O

With this model the Feynman-Kac differential equation is defined by identifying:

o o(xt): ox*/2; 99 = aoxa/2-1

o u(Xt): rx
o K(Xt):r
e 0(f,xt)=0

The payoff function is the “vanilla option’p(x) = max(x—K,0).

using System;
using Imsl.Math;

public class FeynmanKacEx2
{

public static void Main(Stringl[] args)

{
// Compute Constant Elasticity of Variance Model for Vanilla Call
// The set of strike prices
double[] strikePrices = { 15.0, 20.0, 25.0 };
// The set of sigma values
double[] sigma = { 0.2, 0.3, 0.4 };
// The set of model diffusion powers
double[] alpha = { 2.0, 1.0, 0.0 };
// Time values for the options
int nt = 3;
double[] tGrid = { 1.0 / 12.0, 4.0 / 12.0, 7.0 / 12.0 };
// Values of the underlying where evaluations are made
double[] evaluationPoints = { 19.0, 20.0, 21.0 };
// Value of the interest rate and continuous dividend
double r = 0.05, dividend = 0.0;
// Values of the min and max underlying values modeled
double xMin = 0.0, xMax = 60.0;
// Define parameters for the integration step. */
int nxGrid = 121;
int ntGrid = 3;
int nv = 3;
int nint = nxGrid - 1, n = 3 * nxGrid;
double[] xGrid = new double[nxGrid];
double dx;
// Number of left/right boundary conditions
int nlbcd = 3, nrbcd = 3;
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// Time dependency
bool[] timeDependence = new bool[7];
double[] userData = new doublel[6];
//int j;
// Define equally-spaced grid of points for the underlying price
dx = (xMax - xMin) / ((double)nint);
xGrid[0] = xMin;
xGrid[nxGrid - 1] = xMax;
for (int i = 2; i <= nxGrid - 1; i++)
{

xGrid[i - 1] = xGrid[i - 2] + dx;
}

Console.Qut.WriteLine(" Constant Elasticity of Variance Model" +
" for Vanilla Call");

Console.Out.WriteLine (" Interest Rate:{0,7:f3} Continuous"
+ " Dividend:{1,7:£f3}", r, dividend);
Console.Out.WriteLine(" Minimum and Maximum Prices of " +
"Underlying:{0,7:£2}{1,7:£2}", " ", xMin, xMax);
Console.QOut.WriteLine (" Number of equally spaced spline knots:"
+ "{0,4:d}", nxGrid - 1);
Console.Out.WriteLine(" Number of unknowns:{0,4:d}", n);
Console.Qut.WriteLine (" Time in Years Prior to Expiration: " +

"{0,7:f4}{1,7:£4}3{2,7:f4}",
tGrid[0], tGrid[1], tGrid[2]);
Console.Out.WriteLine (" Option valued at Underlying Prices:" +
"{0,7:f2}{1,7:£2}{2,7:£2}\n\n",
evaluationPoints[0], evaluationPoints[1],
evaluationPoints[2]);

for (int il = 1; i1 <= 3; il++)
/* Loop over power */
{
for (int i2 = 1; i2 <= 3; i2++)
/* Loop over volatility */
{
for (int i3 = 1; i3 <= 3; i3++)
/* Loop over strike price */
{
// Pass data through into evaluation routines.
userData[0] = strikePrices[i3 - 1];
userDatal[1] = xMax;
userData[2] = sigmali2 - 1];
userData[3] = alphalil - 1];
userDatal[4] = r;
userData[5] = dividend;

FeynmanKac callOption =
new FeynmanKac(new MyCoefficients(userData));

// Right boundary condition is time-dependent
timeDependence[5] = true;
callOption.SetTimeDependence (timeDependence) ;
callOption.ComputeCoefficients(nlbcd, nrbed,

new MyBoundaries(userData), xGrid, tGrid);
double[,] optionCoefficients =
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}

callOption.GetSplineCoefficients();
double[] optionTimeCoeffs = new double[n];
double[][] splineValuesOption = new double[ntGrid] [];

// Evaluate solution at vector evaluationPoints, at each time

// value prior to expiration.
for (int i = 0; i < ntGrid; i++)

{
for (int j = 0; j < nj; j++)
optionTimeCoeffs[j] = optionCoefficients[i + 1, jl;
splineValuesOption[i] =
callOption.GetSplineValue(evaluationPoints,
optionTimeCoeffs, 0);
}

Console.Out.WriteLine(" Strike={0,5:£2}, Sigma={1,5:£f2}, "
+ "Alpha={2,5:£2}",
strikePrices[i3 - 1],
sigmali2 - 1],
alphalil - 11);

for (int i = 0; i < nv; i++)

{
Console.Qut.Write(" Call " +
"Option Values ");
for (int j = 0; j < nt; j++)
{
Console.Out.Write("{0,7:£4} ", splineValuesOption[j][il]);
}
Console.Out.WriteLine();
}

Console.Out.WriteLine();

internal class MyCoefficients : FeynmanKac.IPdeCoefficients

{

const double zero = 0.0;

const double half = 0.5;

private double sigma, strikePrice, interestRate;
private double alpha, dividend;

public MyCoefficients(double[] myData)

{

3

this.
this.
.alpha = myDatal[3];
this.
this.

this

strikePrice = myDatal[0];
sigma = myDatal[2];

interestRate = myDatal4];
dividend = myDatal[5];

// The coefficient sigma(x)
public double Sigma(double x, double t)

{
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return (sigma * Math.Pow(x, alpha * half));
}

// The coefficient derivative d(sigma) / dx
public double SigmaPrime(double x, double t)
{
return (half * alpha * sigma * Math.Pow(x, alpha * half - 1.0));
}

// The coefficient mu(x)
public double Mu(double x, double t)
{
return ((interestRate - dividend) * x);

}

// The coefficient kappa(x)
public double Kappa(double x, double t)
{
return interestRate;
}
}

internal class MyBoundaries : FeynmanKac.IBoundaries

{
private double xMax, df, interestRate, strikePrice;

public MyBoundaries(double[] myData)

{
this.strikePrice = myDatal[0];
this.xMax = myDatal[1];
this.interestRate = myDatal4];

}

public void LeftBoundaries(double time, double[,] bndCoeffs)

{
bndCoeffs[0, 0] =
bndCoeffs[0, 1] =
bndCoeffs[0, 2] =
bndCoeffs[0, 3] =
bndCoeffs[1, 0] =
bndCoeffs[1, 1] =
bndCoeffs[1, 2] =
bndCoeffs[1, 3] =
bndCoeffs[2, 0] =
bndCoeffs[2, 1] =
bndCoeffs[2, 2] =
bndCoeffs[2, 3] =

[eNeoNeoNeoNeoNeNoNeoNeoNoNeNe

el NeoNeNeoNoN S HoNeoNoNol S

return;

}

public void RightBoundaries(double time, double[,] bndCoeffs)
{

df = Math.Exp(interestRate * time);

bndCoeffs[0, 0] = 1.0;
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bndCoeffs[0, 1] = 0.0;
bndCoeffs[0, 2] = 0.0;
bndCoeffs[0, 3] = xMax - df * strikePrice;
bndCoeffs[1, 0] = 0.0;
bndCoeffs[1, 1] = 1.0;
bndCoeffs[1, 2] = 0.0;
bndCoeffs[1, 3] = 1.0;
bndCoeffs[2, 0] = 0.0;
bndCoeffs[2, 1] = 0.0;
bndCoeffs[2, 2] = 1.0;
bndCoeffs[2, 3] = 0.0;

return;

}

public double Terminal(double x)
{
double zero = 0.0;
// The payoff function
double val = Math.Max(x - strikePrice, zero);
return val;

Output

Constant Elasticity of Variance Model for Vanilla Call
Interest Rate: 0.050 Continuous Dividend: 0.000
Minimum and Maximum Prices of Underlying: 0.00
Number of equally spaced spline knots: 120
Number of unknowns: 363
Time in Years Prior to Expiration: 0.0833 0.3333 0.5833
Option valued at Underlying Prices: 19.00 20.00 21.00

Strike=15.00, Sigma= 0.20, Alpha= 2.00
Call Option Values 4.0624 4.2576 4.4734
Call Option Values .0624 .2505 .4492
Call Option Values 6.0624 6.2486 6.4386

[é)]
[é)]
[é)]

Strike=20.00, Sigma= 0.20, Alpha= 2.00
Call Option Values 0.1312 0.5951 0.9693
Call Option Values 0.5024 1.0880 1.5093
Call Option Values 1.1980 1.7478 2.1745

Strike=25.00, Sigma= 0.20, Alpha= 2.00
Call Option Values 0.0000 0.0111 0.0751
Call Option Values 0.0000 0.0376 0.1630
Call Option Values 0.0006 0.1036 0.3150

Strike=15.00, Sigma= 0.30, Alpha= 2.00
Call Option Values 4.0636 4.3405 4.6627
Call Option Values .0625 .2951 .5794
Call Option Values 6.0624 6.2712 6.5248

[¢)]
[¢)]
[¢;]
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Strike=20.

Strike=25.

Strike=15.

Strike=20.

Strike=25.

Strike=15.

Strike=20.

Strike=25.

Strike=15.

Strike=20.

Strike=25.

00,

00,

00,

00,

00,

00,

00,

00,

00,

00,

00,

Sigma=

Sigma=

Sigma=

Sigma=

Sigma=

Sigma=

Sigma=

Sigma=

Sigma=

Sigma=

Sigma=

0.30, Alpha= 2.00
Call Option Values
Call Option Values
Call Option Values

0.30, Alpha= 2.00
Call Option Values
Call Option Values
Call Option Values

0.40, Alpha= 2.00
Call Option Values
Call Option Values
Call Option Values

0.40, Alpha= 2.00
Call Option Values
Call Option Values
Call Option Values

0.40, Alpha= 2.00
Call Option Values
Call Option Values
Call Option Values

0.20, Alpha= 1.00
Call Option Values
Call Option Values
Call Option Values

0.20, Alpha= 1.00
Call Option Values
Call Option Values
Call Option Values

0.20, Alpha= 1.00
Call Option Values
Call Option Values
Call Option Values

0.30, Alpha= 1.00
Call Option Values
Call Option Values
Call Option Values

0.30, Alpha= 1.00
Call Option Values
Call Option Values
Call Option Values

0.30, Alpha= 1.00
Call Option Values
Call Option Values
Call Option Values

o

o

.3107
L7317
.3762

.0005
.0035
.0184

.0755
.0660
.0633

.5109
.9611
.56807

.0081
.0287
.0820

.0624
.0624
.0624

.0000
.1497
.0832

.0000
.0000
.0000

.0624
.0624
.0624

.0010
.1993
.0835

.0000
.0000
.0000

o

.0261
.5404
.1674

.1124
.2184
.3869

.5143
.4210
.3588

.4625
.9934
.6088

.3302
.5178
.7690

.2479
.2479
.2479

.0219
.4107
.3314

.0000
.0000
.0000

.2479
.2479
.2479

.0786
.4997
.3444

.0000
.0000
.0000

N =

[y

o

o

.5479
.0999
.7362

.3564
.5565
.8230

.9673
.8328
.7306

.1260
.6915
.3202

L7795
.0656
.4097

.4312
.4312
.4312

.1051
.6484
.B773

.0000
.0000
.0000

.4312
.4312
.4312

.2208
.7539
.6022

.0000
.0000
.0004
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Strike=15.00,

Strike=20.00,

Strike=25.00,

Strike=15.00,

Strike=20.00,

Strike=25.00,

Strike=15.00,

Strike=20.00,

Strike=25.00,

Strike=15.00,

Strike=20.00,

Strike=25.00,

Sigma=

Sigma=

Sigma=

Sigma=

Sigma=

Sigma=

Sigma=

Sigma=

Sigma=

Sigma=

Sigma=

Sigma=

0.40, Alpha= 1.00
Call Option Values
Call Option Values
Call Option Values

0.40, Alpha= 1.00
Call Option Values
Call Option Values
Call Option Values

0.40, Alpha= 1.00
Call Option Values
Call Option Values
Call Option Values

0.20, Alpha= 0.00
Call Option Values
Call Option Values
Call Option Values

0.20, Alpha= 0.00
Call Option Values
Call Option Values
Call Option Values

0.20, Alpha= 0.00
Call Option Values
Call Option Values
Call Option Values

0.30, Alpha= 0.00
Call Option Values
Call Option Values
Call Option Values

0.30, Alpha= 0.00
Call Option Values
Call Option Values
Call Option Values

0.30, Alpha= 0.00
Call Option Values
Call Option Values
Call Option Values

0.40, Alpha= 0.00
Call Option Values
Call Option Values
Call Option Values

0.40, Alpha= 0.00
Call Option Values
Call Option Values
Call Option Values

0.40, Alpha= 0.00

[¢)]

o

.0624
.0624
.0624

.0072
.2498
.0868

.0000
.0000
.0000

.0624
.0624
.0624

.0001
.0816
.0817

.0000
.0000
.0000

.0624
.0624
.0624

.0000
.0894
.0826

.0000
.0000
.0000

.0624
.0624
.0624

.0000
.0985
.0830

[¢)]

o

.2479
.2479
.2479

.1540
.5950
.3795

.0000
.0000
.0002

.2479
.2479
.2479

.0001
.3316
.3308

.0000
.0000
.0000

.2479
.2479
.2479

.0000
.3326
.3306

.0000
.0000
.0000

.2479
.2479
.2479

.0001
.3383
.3306

2]

o

.4312
.4312
.4312

. 3446
.8728
.6586

.0000
.0005
.0067

.4311
.4312
.4312

.0002
.5748
.5748

.0000
.0000
.0000

.4312
.4312
.4312

.0026
.5753
.5749

.0000
.0000
.0000

.4312
.4312
.4312

.0108
.5781
.56749
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Call Option Values 0.0000 0.0000 0.0000
Call Option Values 0.0000 0.0000 0.0000
Call Option Values 0.0000 0.0000 0.0000

Example 3: European Option with two payoff strategies

This example evaluates the price of a European Option using two payoff strategies: Cash-or-Nothing and
Vertical Spread. In the first case the payoff function is

0, x<K
PX =1 B x>K

)

The valueB is regarded as the bet on the asset price, see Wilmott et al. (1995, p. 39-40). The second
case has the payoff function

p(x) = max(x — K1) —max(x— Kz), K2 > Kj.

Both problems use the same boundary conditions. Each case requires a separate integration of the
Black-Scholes differential equation, but only the payoff function evaluation differs in each case. The sets
of parameters in the computation are:

. Strike and bet pricek; = 10.0, K, = 15.0,andB = 2.0.
. Volatility o0 = 0.4

. Times until expiration {1/4, 1/2

. Interest rate = 0.1

. Xmm - 0.0, XmaX: 300

o 00~ W N P

. NXGrid= 61, n= 3 x nxGrid =183

using System;
using Imsl.Math;

public class FeynmanKacEx3

{
public static void Main(String[] args)
{
int i, j;
int nxGrid = 61;
int ntGrid = 2;

int nv = 12;

// The strike price

double strikePrice = 10.0;

// The spread value

double spreadValue = 15.0;

// The Bet for the Cash-or-Nothing Call
double bet = 2.0;

// The sigma value
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double sigma = 0.4;

// Time values for the options

double[] tGrid = { 0.25, 0.5 };

// Values of the underlying where evaluations are made
double[] evaluationPoints = new double[nv];

// Value of the interest rate and continuous dividend
double r = 0.1, dividend = 0.0;

// Values of the min and max underlying values modeled
double xMin = 0.0, xMax = 30.0;

// Define parameters for the integration step.

int nint = nxGrid - 1, n = 3 * nxGrid;

double[] xGrid = new double[nxGrid];

double dx;

// Number of left/right boundary conditionms.

int nlbcd = 3, nrbcd = 3;

// Structure for the evaluation routines.

int iData;

double[] rData = new double[7];

bool[] timeDependence = new bool[7];

// Define an equally-spaced grid of points for the
// underlying price

dx = (xMax - xMin) / ((double) (nint));

xGrid[0] = xMin;

xGrid[nxGrid - 1] = xMax;

for (i = 2; i <= nxGrid - 1; i++)

{
xGrid[i - 1] = xGrid[i - 2] + dx;
}
for (i = 1; i <= nv; i++)
{
evaluationPoints[i - 1] = 2.0 + (4 - 1) * 2.0;
}

rData[0] = strikePrice;
rDatal[1l] = bet;
rData[2] = spreadValue;
rData[3] = xMax;
rDatal[4] = sigma;
rDatal[5] = r;
rData[6] = dividend;
// Flag the difference in payoff functions
// 1 for the Bet, 2 for the Vertical Spread
// In both cases, no time dependencies for
// the coefficients and the left boundary
// conditions
timeDependence[5] = true;
iData = 1;
FeynmanKac betOption = new FeynmanKac(new MyCoefficients(rData));
betOption.SetTimeDependence (timeDependence) ;
betOption.ComputeCoefficients(nlbcd, nrbcd,
new MyBoundaries(rData, iData), xGrid, tGrid);
double[,] betOptionCoefficients = betOption.GetSplineCoefficients();
double[] [] splineValuesBetOption = new double[ntGrid] [];
double[] betOptionTimeCoeffs = new doublel[n];

iData = 2;
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FeynmanKac spreadOption = new FeynmanKac(new MyCoefficients(rData));

spreadOption.SetTimeDependence (timeDependence) ;
spreadOption.ComputeCoefficients(nlbcd, nrbcd,
new MyBoundaries(rData, iData), xGrid, tGrid);
double[,] spreadOptionCoefficients =
spreadOption.GetSplineCoefficients();
double[][] splineValuesSpreadOption = new double[ntGrid] [];
double[] spreadOptionTimeCoeffs = new double[n];

// Evaluate solutions at vector evaluationPoints, at each time value
// prior to expiration.
for (i = 0; i < ntGrid; i++)

{
for (j = 0; j < mn; j++)
{
betOptionTimeCoeffs[j] = betOptionCoefficients[i + 1, jl;
spreadOptionTimeCoeffs[j] = spreadOptionCoefficients[i + 1, jl;
}
splineValuesBetOption[i] = betOption.GetSplineValue (
evaluationPoints, betOptionTimeCoeffs, 0);
splineValuesSpreadOption[i] = spreadOption.GetSplineValue (
evaluationPoints, spreadOptionTimeCoeffs, 0);
}

Console.Out.WriteLine(" European Option Value for A Bet");
Console.Out.WriteLine(

" and a Vertical Spread, 3 and 6 Months prior to Expiry");
Console.Out.WriteLine(

" Number of equally spaced spline knots:{0,4:d}", nxGrid);
Console.Out.WriteLine(" Number of unknowns:{0,4:d}", n);
Console.Out.WriteLine(

" Strike={0,5:f2}, Sigma={1,5:f2}, Interest Rate={2,5:f2}",

strikePrice, sigma, r);

Console.Out.WriteLine(" Bet={0,5:£2}, Spread Value={1,5:f2}",
bet, spreadValue);

Console.Out.WriteLine();

Console.Out.WriteLine(

" Underlying A Bet Vertical Spread");
for (i = 0; i < nv; i++)
{
Console.Out.WriteLine(
" {0,9:£4}3{1,9:£4}{2,9:£4}{3,9:£4}{4,9:f4}",
evaluationPoints[i], splineValuesBetOption[0][i],
splineValuesBetOption[1] [i], splineValuesSpreadOption[0][i],
splineValuesSpreadOption[1] [i]);
}

}
// These routines define the coefficients, payoff, boundary conditions
// and forcing term for American and European Options.

class MyCoefficients : FeynmanKac.IPdeCoefficients
{

const double zero = 0.0;

double sigma, strikePrice, interestRate;

double spread, bet, dividend;
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public MyCoefficients(double[] rData)

{
this.strikePrice = rDatal[0];
this.bet = rDatall];
this.spread = rDatal[2];
this.sigma = rDatal[4];
this.interestRate = rDatal[5];
this.dividend = rDatal[6];

}

// The coefficient sigma(x)
public double Sigma(double x, double t)
{

return (sigma * x);

}

// The coefficient derivative d(sigma) / dx
public double SigmaPrime(double x, double t)
{

return sigma;

}

// The coefficient mu(x)
public double Mu(double x, double t)
{
return ((interestRate - dividend) * x);

}

// The coefficient kappa(x)
public double Kappa(double x, double t)
{
return interestRate;
}
}

class MyBoundaries : FeynmanKac.IBoundaries

{

double strikePrice, spread, bet, interestRate, df;
int datalnt;

public MyBoundaries(double[] rData, int iData)

{
this.strikePrice = rDatal[0];
this.bet = rDatal1];
this.spread = rDatal[2];
this.interestRate = rDatal[5];
this.datalInt = iData;

}

public void LeftBoundaries(double time, double[,] bndCoeffs)
{

bndCoeffs[0, 0]
bndCoeffs[0, 1]
bndCoeffs [0, 2]

1
O O =
O O O
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bndCoeffs[0, 3] =
bndCoeffs[1, 0] =
bndCoeffs[1, 1] =
bndCoeffs[1, 2] =
bndCoeffs[1, 3] =
bndCoeffs[2, 0] =
bndCoeffs[2, 1] =
bndCoeffs[2, 2] =
bndCoeffs[2, 3] =

O OO0OO0OO0Or OO
e eoNeoNeoNoNeoNeoNeNe]

return;

}

public void RightBoundaries(double time, double[,] bndCoeffs)
{

// This is the discount factor using the risk-free

// interest rate

df = Math.Exp(interestRate * time);

// Use flag passed to decide on boundary condition

switch (datalnt)

{

case 1:
bndCoeffs[0, 0] = 1
bndCoeffs[0, 1] = O.
bndCoeffs[0, 2] = 0.0;
bndCoeffs[0, 3] = bet * df;
break;

case 2:
bndCoeffs[0, 0] = 1
bndCoeffs[0, 1] = O.
bndCoeffs[0, 2] = 0
bndCoeffs[0, 3] = (
break;

spread - strikePrice) * df;

}

bndCoeffs[1, 0] =
bndCoeffs[1, 1] =
bndCoeffs[1, 2] =
bndCoeffs[1, 3] =
bndCoeffs[2, 0] =
bndCoeffs[2, 1] =
bndCoeffs[2, 2] =
bndCoeffs[2, 3] =

OFr OO0 O0OO0OrOoO
[eNeoNeoNeoNeoNeoNeoNe)

return;

}

public double Terminal(double x)
{

const double zero = 0.0;
double val = 0.0;

switch (datalnt)

{

// The payoff function - Use flag passed to decide which
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case 1:
// After reaching the strike price the payoff jumps
// from zero to the bet value.
val = zero;
if (x > strikePrice)
{
val = bet;
}
break;

case 2:
/* Function is zero up to strike price.
Then linear between strike price and spread.
Then has constant value Spread-Strike Price after
the value Spread. */
val = Math.Max(x - strikePrice, zero) -
Math.Max(x - spread, zero);
break;
}

return val;

Output

European Option Value for A Bet
and a Vertical Spread, 3 and 6 Months prior to Expiry
Number of equally spaced spline knots: 61
Number of unknowns: 183
Strike=10.00, Sigma= 0.40, Interest Rate= 0.10
Bet= 2.00, Spread Value=15.00

Underlying A Bet Vertical Spread
2.0000 0.0000 0.0000 0.0000 0.0000
4.0000 0.0000 0.0013 0.0000 0.0005
6.0000 0.0112 0.0729 0.0038 0.0452
8.0000 0.2686 0.4291 0.1486 0.3833

10.0000 0.9948 0.9781 0.8898 1.1907
12.0000 1.6103 1.4301 2.1904 2.2267
14.0000 1.8650 1.6926  3.4267 3.1567
16.0000 1.9335 1.8171 4.2274  3.8282
18.0000 1.9477 1.8696 4.6261  4.2499
20.0000 1.9501 1.8902 4.7903  4.4918
22.0000 1.9505 1.8979 4.8493 4.6222
24.0000 1.9506 1.9008 4.8685 4.6901

Example 4: Convertible bonds

This example evaluates the price of a convertible bond. Here, convertibility means that the bond may, at
any time of the holder’s choosing, be converted to a multiple of the specified asset. Thus a convertible
bond with pricex returns an amouri{ at timeT unlesghe owner has converted the bondta v > 1

units of the asset at some time priorftoT his definition, the differential equation and boundary
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conditions are given in Chapter 18 of Wilmott et al. (1996). Using a constant interest rate and volatility
factor, the parameters and boundary conditions are:

. Bond face valu& =1, conversion factov = 1.125
. Volatility o =0.25

. Times until expiration {1/2, 1}

. Interest rate = 0.1, dividendD = 0.02

. NXGrid = 61, n = 3 x nxGrid = 183
. Boundary conditiong (0,t) = Kexp(r — (T —t)), f (Xmax,t) = VXmax

1
2
3
4
5. Xmin = 0, Xmax=4
6
7
8. Terminal dataf (x, T) = max(K, vx)
9

. Constraint for bond holdef(x,t) > vx

Note that the error tolerance is set to a pure absolute error of vaitie The free boundary constraint

f(x,t) > vxis achieved by use of a non-linear forcing term in interfaEercingTerm. The coefficient
values of the Hermite quintic spline representing the approximate solution of the differential equation at
the initial time point are provided with the interfat&nitialData.

using System;
using Imsl.Math;

public class FeynmanKacEx4
{
public static void Main(String[] args)
{
int i, j;
int nxGrid = 61;
int ntGrid = 2;
int nv = 13;

// Compute value of a Convertible Bond

// The face value

double KS = 1.0;

// The sigma or volatility value

double sigma = 0.25;

// Time values for the options

double[] tGrid = { 0.5, 1.0 };

// Values of the underlying where evaluation are made
double[] evaluationPoints = new double[nv];

// Value of the interest rate, continuous dividend and factor
double r = 0.1, dividend = 0.02, factor = 1.125;

// Values of the min and max underlying values modeled
double xMin = 0.0, xMax = 4.0;

// Define parameters for the integration step.

int nint = nxGrid - 1, n = 3 * nxGrid;

double[] xGrid = new double[nxGrid];
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// Array for user-defined data

double[] rData = new double[8];

double dx, atol;

// Number of left/right boundary conditions.
int nlbcd = 3, nrbcd = 3;

bool[] timeDependence = new bool[7];

/*

* Define an equally-spaced grid of points for the
* underlying price

*/

dx = (xMax - xMin) / ((double)nint);

xGrid[0] = xMin;

xGrid[nxGrid - 1] = xMax;

for (i = 2; i <= nxGrid - 1; i++)

{
xGrid[i - 1] = xGrid[i - 2] + dx;
}
for (i = 1; i <= nv; i++)
{
evaluationPoints[i - 1] = (i - 1) * 0.25;
}

// Pass the data for evaluation

rData[0] = KS;

rData[1] = xMax;

rData[2] = sigma;

rDatal[3] r;

rData[4] = dividend;

rData[5] = factor;

// Use a pure absolute error tolerance for the integration
atol = 1.0e-3;

rData[6] = atol;

// Compute value of convertible bond

FeynmanKac convertibleBond = new FeynmanKac(new MyCoefficients(rData));

MyForcingTerm forceTerm = new MyForcingTerm(rData);
MyInitialData initialData = new MyInitialData(rData);

convertibleBond.SetForcingTerm(forceTerm) ;
convertibleBond.SetInitialData(initialData);
convertibleBond.SetAbsoluteErrorTolerances(1.0e-3);
convertibleBond.SetRelativeErrorTolerances(0.0);

// Only the left boundary conditions are time dependent
timeDependence[4] = true;
convertibleBond.SetTimeDependence (timeDependence) ;

convertibleBond.ComputeCoefficients(nlbcd, nrbed,

new MyBoundaries(rData), xGrid, tGrid);
double[,] bondCoefficients = convertibleBond.GetSplineCoefficients();
double[] bondTimeCoeffs = new double[n];

double[] [] bondSplineValues = new double[ntGrid + 1][];

/*

* Evaluate and display solutions at vector of points XS(:),
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* at each time value prior to expiration.

bondTimeCoeffs[j] = bondCoefficients[i, jI;

bondSplineValues[i] = convertibleBond.GetSplineValue(
evaluationPoints, bondTimeCoeffs, 0);

*/
for (i = 0; i <= ntGrid; i++)
{
for (j = 0; j < n; j++)
}

Console.Out.WriteLine("

Convertible Bond Value,

0+, 6 and 12 Months "

+ "Prior to Expiry", " ");

Console.Out.WriteLine(

" Number of equally spaced spline knots:{0,4:d}", nxGrid);

Console.Out.WriteLine("

Console.Out.WriteLine("
KS, sigma);

Console.Out.WriteLine("

Number of unknowns:{0,4:d}", n);
Strike={0,5:f2}, Sigma={1,5:£f2}",

Interest Rate={0,5:f2}, " +

"Dividend={1,5:f2}, Factor={0,6:f3}", r, dividend, factor);

Console.Out.WriteLine("
for (i = 0; i < nv; i++)
{

Console.Out.WriteLine("

}
/*

Underlying Bond Value");

{0,8:f4}3{1,8:f4}{2,8:£4}{3,8:f4}",
evaluationPoints[i],
bondSplineValues[0] [i],
bondSplineValues[1] [i],
bondSplineValues[2] [i]);

* These classes define the coefficients, payoff, boundary conditions

* and forcing term.

*/

class MyCoefficients :

{

FeynmanKac.IPdeCoefficients

double sigma, strikePrice, interestRate;

double dividend, factor;

public MyCoefficients(double[] rData)

{
this.strikePrice = rDatal[0];
this.sigma = rData[2];
this.interestRate = rDatal3];
this.dividend = rDatal4];
this.factor = rDatal[5];

}

// The coefficient sigma(x)

public double Sigma(double x, double t)

{
return (sigma * x);

}
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// The coefficient derivative d(sigma) / dx
public double SigmaPrime(double x, double t)
{

return sigma;

}

// The coefficient mu(x)
public double Mu(double x, double t)
{
return ((interestRate - dividend) * x);

}

// The coefficient kappa(x)
public double Kappa(double x, double t)
{
return interestRate;
}
}

class MyBoundaries : FeynmanKac.IBoundaries

{
double interestRate, strikePrice, dp, factor, xMax;

public MyBoundaries(double[] rData)

{
this.strikePrice = rDatal0];
this.xMax = rDatal[1];
this.interestRate = rDatal3];
this.factor = rDatal5];

}

public void LeftBoundaries(double time, double[,] bndCoeffs)

{
dp = strikePrice * Math.Exp(time * interestRate);
bndCoeffs[0, 0] = 1.0;
bndCoeffs[0, 1] = 0.0;
bndCoeffs[0, 2] = 0.0;
bndCoeffs[0, 3] = dp;
bndCoeffs[1, 0] = 0.0;
bndCoeffs[1, 1] = 1.0;
bndCoeffs[1, 2] = 0.0;
bndCoeffs[1, 3] = 0.0;
bndCoeffs[2, 0] = 0.0;
bndCoeffs[2, 1] = 0.0;
bndCoeffs[2, 2] = 1.0;
bndCoeffs[2, 3] = 0.0;
return;

}

public void RightBoundaries(double time, double[,] bndCoeffs)
{

bndCoeffs[0, 0]
bndCoeffs[0, 1]
bndCoeffs [0, 2]

1
O O =
O O O
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bndCoeffs[0, 3] = factor * xMax;
bndCoeffs[1, 0] = 0.0;
bndCoeffs[1, 1] = 1.0;
bndCoeffs[1, 2] = 0.0;
bndCoeffs[1, 3] = factor;

f

bndCoeffs[2, 0] = 0.0;
bndCoeffs[2, 1] = 0.0;
bndCoeffs[2, 2] = 1.0;
bndCoeffs[2, 3] = 0.0;
return;

}

public double Terminal(double x)

{
// The payoff function
double val = Math.Max(factor * x, strikePrice);
return val;

}

}

class MyForcingTerm : FeynmanKac.IForcingTerm
{
const double zero = 0.0;
const double one = 1.0;
double val, strikePrice, interestRate;
double rt, mu, factor;

public MyForcingTerm(double[] rData)

{
this.val = rDatal6];
this.strikePrice = rDatal[0];
this.interestRate = rDatal[3];
this.factor = rDatal5];

}

public void Force(int interval, double[] y, double time, double width,
double[] xlocal, double[] qw, doublel[,] u,
double[] phi, double[,] dphi)

const int local = 6;

int ndeg = xlocal.Length;
double[] yl = new double[6];
double[] bf = new double[6];
for (int i = 0; i < local; i++)

{
y1l[i] = y[3 * interval - 3 + i];
phil[i] = zero;
}
for (int i = 0; i < local; i++)
{
for (int j = 0; j < local; j++)
{
dphili, j] = zero;
}
}
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mu = 2.0;

/*

* This is the local definition of the forcing term -
* It "forces" the constraint f >= factor*x.

*/
for (int j = 1; j <= local; j++)
{
for (int 1 = 1; 1 <= ndeg; 1++)
{
bf[0] = u[0, 1 - 1];
bf[1] = ul1, 1 - 1];
bf[2] = u[2, 1 - 1];
bf[3] = ul6, 1 - 1];
bf[4] = ul7, 1 - 1];
bf[6] = ul8, 1 - 1];
rt = 0.0;
for (int k = 0; k < local; k++)
{
rt += yl[k] * bf[k];
}
rt = val / (rt + val - factor * xlocall[l - 1]);
philj - 1] += qw[l - 1] * bf[j - 1] * Math.Pow(rt, mu);
}
}
for (int i = 0; i < local; i++)
{
phili] = (-phi[i]) * width * factor * strikePrice;
}
/*
* This is the local derivative matrix for the forcing term
*/
for (int j = 1; j <= local; j++)
{
for (int i = 1; i <= local; i++)
{
for (int 1 = 1; 1 <= ndeg; 1++)
{
bf[0] = ul0, 1 - 1];
bf[1] = ul1, 1 - 11;
bf[2] = ul2, 1 - 1];
bf[3] = ul6, 1 - 1];
bf[4] = ul7, 1 - 1];
bf[6] = ul8, 1 - 11;
rt = 0.0;
for (int k = 0; k < local; k++)
{
rt += yl[k] * bf[k];
¥
rt = one / (rt + val - factor * xlocall[l - 1]);
dphilj - 1, i - 1] += qwl[l - 1] * bf[i - 1] * bf[j - 1] *
Math.Pow(val * rt, mu) * rt;
}
}
}

for (int i = 0; i < local; i++)
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for (int j = 0; j < local; j++)

{
dphi[i, j] = (-mu) * dphi[i, j] * width * factor *
strikePrice;
}
}
return;

}

class MyInitialData : FeynmanKac.IInitialData

{
private double[] data;

public MyInitialData(double[] rData)
{
data = new double[rData.Length];
for (int i = 0; i < rData.Length; i++)
{
datal[i] = rDatalil;
}
}

public void Init(double[] xGrid, double[] tGrid, double tp,
double[] yprime, double[] y, double[] atol, double[] rtol)

{
int nxGrid = xGrid.Length;
if (tp == 0.0)
// Set initial data precisely.
{
for (int i = 1; i <= nxGrid; i++)
{
if (xGrid[i - 1] =* data[5] < datal0])
{
y[3 * i - 3] = datal0];
y[83 i -2] =0.0;
y[3 i - 1] = 0.0;
}
else
{
y[3 * - 3] = xGrid[i - 1] =* datal[5];
y[3 * i - 2] = data[5];
y[3 i - 1] = 0.0;
}
}
}
return;
}
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Output

Convertible Bond Value, O+, 6 and 12 Months Prior to Expiry
Number of equally spaced spline knots:
Number of unknowns:

183

Strike= 1.00, Sigma= 0.25

Interest Rate= 0.10, Dividend= 0.02, Factor= 0.100
Bond Value

Underlying

0.
.2500
.5000
.7500
.0000
.2500
.5000
.7500
.0000
.2500
.5000
.7500
.0000

WNNNMNRE, PP, PR, OOO

0000

.0000
.0000
.0000
.0000
.1250
.4063
.6875
.9688
.2500
.5313
.8125
.0938
.3750

WWNNNERE R R R R R R

0.
.9512
.9513
L9737
.1416
L4117
.6922
L9731
.2540
.5349
.8160
.0970
.3781

WWNNMNNR, PR, P,ERPR,OOO

9512

WWNNMNNR,r P, PR,PR,OO0OO0O0

.9048
.9049
.9065
.9605
.1464
L4121
.6922
L9731
.2540
.5349
.8160
.0970
.3781

Example 5: Calculating the Greeks using the Feynman-Kac

Class

In this example, the Feynman-Kac (FK) class is used to solve for the Greeks, i.e. various derivatives of
FK solutions applicable to the pricing of options and related financial derivatives. In order to illustrate

and verify these calculations, the Greeks are calculated by two methods. The first method involves the
FK solution to the diffusion model for call options given in Example 2 for the Black-Scholes (BS) case,
i.e. a = 2. The second method calculates the Greeks using the closed-form BS evaluations which can be

found athttp://en.wikipedia.org/wiki/Thesreeks.

This example calculates FK and BS solutid®§ t) to the BS problem and the following Greeks:

e Delta =

N
7S

is the first derivative of th&alue V (Sit), of a portfolio of derivative security derived

from underlying instrument with respect to the underlying instrument’s Bice

¢ Gamma=

22V
EEN

Theta= —%—\t’ is the negative first derivative & with respect to time;

e Charm = %;
_ ..
e Color = ot
e Rho= —%—\r’ is the first derivative o¥ with respect to risk free rate

e Vega= % measures sensitivity to volatility parameteof the underlyingS,

2
e Volga = 9%;
_ 9% .
e Vanna= 196
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_ v
e Speed= %5.

Intrinsic Greekdnclude derivatives involving onl$ andt, the intrinsic FK arguments. In the above list,

Value, Delta, Gamma, Theta, Charm, ColandSpeedare all intrinsic Greeks. As is discussed in

Hanson, R. (2008ntegrating Feynman-Kac equations Using Hermite Quintic Finite Elem¢més

expansion of the FK solution functidn(St) in terms of quintic polynomial functions defined &mgrid
subintervals and subject to continuity constraints in derivatives 0, 1, and 2 across the boundaries of these
subintervals allow¥alue, Delta, Gamma, Theta, CharamdColor to be calculated directly by the FK

class methodSetSplineCoefficients, GetSplineCoefficientsPrime, andGetSplineValue.

Non-intrinsic Greeksare derivatives oY involving FK parameters other than the intrinsic arguméhts

andt, such as ando. Non-intrinsic Greeks in the above list incluBo, Vega, VolgandVanna In

order to calculate non-intrinsic Greek (parameter) derivatives or intrinsic Grelekivatives beyond the
second (such &Speedlor t-derivatives beyond the first, the entire FK solution must be calculated 3 times
(for a parabolic fit) or five times (for a quartic fit), at the point where the derivative is to be evaluated and
at nearby points located symmetrically on either side.

Using a Taylor series expansion tfo + €) truncated tan+1 terms (to allow am-degree polynomial fit
of m+1 data points):

flo+e) = i f<”r>]!(c) e"

we are able to derive the following parabolic (3 point) estimation of first and second derivﬁﬂi/(es)
andf(? (o) in terms of the three values{c — ¢), f(c), andf (o + €), wheree = g¢r5c0 and
O < 8frac << l

fW(o) = 8;(;) ~ fll(c,e) = f(0+€)2—8f(6—£)
? — _
@ (o) = aafég) ~ f3(c,e) = f<<’+€)+f(§2 £)—2f(o)

Similarly, the quartic (5 point) estimation ¢f% () and f(? (o) in terms off (o — 2¢), f(c —¢), f (o),
f(o+¢€),andf(o+2¢)is:

(o) ~ gf[zl(a,e) - %f[z](a,Zs)

For our example, the quartic estimate does not appear to be significantly better than the parabolic
estimate, so we have produced only parabolic estimates by setting varalatet to 0. The user may
try the example with the quartic estimate simply by settingart to 1.
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As is pointed out irintegrating Feynman-Kac equations Using Hermite Quintic Finite Elemdimes

quintic polynomial expansion function used by Feynman-Kac only allows for continuous derivatives
through the second derivative. While up to fifth derivatives can be calculated from the quintic expansion
(indeed clas§eynmanKac methodGetSplineValue will allow the third derivative to be calculated by
setting parameteirderiv to 3, as is done in this example), the accuracy is compromised by the inherent
lack of continuity across grid points (i.e. subinterval boundaries).

The accurate second derivativesSreturned by FK methodetSplineValue can be leveraged into a
third derivative estimate by calculating three FK second derivative solutions, the first solution for grid
and evaluation point setsS, f(2(S)} and the second and third solutions for solution grid and evaluation
point sets{S+¢, f(2(S+¢)} and{S—¢, f(?(S—¢)}, where the solution grid and evaluation point sets
are shifted up and down ke In this exampleg is set toesacS, whereSis the average value &over

the range of grid values and<Q¢;r5c << 1. The third derivative solution can then be obtained using the
parabolic estimate:

_of(g)  f@(Ste)—f@(S—¢)

(3)
e S 2e

This procedure is implemented in the current example to calculate the Gpeekl (For comparison
purposesSpeeds also calculatedirectly by setting thesetSplineValue input S derivative parameter
iSDeriv to 3. The output from this direct calculation is callegpeed?2)

The average and maximum relative errors (defined as the absolute value of the difference between the
BS and FK values divided by the BS value) for each of the Greeks is given at the end of the output.
(These relative error statistics are given for nine combinations of Strike Price and Volatility, but only one
of the nine combinations is actually printed in the output.) Both intrinsic and non-intrinsic Greeks have
good accuracy (average relative error is in the range 0.01 — 0.0001) exce¥ptdarwhich has an

average relative error of about 0.05. This is probably a result of the factdkgainvolves differences

of differences, which will more quickly erode accuracy than calculations using only one difference to
approximate a derivative. Possible ways to improve upon the 2 to 4 significant digits of accuracy
achieved in this example include increasing FK integration accuracy by reducing the initial step size
(using propertyInitialStepsize), by choosing more closely spac8andt grid points (by adjusting
methodComputeCoefficients input parameter arrayssrid andtGrid), and by adjustingsac SO

that the central differences used to calculate the derivatives are not too small to compromise accuracy.

using System;
using Imsl.Math;
using Imsl.Stat;

public class FeynmanKacExb5
{
private static double[] strikePrices = { 15.0, 20.0, 25.0 };
// The set of sigma values
private static double[] sigma = { 0.2, 0.3, 0.4 };
// The set of model diffusion powers: alpha = 2.0 <==> Black Scholes
private static double[] alpha = { 2.0, 1.0, 0.0 };
// Time values for the options
private static double[] tGrid = { 1.0 / 12.0, 4.0 / 12.0, 7.0 / 12.0 };
// Values of the min and max underlying values modeled
private static double xMin = 0.0;
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private static double xMax = 60.0;

// Value of the interest rate and continuous dividend
private static double r = 0.05;

private static double dividend = 0.0;

// Define parameters for the integration step.

private static int nXGgrid = 121;

private static int nTGrid = 3;

private static int nv = 3;

private static int nint = nXGgrid - 1;

private static int n = 3 * nXGgrid;

private static double[] xGrid = new double[nXGgrid];

private static double dx;

// Time dependency

private static bool[] timeDependence = new bool[7];

// Number of left/right boundary conditions

private static int nlbcd = 3;

private static int nrbcd = 3;

// Values of the underlying price where evaluations are made
private static double[] evaluationPoints = { 19.0, 20.0, 21.0 };
private static double epsfrac = .001; //used to calc derivatives
private static double dx2 = epsfrac * 0.5 * (xMin + xMax);
private static double sqrt2pi = Math.Sqrt(2.0 * Math.PI);
private static String[] greekName = new String[]{

" Value", " Delta", " Gamma", " Theta",
" Charm", " Color", " Vega", " Volga",
" Vanna", " Rho", " Speed", "Speed2"

};

// Time values for the options

private static double[] rex = new double[greekName.Length];
private static double[] reavg = new double[greekName.Length];
private static int[] irect = new int[greekName.Length];

// Compute Constant Elasticity of Variance Model for Vanilla Call
public static void Main(String[] args)
{
// Define equally-spaced grid of points for the underlying price
dx = (xMax - xMin) / ((double)nint);
xGrid[0] = xMin;
xGrid[nXGgrid - 1] = xMax;

for (int i = 2; i <= nXGgrid - 1; i++)
{
xGrid[i - 1] = xGrid[i - 2] + dx;
}
Console.Out.WriteLine(" Constant Elasticity of Variance Model" +
" for Vanilla Call Option");
Console.0Out.WriteLine(
" Interest Rate:{0,7:f3} Continuous Dividend:{1,7:£3}",
r, dividend);
Console.Out.WriteLine(
" Minimum and Maximum Prices of Underlying:{0,7:f2}{1,7:f2}",
xMin, xMax);
Console.Out.WriteLine(
" Number of equally spaced spline knots:{0,4:d}",
nXGgrid - 1);

Differential Equations FeynmanKac 281



Console.Out.WriteLine(" Number of unknowns:{0,4:d}", n);
Console.Out.WriteLine();
Console.Out.WriteLine(
" Time in Years Prior to Expiration: {0,7:f4}{1,7:£4}{2,7:f4}",
tGrid[0], tGrid[1], tGrid([2]); // tGrid[] = tau == T - t
Console.Out.WriteLine(
" Option valued at Underlying Prices:{0,7:f2}{1,7:£2}{2,7:£2}",
evaluationPoints[0], evaluationPoints[1], evaluationPoints[2]);
Console.Out.WriteLine();

/*
* iquart = 0 : derivatives estimated with 3-point fitted parabola
* iquart = 1 : derivatives estimated with 5-point fitted quartic

* polynomial
*/

int iquart = O;

if (iquart == 0)

{

Console.Out.WriteLine(
" 3 point (parabolic) estimate of parameter derivatives;");

}
else
{
Console.Out.WriteLine(
" 5 point (quartic) estimate of parameter derivatives");
}
Console.Out.WriteLine(" epsfrac = {0,11:£8}", epsfrac);

//alpha: Black-Scholes
for (int i2 = 1; i2 <= 3; i2++)
/* Loop over volatility */
for (int i3 = 1; i3 <= 3; i3++)
/* Loop over strike price */
calculateGreeks(i2, i3, iquart);

Console.Out.WriteLine();
for (int ig = 0; ig < 12; ig++)

{
reavgl[ig] /= irect[ig];
Console.Out.WriteLine();
Console.Out.Write(" Greek: " + greekName[ig] +
"; avg rel err: {0,15:f12}; max rel err: {1,15:f12}",
reavgligl, rex[igl);
}

Console.Out.WriteLine();
} // end main

private static void calculateGreeks(
int volatility, int strikePrice, int iquart)

{
int i1 = 1;
int nt = 3;
if ((volatility == 1) && (strikePrice == 1))
{

Console.Out.WriteLine();
Console.Out.WriteLine (" Strike={0,5:f2}, Sigma=" +
"{1,5:£2}, Alpha={2,5:£2}:", strikePrices[strikePrice - 1],
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sigmalvolatility - 1], alphalil - 1]1);
Console.Out.WriteLine();
Console.Out.WriteLine (" years to expiration: " +
" {0,7:£4%} {1,7:£4} {2,7:£4}",
tGrid[0], tGrid[1], tGrid[2]);
Console.Out.WriteLine();
}
/* Loop over t derivative index */
for (int iTDeriv = 0; iTDeriv < 2; iTDeriv++)
{
int iSDerivMax = 4 - iTDeriv;
/* Loop over S derivative index */
for (int iSDeriv = 0; iSDeriv < iSDerivMax; iSDeriv++)
{
int iSigDerivMax = 1;
if (iTDeriv == 0)

{
if (iSDeriv == 0)
iSigDerivMax = 3;
if (iSDeriv == 1)
iSigDerivMax = 2;
}

//Loop over sigma deriv index
for (int iSigDeriv = 0; iSigDeriv < iSigDerivMax; iSigDeriv++)
{

int iRDerivMax = 1;

if (iTDeriv == 0 && iSDeriv == 0 && iSigDeriv == 0)

iRDerivMax = 2;
// Loop over r derivative index
for (int iRDeriv = 0; iRDeriv < iRDerivMax; iRDeriv++)

{

int ispeedmin = O;

int ispeedmax = 1;

if (iTDeriv == 0 && iSDeriv == 2)
ispeedmax = 2;

if (iTDeriv == 0 && iSDeriv == 3)

{

2;
3;

ispeedmin
ispeedmax

}
// Loop over speed index
for (int ispeed = ispeedmin; ispeed < ispeedmax; ispeed++)
{
// Pass data through into evaluation routines.
double[] userData = new doublel[6];
userDatal[0] = strikePrices[strikePrice - 1];
userData[1] = xMax;
userData[2] = sigmalvolatility - 1];
userData[3] = alphalil - 1];
userData[4] = r;
userData[5] = dividend;
double[][] splineValuesOption = new double[nTGrid] [];
for (int i = 0; i < nTGrid; i++)
{
splineValuesOption[i] = new double[nv];

}
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double[][] splineValuesOptionP = new double[nTGrid][];
double[] [] splineValuesOptionM = new double[nTGrid] [];
double[][] splineValuesOptionPP = new double[nTGrid] [];
double[] [] splineValuesOptionMM = new double[nTGrid][];

double[]
double[]
double[]
double[]
double[]
double[]
double[]
double[]

xGridP = new double[nXGgrid];
xGridM = new double[nXGgrid];
evaluationPointsP = new doublel[nv];
evaluationPointsM = new doublel[nv];
xGridPP = new double[nXGgrid];
xGridMM = new double[nXGgrid];
evaluationPointsPP = new double[nv];
evaluationPointsMM = new doublel[nv];

double xMaxP = xMax;
double xMaxM = xMax;
double xMaxPP = xMax, xMaxMM = xMax;

// Evaluate FK solution at vector evaluationPoints, at
// each time value prior to expiration.

if ((iSigDeriv != 1 || iSDeriv == 1 || iRDeriv != 1) &&
(ispeed == || ispeed == 2))

{

FeynmanKac callOption =

new FeynmanKac(new MyCoefficients(userData));
//Right boundary condition time-dependent
timeDependence[5] = true;
callOption.SetTimeDependence (timeDependence) ;
callOption.ComputeCoefficients(nlbcd, nrbcd,

new MyBoundaries(userData), xGrid, tGrid);
double[] tmpArray = new double[3 * xGrid.Length];
double[,] optionCoefficients;
if (iTDeriv == 0)

{

optionCoefficients =

}

else

{

callOption.GetSplineCoefficients();

optionCoefficients =

}

callOption.GetSplineCoefficientsPrime();

for (int i = 0; i < nTGrid; i++)

{

for (int j = 0; j < 3 * xGrid.Length; j++)

tmpArray[j] = optionCoefficients[i + 1, jl;

// FK option values for tau = tGrid[i]:
splineValuesOption[i] =

}

callOption.GetSplineValue(evaluationPoints,

tmpArray, iSDeriv);

if (iSigDeriv > O || iRDeriv > O || ispeed == 1)

Array.Copy(xGrid, 0, xGridP, 0, nXGgrid);
Array.Copy(xGrid, 0, xGridM, O, nXGgrid);

284 ¢ FeynmanKac

IMSL C# Numerical Library



Array.Copy(evaluationPoints, O,
evaluationPointsP, 0, nv);
Array.Copy(evaluationPoints, 0,
evaluationPointsM, 0, nv);

if (ispeed == 1)

{
for (int i = 0; i < nXGgrid; i++)
{
xGridP[i] = xGrid[i] + dx2;
xGridM[i] = xGrid[i] - dx2;
}
for (int i = 0; i < nv; i++)
{
evaluationPointsP[i] =
evaluationPoints[i] + dx2;
evaluationPointsM[i] =
evaluationPoints[i] - dx2;
}
xMaxP = xMax + dx2;
xMaxM = xMax - dx2;
}

userData[1] = xMaxP;
// calculate spline values for
// sigmaP = sigmal[i2-1]*(1. + epsfrac)
// or rP = r*x(1. + epsfrac)
if (iSigDeriv > 0)

userData[2] = sigmal[volatility - 1] *

(1.0 + epsfrac);

else if (iRDeriv > 0)

userDatal[4] = r * (1.0 + epsfrac);
FeynmanKac callOptionP =

new FeynmanKac(new MyCoefficients(userData));
//Right boundary condition time-dependent
timeDependence[5] = true;
callOptionP.SetTimeDependence (timeDependence) ;
callOptionP.ComputeCoefficients(nlbcd, nrbcd,

new MyBoundaries(userData), xGridP, tGrid);
double[,] optionCoefficientsP;
double[] tmpArray2 = new double[3 * xGrid.Length];
if (iTDeriv == 0)

{
optionCoefficientsP =
callOptionP.GetSplineCoefficients();
}
else
{
optionCoefficientsP =
callOptionP.GetSplineCoefficientsPrime();
}
for (int i = 0; i < nTGrid; i++)
{

for (int j = 0; j < 3 * xGrid.Length; j++)

tmpArray2[j] = optionCoefficientsP[i + 1, jl;
// FK option values for tau = tGrid[i]:
splineValuesOptionP[i] =
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callOptionP.GetSplineValue(evaluationPointsP,
tmpArray2, iSDeriv);
}

userData[1] = xMaxM;
// calculate spline values for
// sigmaM = sigma[i2-1]*(1. - epsfrac) or
// M = r*(1. - epsfrac):
if (iSigDeriv > 0)

userData[2] = sigma[volatility - 1] *

(1.0 - epsfrac);

else

userData[4] = r * (1.0 - epsfrac);
FeynmanKac callOptionM =

new FeynmanKac(new MyCoefficients(userData));
//Right boundary condition time-dependent
timeDependence[5] = true;
callOptionM.SetTimeDependence (timeDependence) ;
callOptionM.ComputeCoefficients(nlbcd, nrbcd,

new MyBoundaries(userData), xGridM, tGrid);
double[,] optionCoefficientsM;
double[] tmpArray3 = new double[3 * xGrid.Length];

if (iTDeriv == 0)

{
optionCoefficientsM =
callOptionM.GetSplineCoefficients();
}
else
{
optionCoefficientsM =
callOptionM.GetSplineCoefficientsPrime();
}
for (int i = 0; i < nTGrid; i++)
{
for (int j = 0; j < 3 * xGrid.Length; j++)
tmpArray3[j] = optionCoefficientsM[i + 1, jl;
// FK option values for tau = tGrid[i]:
splineValuesOptionM[i] =
callOptionM.GetSplineValue (evaluationPointsM,
tmpArray3, iSDeriv);
}
if (iquart == 1)
{

Array.Copy(xGrid, 0, xGridPP, 0, nXGgrid);
Array.Copy(xGrid, 0, xGridMM, O, nXGgrid);
Array.Copy(evaluationPoints, O,
evaluationPointsPP, 0, nv);
Array.Copy(evaluationPoints, O,
evaluationPointsMM, 0, nv);
if (ispeed == 1)
{
for (int i = 0; i < nXGgrid; i++)
{
xGridPP[i] xGrid[i] + 2.0 * dx2;
xGridMM[i] = xGrid[i] - 2.0 * dx2;
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}

for (int i = 0; i < nv; i++)

{
evaluationPointsPP[i] =
evaluationPoints[i] + 2.0 * dx2;
evaluationPointsMM[i] =
evaluationPoints[i] - 2.0 * dx2;
}

xMaxPP = xMax + 2.0 * dx2;
xMaxMM xMax - 2.0 * dx2;

}

userDatal[1] = xMaxPP;
if (iSigDeriV > 0)

{
// calculate spline values for
// sigmaPP = sigmal[i2-1]*(1. + 2.xepsfrac):
userData[2] = sigmal[volatility - 1] *
(1.0 + 2.0 * epsfrac);
}
else if (iRDeriv > 0)
{
// calculate spline values for
// rPP = r*(1. + 2.*epsfrac):
userDatal[4] = r * (1.0 + 2.0 * epsfrac);
}

FeynmanKac callOptionPP =
new FeynmanKac(new MyCoefficients(userData));
//Right boundary condition time-dependent
timeDependence[5] = true;
callOptionPP.SetTimeDependence (timeDependence) ;
callOptionPP.ComputeCoefficients(nlbcd, nrbcd,
new MyBoundaries(userData), xGridPP, tGrid);

double[] tmpArray4 = new double[3 * xGrid.Length];
double[,] optionCoefficientsPP;

if (iTDeriv == 0)

{
optionCoefficientsPP =
callOptionPP.GetSplineCoefficients();
}
else
{
optionCoefficientsPP =
callOptionPP.GetSplineCoefficientsPrime();
}
for (int i = 0; i < nTGrid; i++)
{

for (int j = 0; j < 3 * xGrid.Length; j++)
tmpArray4[j] =
optionCoefficientsPP[i + 1, jl;
// FK option values for tau = tGrid[i]:
splineValuesOptionPP[i] =
callOptionPP.GetSplineValue(
evaluationPointsPP, tmpArray4, iSDeriv);

Differential Equations

FeynmanKac

® 287



}

userData[1] = xMaxMM;
// calculate spline values for
// sigmaMM = sigma[i2-1]1*(1. - 2.*epsfrac) or
// TMM = r*x(1. - 2.*epsfrac)
if (iSigDeriv > 0)

userData[2] = sigma[volatility - 1] *

(1.0 - 2.0 * epsfrac);

else if (iRDeriv > 0)

userDatal[4] = r * (1.0 - 2.0 * epsfrac);
FeynmanKac callOptionMM =

new FeynmanKac(new MyCoefficients(userData));
//Right boundary condition time-dependent
timeDependence[5] = true;
callOptionMM.SetTimeDependence (timeDependence) ;
callOptionMM.ComputeCoefficients(nlbcd, nrbcd,

new MyBoundaries(userData), xGridMM, tGrid);
double[] tmpArray5 = new double[3 * xGrid.Length];
double[,] optionCoefficientsMM;
if (iTDeriv == 0)

{
optionCoefficientsMM =
callOptionMM.GetSplineCoefficients();
}
else
{
optionCoefficientsMM =
callOptionMM.GetSplineCoefficientsPrime();
}
for (int i = 0; i < nTGrid; i++)
{
for (int j = 0; j < 3 * xGrid.Length; j++)
tmpArray5[j] =
optionCoefficientsMM[i + 1, jl;
// FK option values for tau = tGrid[i]:
splineValuesOptionMM[i] =
callOptionMM.GetSplineValue(
evaluationPointsMM, tmpArray5, iSDeriv);
}
}
}
if (iSigDeriv == 1 || iRDeriv == 1 || ispeed == 1)
{

double eps = 0.0, £f11 = 0.0, f12 = 0.0;
if (iSigDeriv == 1)

eps = sigmalvolatility - 1] * epsfrac;
if (iRDeriv == 1)

eps = r * epsfrac;
if (ispeed == 1)

eps = dx2;
for (int i = 0; i < nTGrid; i++)
{

for (int j = 0; j < nv; j++)

{
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f11 = (splineValuesOptionP[i][j] -
splineValuesOptionM[i] [j]) / (2.0 * eps);
if (iquart == 0)
splineValuesOption[i] [j] = £11;
else
{
f12 = (splineValuesOptionPP[i] [j] -
splineValuesOptionMM([i] [j1) / (4.0 * eps);
splineValuesOption[i] [j] =
(4.0 * £11 - £12) / 3.0;

}
}
}
}
if (iSigDeriv == 2)
{
double eps = sigmal[volatility - 1] * epsfrac;
double f21 = 0.0;
double f22 = 0.0;
for (int i = 0; i < nTGrid; i++)
{
for (int j = 0; j < nv; j++)
{
£21 = (splineValuesOptionP[i][j] +
splineValuesOptionM[i] [j]1 - 2.0 *
splineValuesOption[i] [j1) / (eps * eps);
if (iquart == 0)
splineValuesOption[i] [j] = £21;
else
{
£22 = (splineValuesOptionPP[i] [j] +
splineValuesOptionMM[i] [j] - 2.0 *
splineValuesOption[il [j1) /
(4.0 * eps * eps);
splineValuesOption[i] [j] =
(4.0 * £21 - £22) / 3.0;
}
}
}
}

// Evaluate BS solution at vector evaluationPoints,
// at each time value prior to expiration.

double[] [] BSValuesOption = new double[nTGrid] [];
for (int i7 = 0; i7 < nTGrid; i7++)

{
BSValuesOption[i7] = new double[nv];
}
for (int i = 0; i < nTGrid; i++)
{

/*
* Black-Scholes (BS) European call option
* value = ValBSEC(S,t) = exp(-g*tau)*S*NO1CDF(d1l) -
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* exp (-r*tau) *K*NO1CDF (d2) ,
* where

* tau = time to maturity =T - t;

* q = annual dividend yield;

* r = risk free rate;

* K = strike price;

* S = stock price;

* NO1CDF(x) = N(0,1)_CDF(x);

* dl = ( log( S/K ) +

* (r - q+ 0.5xsigma**2 )*tau ) /
* ( sigma*sqrt(tau) );

* d2 = d1 - sigma*sqrt(tau)

*/

// BS option values for tau = tGrid[i]:
double tau = tGrid[il;
double sigsqtau =
Math.Pow(sigmal[volatility - 1], 2) * tau;
double sqrt_sigsqtau = Math.Sqrt(sigsqtau);
double sigsq = sigmal[volatility - 1] *
sigma[volatility - 1];
for (int j = 0; j < nv; j++)
{
// Values of the underlying price where
// evaluations are made:
double S = evaluationPoints[j];
double d1 = (Math.Log(S /
strikePrices[strikePrice - 1]) + (r - dividend)
* tau + 0.5 * sigsqtau) / sqrt_sigsqtau;
double nOlpdf_dil =
Math.Exp((-0.5) * dl * d1) / sqrt2pi;
double nu = Math.Exp((-dividend) * tau) *
S * nOlpdf_dl * Math.Sqrt(tau);
if (iTDeriv == 0)
{
if (iSDeriv == 0)
{
double d2 = d1 - sqrt_sigsqtau;
if (iSigDeriv == 0)

{
if (iRDeriv == 0)
{

BSValuesOption[i] [j] =
Math.Exp((-dividend) * tau) * S *
Cdf .Normal(d1l) -

Math.Exp((-r) * tau) *
strikePrices[strikePrice - 1] =*
Cdf .Normal (d2);

}

else

{

BSValuesOption[i] [j] =
Math.Exp((-r) * tau) *
strikePrices[strikePrice - 1]

* tau * Cdf.Normal(d2);
}
}
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else if (iSigDeriv == 1)
{
//greek = Vega
BSValuesOption[i] [j] = nu;
}
else if (iSigDeriv == 2)
{
//greek = Volga
BSValuesOption[il [j] = nu * d1 * d2 /
sigma[volatility - 1];
}
}
else if (iSDeriv == 1)
{
//greek = delta
if (iSigDeriv == 0)
{
BSValuesOption[i] [j] =
Math.Exp((-dividend) * tau) *
Cdf .Normal(dl);
}
else if (iSigDeriv == 1)
{
//greek = Vanna
BSValuesOption[i] [j] = (nu / S) =*
(1.0 - d1 / sqrt_sigsqtau);
}
}
else if (iSDeriv == 2)
{
if (ispeed == 0)
{
//greek = gamma
BSValuesOption[il [j] =
Math.Exp((-dividend) * tau) *
n0lpdf_d1 /(S * sqrt_sigsqtau);
}
else
{
//greek = speed
BSValuesOption[i] [j] =
(-Math.Exp((-dividend) * tau)) *
n0lpdf_d1 * (1.0 + d1 / sqrt_sigsqtau)
/ (8 * S * sqrt_sigsqtauw);
}
}
else if (iSDeriv == 3 && ispeed == 2)
{
//greek = speed
BSValuesOption[i] [j] =
(-Math.Exp((-dividend) * tau)) *
n0lpdf_di * (1.0 + d1 / sqrt_sigsqtau) /
(S * S * sqrt_sigsqtau);
}
}

else if (iTDeriv == 1)
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double d2 = d1 - sqrt_sigsqtau;

if (iSDeriv == 0)

{
//greek = theta
BSValuesOption[i] [j]

Math.Exp((-dividend) * tau) * S *
(dividend * Cdf.Normal(dl) - 0.5 * sigsq *
n01lpdf_dl / sqrt_sigsqtau) - r *
Math.Exp((-r) * tau) *
strikePrices[strikePrice - 1] *

Cdf .Normal(d2);
¥
else if (iSDeriv == 1)
{
//greek = charm
BSValuesOptionl[i] [j]

Math.Exp((-dividend) * tau) * ((-dividend)
* Cdf .Normal(dl) + nOlpdf_di *

((r - dividend) =*

tau - 0.5 *x d2 *

sqrt_sigsqtau) / (tau * sqrt_sigsqtau));

}
else if (iSDeriv == 2)
{
//greek = color
BSValuesOption[i] [j]

(-Math.Exp((-dividend) * tau)) * nOlpdf_d1l =

(2.0 * dividend *

tau + 1.0 + d1 =*

(2.0 * (r - dividend) * tau - d2 *
sqrt_sigsqtau) / sqrt_sigsqtau) /
(2.0 * S * tau * sqrt_sigsqtau);

}

double relerrmax = 0.0;

int gNi = 3 * iTDeriv + iSDeriv;

if (iSigDeriv == 1 && iSDeriv ==
gNi = 6; //vega

if (iSigDeriv == 2 && iSDeriv ==
gNi = 7; //volga

if (iSigDeriv == 1 && iSDeriv ==
gNi = 8; //vanna

if (iRDeriv == 1)
gNi = 9; //rho

if (ispeed >= 1)
gNi = 9 + ispeed; //speed

for (int i = 0; i < nv; i++)

{
for (int j = 0; j < nt; j++)
{

0)
0)

1)

double sVo = splineValuesOption[j][i];
double BSVo = BSValuesOption[j][i];

//greeks(itd=1) ~ d/dtau =

-d/dt for iSDeriv > 0:
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if (iTDeriv == 1 && iSDeriv > 0)
sVo = -sVo;
double relerr = Math.Abs((sVo - BSVo) / BSVo);
if (relerr > relerrmax)
relerrmax = relerr;
reavg[gNi] += relerr;
irect[gNi] += 1;
}
}
if (relerrmax > rex[gNil)
rex[gNi] = relerrmax;

if ((volatility == 1) && (strikePrice == 1))

{
for (int i = 0; i < nv; i++)
{
Console.Out.Write(
" underlying price: {0,4:f1}; FK " +
greekName [gNi] + ": ", evaluationPoints[i]);
for (int j = 0; j < nt; j++)
{
double sVo = splineValuesOption[j][i];
//greeks(itd=1) ~ d/dtau = -d/dt for isd > O:
if (iTDeriv == 1 && iSDeriv > 0)
sVo = -sVo;
Console.Out.Write("{0,13:f10} ", sVo);
}
Console.Out.WriteLine();
Console.Out.Write(" BS "
+ greekName[gNi] + ": ");
for (int j = 0; j < nt; j++)
{
Console.Out.Write("{0,13:£f10} ",
BSValuesOption[j][il);
}
Console.Out.WriteLine();
}
}

}

class MyCoefficients : FeynmanKac.IPdeCoefficients

{

const double zero 0.0;
const double half = 0.5;
double sigma, strikePrice, interestRate;
double alpha, dividend;

public MyCoefficients(double[] myData)
{
this.strikePrice = myDatal[0];
this.sigma = myDatal[2];
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this.alpha = myDatal[3];
this.interestRate = myDatal[4];
this.dividend = myDatal[5];

}

// The coefficient sigma(x)
public double Sigma(double x, double t)
{
return (sigma * Math.Pow(x, alpha * half));
}

// The coefficient derivative d(sigma) / dx
public double SigmaPrime(double x, double t)
{
return (half * alpha * sigma * Math.Pow(x, alpha * half - 1.0));
}

// The coefficient mu(x)
public double Mu(double x, double t)
{
return ((interestRate - dividend) * x);

}

// The coefficient kappa(x)
public double Kappa(double x, double t)
{
return interestRate;
}
}

class MyBoundaries : FeynmanKac.IBoundaries

{
double xMax, df, interestRate, strikePrice;

public MyBoundaries(double[] myData)

{
this.strikePrice = myDatal[0];
this.xMax = myData[1];
this.interestRate = myDatal[4];
}

public void LeftBoundaries(double time, double[,] bndCoeffs)

{
bndCoeffs[0, 0] =
bndCoeffs[0, 1] =
bndCoeffs[0, 2] =
bndCoeffs[0, 3] =
bndCoeffs[1, 0] =
bndCoeffs[1, 1] =
bndCoeffs[1, 2] =
bndCoeffs[1, 3] =
bndCoeffs[2, 0] =
bndCoeffs[2, 1] =
bndCoeffs[2, 2] =
bndCoeffs[2, 3] =

[eNeoNeoNeoNeoNeNoNeoNeoNoNeNeJ

el NeoNeNeoNoN S HoNeoNoNol
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return;

}

public void RightBoundaries(double time, double[,] bndCoeffs)

{

df = Math.Exp(interestRate * time);

bndCoeffs[0, 0] = 1.0;
bndCoeffs[0, 1] = 0.0;
bndCoeffs[0, 2] = 0.0;

bndCoeffs[0, 3] = xMax - df * strikePrice;

bndCoeffs[1, 0] = 0.0;
bndCoeffs[1, 1] = 1.0;
bndCoeffs[1, 2] = 0.0;
bndCoeffs[1, 3] = 1.0;
bndCoeffs[2, 0] = 0.0;
bndCoeffs[2, 1] = 0.0;
bndCoeffs[2, 2] = 1.0;
bndCoeffs[2, 3] = 0.0;

return;

}

public double Terminal(double x)

{
double zero = 0.0;
// The payoff function

double val = Math.Max(x - strikePrice, zero);

return val;

Output

Constant Elasticity of Variance Model for Vanilla Call Option

Interest Rate: 0.050

Continuous Dividend:

Minimum and Maximum Prices of Underlying:
Number of equally spaced spline knots: 120

Number of unknowns: 363

Time in Years Prior to Expiration:
Option valued at Underlying Prices:

0.000

0.00 60.00

0.0833 0.3333 0.5833
19.00 20.00 21.00

3 point (parabolic) estimate of parameter derivatives;

epsfrac = 0.00100000

Strike=15.00, Sigma= 0.20, Alpha= 2.00:

years to expiration:

underlying price: 19.0; FK Value:
BS Value:
underlying price: 20.0; FK Value:
BS Value:

0.0833

4.0623732450
4.0623732509
5.0623700127
5.0623700120

0.3333

4.2575924184
4.2575929678
5.2505145764
5.2505143129

0.5833

4.4733805278
4.4733814062
5.4492418798
5.4492428547
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underlying price: 21.0; FK Value: 6.0623699727 6.2485587059 6.4385718831
BS Value: 6.0623699726 6.2485585270 6.4385720688
underlying price: 19.0; FK Rho: 1.2447807022 4.8365676562 8.0884594648
BS Rho: 1.2447806658 4.8365650322 8.0884502627
underlying price: 20.0; FK Rho: 1.2448021850 4.8929216544 8.3041708173
BS Rho: 1.2448021908 4.8929245641 8.3041638392
underlying price: 21.0; FK Rho: 1.2448024992 4.9107294561 8.4114197621
BS Rho: 1.2448024996 4.9107310444 8.4114199038
underlying price: 19.0; FK Vega: 0.0003289870 0.3487168323 1.1153520921
BS Vega: 0.0003295819 0.3487535501 1.1153536190
underlying price: 20.0; FK Vega: 0.0000056652 0.1224632724 0.6032458218
BS Vega: 0.0000056246 0.1224675413 0.6033084039
underlying price: 21.0; FK Vega: 0.0000000623 0.0376974472 0.3028275296
BS Vega: 0.0000000563 0.0376857196 0.3028629419
underlying price: 19.0; FK Volga: 0.0286253687 8.3705172571 16.7944556484
BS Volga: 0.0286064650 8.3691191978 16.8219823169
underlying price: 20.0; FK Volga: 0.0007135181 4.2505026165 12.9315443687
BS Volga: 0.0007186004 4.2519372748 12.9612638820
underlying price: 21.0; FK Volga: 0.0000100364 1.7613083880 8.6626164020
BS Volga: 0.0000097963 1.7617504949 8.6676581034
underlying price: 19.0; FK Delta: 0.9999864098 0.9877532309 0.9652249945
BS Delta: 0.9999863811 0.9877520034 0.9652261127
underlying price: 20.0; FK Delta: 0.9999998142 0.9964646548 0.9842482622
BS Delta: 0.9999998151 0.9964644003 0.9842476147
underlying price: 21.0; FK Delta: 0.9999999983 0.9990831687 0.9932459040
BS Delta: 0.9999999985 0.9990834124 0.9932451927

underlying price: 19.0; FK Vanna: -0.0012418872 -0.3391850563 -0.6388552010
BS Vanna: -0.0012431594 -0.3391932673 -0.6387423326
underlying price: 20.0; FK Vanna: -0.0000244490 -0.1366771953 -0.3945466660
BS Vanna: -0.0000244825 -0.1367114682 -0.3945405194
underlying price: 21.0; FK Vanna: -0.0000002905 -0.0466333335 -0.2187406645
BS Vanna: -0.0000002726 -0.0466323413 -0.2187858632
underlying price: 19.0; FK Gamma: 0.0000543456 0.0144908955 0.0264849216

BS Gamma: 0.0000547782 0.0144911447 0.0264824761
underlying price: 20.0; FK Gamma: 0.0000008315 0.0045912854 0.0129288434
BS Gamma: 0.0000008437 0.0045925328 0.0129280372
underlying price: 21.0; FK Gamma: 0.0000000080 0.0012817012 0.0058860348

BS Gamma: 0.0000000077 0.0012818272 0.0058865489
underlying price: 19.0; FK Speed: -0.0002127758 -0.0157070513 -0.0181086989
BS Speed: -0.0002123854 -0.0156192867 -0.0179536520
underlying price: 20.0; FK Speed: -0.0000037305 -0.0056184183 -0.0098403706
BS Speed: -0.0000037568 -0.0055859333 -0.0097472434
underlying price: 21.0; FK Speed: -0.0000000385 -0.0017185470 -0.0048615664
BS Speed: -0.0000000378 -0.0017082128 -0.0048130214
underlying price: 19.0; FK Speed2: -0.0002310655 -0.0156276977 -0.0179516855
BS Speed2: -0.0002123854 -0.0156192867 -0.0179536520
underlying price: 20.0; FK Speed2: -0.0000043215 -0.0055923924 -0.0097502997
BS Speed2: -0.0000037568 -0.0055859333 -0.0097472434
underlying price: 21.0; FK Speed2: -0.0000000475 -0.0017117661 -0.0048153107
BS Speed2: -0.0000000378 -0.0017082128 -0.0048130214
underlying price: 19.0; FK Theta: -0.7472631891 -0.8301000450 -0.8845209253
BS Theta: -0.7472638978 -0.8301108199 -0.8844992143
underlying price: 20.0; FK Theta: -0.7468881086 -0.7706770630 -0.8152217385
BS Theta: -0.7468880640 -0.7706789470 -0.8152097697
underlying price: 21.0; FK Theta: -0.7468815742 -0.7479185416 -0.7728950748
BS Theta: -0.7468815673 -0.7479153725 -0.7728982104
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underlying price:
underlying price:
underlying price:
underlying price:
underlying price:

underlying price:

Greek: Value;
Greek: Delta;
Greek: Gamma;
Greek: Theta;
Greek: Charm;
Greek: Color;
Greek: Vega;
Greek: Volga;
Greek: Vanna;
Greek: Rho;
Greek: Speed;
Greek: Speed?2;

avg
avg
avg
avg
avg
avg
avg
avg
avg
avg
avg
avg

19.

20.

21.

19.

20.

21.

rel
rel
rel
rel
rel
rel
rel
rel
rel
rel
rel
rel

FK
BS
FK
BS
FK
BS
FK
BS
FK
BS
FK
BS

err:
err:
err:
err:
err:
err:
err:
err:
err:
err:
err:
err:

Charm:
Charm:
Charm:
Charm:
Charm:
Charm:
Color:
Color:
Color:
Color:
Color:
Color:

-0.
-0.
-0.
-0.
-0.
.0000003190
.0051622176
.0051777484
.0001188761
.0001205713
.0000015431
.0000015141

(e eNeNeoNe]

0014382828
0014397520
0000284881
0000285354
0000003396

max

-0.
-0.
-0.
-0.

0879903285
0879913927
0364107814
0364209077
-0.0126436426
-0.0126437838

0.0685064195
.0684737183
.0355826975
.03556891884
.0143174419
.0143247729

[eNeNeNeoNe]

rel err:

-0.
-0.
-0.
-0.

0843323992
0843403333
0547260337
0547074804
-0.0313343015
-0.0313252716

0.0299871130
.0300398444
.0274292189
.0274307898
.0190897160
.0190752019

(e eoNeNeoNe]

.009030693731

[eNeoNeoNeoNoNeoNeoNeoNeoNoNeNe]

.000146170676;
.000035817236;
.001088309906;
.000054196357 ;
.001213365580;
.003323775096;
.001512805322;
.058535091480;
.001061842143;
.000146868204;
.007252489626;
.008430324710;

max
max
max
max
max
max
max
max
max
max
max

rel
rel
rel
rel
rel
rel
rel
rel
rel
rel
rel

err:
err:
err:
err:
err:
err:
err:
err:
err:
err:
err:

[eNeoNeoNeoN e NeoNeoNeo NoNeoNe]

.001158483024
. 044839095787
.001412847204
.064577964461
.136355625079
.106097327138
.639568432709
.065654941418
.009438785575
.123630427780
.255782408454

FeynmanKac.PDEStepControlMethod Enumeration

public enumeration Imsl.Math.FeynmanKac.PDEStepControlMethod

Indicates which step control method is used in the integration of the Feynman-Kac PDE.

Fields

MethodOfPetzold
public Imsl.Math.FeynmanKac.PDEStepControlMethod MethodOfPetzold

Description

Indicates that the step control algorithm of the original Petzold code is used in the integration.

MethodOfSoederlind
public Imsl.Math.FeynmanKac.PDEStepControlMethod MethodOfSoederlind
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Description
Indicates that the step control method by Soederlind is used in the integration.

FeynmanKac.|PdeCoefficients Interface

public interface Imsl.Math.FeynmanKac.IPdeCoefficients

Interface for computation of coefficients of the Feynman-Kac PDE.

Methods

Kappa
abstract public double Kappa(double x, double t)
Description
Returns the value of the coefficient at the given point.
Parameters
x — A double, the point in space at whick is to be evaluated.
t — A double, the time point at whick is to be evaluated.

Returns
A double, the value ofk at (x,t).
Remarks

Time dependency aof can be controlled via meth@ktTimeDependence. Use of this method will
usually yield a more efficient algorithm because some finite element matrices do not have to be
reassembled for eachvalue.

Mu
abstract public double Mu(double x, double t)

Description
Returns the value of the coefficient at the given point.
Parameters
x — A double, the point in space at whigh is to be evaluated.
t — A double, the time point at whichu is to be evaluated.

Returns
A double, the value ofu at (x,t).
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Remarks

Time dependency qgi can be controlled via meth@®ttTimeDependence. Use of this method will
usually yield a more efficient algorithm because some finite element matrices do not have to be
reassembled for eachvalue.

Sigma
abstract public double Sigma(double x, double t)

Description

Returns the value of the coefficient at the given point.

Parameters
x — A double scalar, the point in space at whichis to be evaluated.
t — A double scalar, the time point at whiah is to be evaluated.

Returns
A double scalar, the value of at (x,t).
Remarks

Time dependency af can be controlled via meth@®@btTimeDependence. Use of this method will
usually yield a more efficient algorithm because some finite element matrices do not have to be
reassembled for eachvalue.

SigmaPrime
abstract public double SigmaPrime(double x, double t)

Description
Returns the value o6’ = % at the given point.
Parameters

x — A double, the point in space at whiaty' is to be evaluated.
t — A double, the time point at whiclo’ is to be evaluated.

Returns
A double, the value ofo” at (x,t).
Remarks

Time dependency af’ can be controlled via meth@btTimeDependence. Use of this method will
usually yield a more efficient algorithm because some finite element matrices do not have to be
reassembled for eachvalue.

FeynmanKac.|Boundaries Interface

public interface Imsl.Math.FeynmanKac.IBoundaries

Public interface for user supplied boundary coefficients and terminal condition the PDE must satisfy.
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Methods

LeftBoundaries
abstract public void LeftBoundaries(double time, double[,] coefficients)

Description
Returns the coefficient values of the left boundary conditions. Thersuale:f tBounds conditions
specified at the left endyin. The left boundary conditions are

a (%, t) f +bi(xt) fx+ci(Xt) fxx = di(X,t), X = Xmin, 1 < i < numLeftBounds

Parameters
time — A double, the time point at which the boundary coefficients are to be evaluated.

coefficients — An outputdouble matrix of dimensiomumLeftBounds by 4 containing the
computed boundary coefficient values. The coefficients are stored row-wise according to the matrix
scheme

(ai (Xminvt)a bi (Xmimt)a G (Xminat),di (Xmin;t))lgignumLeﬁBounds

Remarks

Time dependency of the boundary coefficients can be controlled via mgthddmeDependence. Use
of this method will usually yield a more efficient algorithm because some finite element matrices do not
have to be reassembled for eactalue.

RightBoundaries

abstract public void RightBoundaries(double time, double[,] coefficients)

Description
Returns the coefficient values of the right boundary conditions. Theneuaks ghtBounds conditions
specified at the right endyax. The right boundary conditions are

a (% t) f+bi(xt) fx+ci(Xt) fxx = di(X, 1), X = Xmax, 1 < i < numRightBounds

Parameters
time — A double, the time point at which the boundary coefficients are to be evaluated.

coefficients — An outputdouble matrix of dimensiomumRightBounds by 4, containing the
computed boundary coefficient values. The coefficients are stored row-wise according to the matrix
scheme

(ai (Xmaxs t), Bi (Xmax, t), Ci (Xmax,t>7 d (Xmax7t))1§i§numRightBounds

Remarks

Time dependency of the boundary coefficients can be controlled via mgthddmeDependence. Use
of this method will usually yield a more efficient algorithm because some finite element matrices do not
have to be reassembled for eactalue.

Terminal
abstract public double Terminal (double z)
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Description
Returns the terminal condition value.
Parameter
z — A double scalar, the point ix-direction, where the terminal condition is evaluated.

Returns
A double scalar, the value of the terminal conditip(x) at pointz.

FeynmanKac.lInitialData Interface

public interface Imsl.Math.FeynmanKac.IInitialData

Public interface for adjustment of initial data or as an opportunity for output during the integration steps.

Method

Init

abstract public void Init(double[] xGrid, double[] tGrid, double time, doublel[]
yprime, doublel[] y, double[] absoluteErrorTolerance, doublel[]
relativeErrorTolerance)

Description
Method that allows for adjustment of initial data or as an opportunity for output during the integration
steps.
Parameters
xGrid — A double array containing the grid points in the x-direction.
tGrid — A double array containing the grid points in the t-direction.

time — A double Scalar containing the time point for the evaluation. Possible values are 0 (the
initial or “terminal” time point) and all values in arrayGrid.

yprime — An inputdouble array of lengttBxxGrid.Length containing the derivatives of the
Hermite quintic spline coefficients at time poitime.

y — A double array of length8*xGrid.Length containing the coefficients of the Hermite quintic
spline at time pointime. For the initial time pointime = 0 this array can be used to reset the
Hermite quintic spline coefficients to user defined values. For all other valueimefarrayy is an
input array.

absoluteErrorTolerance — An input or outputlouble array of lengttB*xGrid.Length
containing absolute error tolerances.

relativeErrorTolerance — An input or outpudouble array of lengttB*xGrid.Length
containing relative error tolerances.
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FeynmanKac.IForcingTerm Interface

public interface Imsl.Math.FeynmanKac.IForcingTerm

Public interface for non-zero forcing term in the Feynman-Kac equation.

Method

Force
abstract public void Force(int interval, double[] y, double time, double width,
double[] xlocal, double[] qw, double[,] u, double[] phi, double[,] dphi)

Description
Computes approximations to the forcing tegrff, x,t) and its derivative) ¢ /dy.
Parameters

interval — An int, the index related to the integration interJalGrid [interval-1],
xGrid[intervall].

y —An inputdouble array of lengttB+xGrid.Length containing the coefficients of the Hermite
quintic spline representing the solution of the Feynman-Kac equation at timetpeiat For each

X € X, Xit1], i = Xit1—%,z = (x—X;)/hi, i =1,...,xGrid.Length— 1
the approximate solution is locally defined by
f(x,t) = fibo(2) + fiy1bo(1—2) + hi f/by(2) — hif/, b1 (1~ 2) + W2 £/'ba(2) + W21/ 1o (1 - 2).

The valuessi_p = fi, yasi_1 = f/,ys = f/, i = 1,...,xGrid.Length are stored as successive triplets
iny.
time — A double scalar, the time point.

width — A double scalar, the width of the integration interval,
width=xGrid[interval] -xGrid[interval-1].

xlocal — An inputdouble array containing the Gauss-Legendre points translated and normalized
to the interval[xGrid [interval-1], xGrid[intervall]. The array length is equal to the
degree of the Gauss-Legendre polynomial.

qw — An inputdouble array containing the Gauss-Legendre weights. The array length is equal to
the degree of the Gauss-Legendre polynomial.

u — An inputdouble matrix of dimension2 by xlocal.Length containing the basis function
values that defing(x) at the Gauss-Legendre pointkocal. Setting

U :=ulk,i] and x :=xlocalli],
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vectorB(xi) is defined as
B(x) := (Bsu(intervat-1) (%) - - - - Basintervair26)) T = (Uoj, Uy, Uz, Ug, Uz, Ug,) " -

phi — An outputdouble array of length 6 containing Gauss-Legendre approximations for the local

contributions .
xgrid[interval]

doi=| o(f.xt)B(x)dx
xgrid[interval-1]
wheret=time andﬁ(x) = (ﬁB*(intervaFl) (X), ..., Basintervar2(X)) . Denoting bydegree the
number of Gauss-Legendre pointd écal.Length) and setting; := xlocal[j], vectorphi

contains elements
degree-1 "

phili] = width Zo qwj] Bi(xj) ¢ (F, 1)
=

for i=0,...,5.
dphi — An outputdouble matrix of dimension 6 by 6 containing a Gauss-Legendre approximation
for the Jacobian of the local contributiofisat time pointt=time,
8(])[ xgrid[interval] 8¢(f7X,t)
Ty N xgridfinterval-1] df

B(x) BT (x)dx.

The approximation to this symmetric matrix is stored row-wise, i.e.

degree-1 0

. . ~ . 10}
dphi[i,j] = widthx kZO qwlk] Bi (X«) Bj (X«) 57

x=xlocallk],t=time

fori,j=0,...,5.
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Chapter 6: Transforms

Types
ClaSSF T Lo 306.
ClassSCOMPIEXFRT ..o 310.

Usage Notes
Fast Fourier Transforms

A fast Fourier transform (FFT) is simply a discrete Fourier transform that is computed efficiently.
Basically, the straightforward method for computing the Fourier transform takes approximfately
operations whera is the number of points in the transform, while the FFT (which computes the same
values) takes approximately

nlog n operations. The algorithms in this chapter are modeled on the Cooley-Tukey (1965) algorithm.
Hence, these functions are most efficient for integers that are highly composite; that is, integers that are a
product of small primes.

For the two classes, FFT and ComplexFFT, a single instance can be used to transform multiple
sequences of the same length. In this situation, the constructor computes the initial setup once. This may
result in substantial computational savings. For more information on the use of these classes consult the
documentation under the appropriate class name.

Continuous Versus Discrete Fourier Transform

There is, of course, a close connection between the discrete Fourier transform and the continuous Fourier
transform. Recall that the continuous Fourier transform is defined (Brigham 1974) as

f (@) = (O0F) (@) = /_Z f (t)e2motgy

We begin by making the following approximation:

) T/2 .
flo)~ / f (t)e 2oty
-T/2
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= /T f(t—T/2)e 20T/t
JO

. T .
=0T [C(t-T/2)e #otdt
0

If we approximate the last integral using the rectangle rule with spdciagd /n, we have
) . n-1 _
f(w)~e"®Th Zjefzﬁ'wkhf (kh—T/2)
K=

Finally, settingow = j/T for j =0,...,n—1 yields

f(i/T) ~eihy e 2Nt (kh—T/2) = (-1)) § e 2mk/nf
k=0 =

where the vectof" = (f(~T/2),..., f((n—1)h—T/2)) . Thus, after scaling the components(yl)"
, the discrete Fourier transform, as computeddmplexFFT (with input f") is related to an
approximation of the continuous Fourier transform by the above formula.

FFT Class

public class Imsl.Math.FFT
FFT functions.

ClassFFT computes the discrete Fourier transform of a real vector ofrsiZéne method used is a
variant of the Cooley-Tukey algorithm, which is most efficient winda a product of small prime
factors. Ifn satisfies this condition, then the computational effort is proportionalag n.

TheForward method computes the forward transformn i even, then the forward transform is

n—-1

2rkm
Gom-1= ) PkCOS
k=0

m=1,...,n/2
n 9 7/

n-1

. 2mkm
O2m-2=— ) P«SIn
2

m=1...,n/2-1
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n—1
Qo= ) Px
kZO
If nis odd,gn is defined as above fonfrom 1 to (n - 1)/2

Letf be a real valued function of time. Suppose we sarhpte equally spaced time intervals of length
0 seconds starting at timg. That is, we have

pi:=f(to+iA)i=0,1,....,.n—1

We will assume that is odd for the remainder of this discussion. The cEBBtreats this sequence as if
it were periodic of periodh. In particular, it assumes théfto) = f (to +nA). Hence, the period of the
function is assumed to e = nA. We can invert the above transform foes follows:

(372 2n(k+1)m

W+2 Y Guuacos———— - Znlkt 1)m
k=0

(
2 ok 12Sin
2,

pm:ﬁ

This formula is very revealing. It can be interpreted in the following manner. The coeffigjents
produced byFFT determine an interpolating trigonometric polynomial to the data. That is, if we define

1 (n-3)/2 2n(k+1)(t—tp) "2 _21(k+1) (t —to)
9(t) =~ |G +2 kZO Ok 41 08— =—— —2 kZO Ok 2SIN———=——
(372 2n(k+1)(t—tg) /2 2m(k+1) (t—to)
== |%+2 kZO O2k-+1COS———————— —2 kZO Oak+2SIN———=———

then we have

f(to+(i—-1)8) =g(to+(i—1))A

Now suppose we want to discover the dominant frequencies, forming the Yeotdength(n + 1)/2 as
follows:

Po = |qo
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Ro=1/0 »+0 1 k=1,2,..., (n-1)/2

These numbers correspond to the energy in the spectrum of the signal. In parfficataresponds to
the energy level at frequency

k k n-1
TZE k=0,l,...,?

Furthermore, note that there are ofiyt 1) /2 =~ T /(2A) resolvable frequencies wherobservations
are taken. This is related to the Nyquist phenomenon, which is induced by discrete sampling of a
continuous signal. Similar relations hold for the case wihéneven.

If the Backward method is used, then the backward transform is computedisléven, then the
backward transform is

n/2-2

n/271 ( l)m
-2 Pak+2Sin
2,

27 (k + 2x(k+1)m
Om = p0+(—1)mpn—1+2 Z kaHCOSf g
k=0
If nis odd,

(n3)/2 2n(k+1m (32 _ 2m(k+1)m
Om=Po+2 Z} Pok+1 003¥ -2 Z) P2 smg
K= K

The backward Fourier transform is the unnormalized inverse of the forward Fourier transform.

FFT is based on the real FFT in FFTPACK, which was developed by Paul Swarztrauber at the National
Center for Atmospheric Research.

Constructor

FFT
public FFT(int n)

Description
Constructs an FFT object.
Parameter
n — A int which specifies the array size that this object can handle.
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Methods

Backward
public double[] Backward(double[] coef)

Description
Compute the real periodic sequence from its Fourier coefficients.
Parameter

coef — A double array containing the Fourier coefficients.

Returns
A double array containing the periodic sequence.

Forward
public double[] Forward(double[] seq)

Description
Compute the Fourier coefficients of a real periodic sequence.
Parameter

seq — A double array containing the sequence to be transformed.

Returns
A double array containing the transformed sequence.

Example: Fast Fourier Transform

The Fourier coefficients of a periodic sequence are computed. The coefficients are then used to
reproduce the periodic sequence.

using System;
using Imsl.Math;

public class FFTEx1
{
public static void Main(String[] args)
{
double[] x = new double[]{1, 2, 3, 4, 5, 6, 7, 8};
FFT fft = new FFT(x.Length);

double[] y = fft.Forward(x);
double[] z = fft.Backward(y);
for (int i = 0; i < x.Length; i++)
{

z[i] = z[i] / x.Length;

}

new PrintMatrix("x").Print(x);
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new PrintMatrix("y").Print(y);
new PrintMatrix("z") .Print(z);

}
}
Output
X

0
0 1
1 2
2 3
3 4
4 5
5 6
6 7
7 8

y
0
0 36
1 -4
2 9.65685424949238
3 -4
4 4
5 -4
6 1.65685424949238
7 -4
z

0
0 1
1 2
2 3
3 4
4 5
5 6
6 7
7 8

ComplexFFT Class

public class Imsl.Math.ComplexFFT
Complex FFT.

ClassComplexFFT computes the discrete complex Fourier transform of a complex vector diisidee
method used is a variant of the Cooley-Tukey algorithm, which is most efficient Wigea product of
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small prime factors. IN satisfies this condition, then the computational effort is proportionilitmg N.
This considerable savings has historically led people to refer to this algorithm as the “fast Fourier
transform” or FFT.

Specifically, given aiN-vectorx, methodForward returns
N-1 )
Cm = %Xnefhnnm/N
n=!

Furthermore, a vector of Euclidean no8is mapped into a vector of norm

VNS

Finally, note that we can invert the Fourier transform as follows:

1 N-1

X= JZocmezmnj/m

This formula reveals the fact that, after properly normalizing the Fourier coefficients, one has the
coefficients for a trigonometric interpolating polynomial to the data. An unnormalized inverse is
implemented irBackward. ComplexFFT is based on the complex FFT in FFTPACK. The package,
FFTPACK was developed by Paul Swarztrauber at the National Center for Atmospheric Research.

Specifically, given aiN-vectorc, Backward returns
N
Sn= Zocnezmnm/N
n=

Furthermore, a vector of Euclidean no8is mapped into a vector of norm

VNS

Finally, note that we can invert the inverse Fourier transform as follows:

N-1
Ch= N Z Sme727t|nm/N
m=0

This formula reveals the fact that, after properly normalizing the Fourier coefficients, one has the
coefficients for a trigopnometric interpolating polynomial to the dateckward is based on the complex
inverse FFT in FFTPACK. The package, FFTPACK was developed by Paul Swarztrauber at the National
Center for Atmospheric Research.
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Constructor

ComplexFFT
public ComplexFFT(int n)

Description
Constructs a complex FFT object.
Parameter
n — A int which specifies the array size that this object can handle.

Methods

Backward
public Imsl.Math.Complex[] Backward(Imsl.Math.Complex[] coef)

Description
Compute the complex periodic sequence from its Fourier coefficients.
Parameter

coef — A Complex array of Fourier coefficients.

Returns
A Complex array containing the periodic sequence.

Forward
public Imsl.Math.Complex[] Forward(Imsl.Math.Complex[] seq)

Description
Compute the Fourier coefficients of a complex periodic sequence.

Parameter
seq — A Complex array containing the sequence to be transformed.

Returns
A Complex array containing the transformed sequence.

Example: Complex FFT

The Fourier coefficients of a complex periodic sequence are computed. Then the coefficients are used to
try to reproduce the periodic sequence.

using System;
using Imsl.Math;
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public class ComplexFFTEx1
{
public static void Main(String[] args)
{
Complex[] x = new Complex[]{
new Complex(1l, 8), new Complex(2, 7), new Complex(3, 6),
new Complex(4, 5), new Complex(5, 4), new Complex(6, 3),
new Complex(7, 2), new Complex(8, 1)
};
ComplexFFT fft = new ComplexFFT(x.Length);

Complex[] y = fft.Forward(x);
Complex[] z = fft.Backward(y);
for (int i = 0; i < x.Length; i++)
{

z[i] /= x.Length;
}

new PrintMatrix("x").Print(x);
new PrintMatrix("y").Print(y);
new PrintMatrix("z").Print(z);

Output

1+81i
2471
3+61
4+5i
5+4i
6+31
7+21
8+1i

~NOoO O WO

y
0

36+361
5.65685424949238+13.65685424949241
+81
-2.34314575050762+5.656854249492381
-4+41
-5.65685424949238+2.343145750507621
-8
-13.6568542494924-5.656854249492381

~NOoO o WO

z

0
1+81i
2471
3+61
4+5i
5+4i

> W N~ O
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5 6+3i
6 T7+2i
7 8+1i

314 ¢ ComplexFFT IMSL C# Numerical Library



Chapter 7. Nonlinear Equations

Types

classZeroPolynomial . ... ... e 316.
ClaSSZEIOSFUNCHION . . . ..ottt ettt et e e e e 320..
interfaceZerosFUNCLoN.IFUNCHON . . ... .o 326..
ClaS S IO S Y S M . .ttt 327..
interfaceZeroSystem.IFUNCLION . . ... ...t 332.
interfaceZeroSystem.lJacobian .. ... ... 333..

Usage Notes
Zeros of a Polynomial

A polynomial function of degrea can be expressed as follows:

p(2) =anZ'n+an 12"+ fazta

wherea, # 0. TheZeroPolynomial class finds zeros of a polynomial with real or complex coefficients
using Aberth’s method.

Zeros of a Function
TheZeroFunction class uses Muller's method to find the real zeros of a real-valued function.
Root of System of Equations

A system of equations can be stated as follows:

fix)=0,for i=1,2,...,n

wherex € R", andf; : R" — R. TheZeroSystemn class uses a modified hybrid method due to M.J.D.
Powell to find the zero of a system of nonlinear equations.
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ZeroPolynomial Class

public class Imsl.Math.ZeroPolynomial

The ZeroPolynomial class computes the zeros of a polynomial with complex coefficients, Aberth’s
method.

This class is a translation of a Fortran code written by Dario Andrea Bini, University of Pisa, Italy
(bini@dm.unipi.it). Numerical computation of polynomial zeros by means of Aberth’s method,
Numerical Algorithms, 13 (1996), pp. 179-200.

The original Fortran code includes the following notice.

All the software contained in this library is protected by copyright Permission to use, copy, modify, and
distribute this software for any purpose without fee is hereby granted, provided that this entire notice is
included in all copies of any software which is or includes a copy or modification of this software and in
all copies of the supporting documentation for such software.

THIS SOFTWARE IS BEING PROVIDED “AS IS, WITHOUT ANY EXPRESS OR IMPLIED
WARRANTY. IN NO EVENT, NEITHER THE AUTHORS, NOR THE PUBLISHER, NOR ANY
MEMBER OF THE EDITORIAL BOARD OF THE JOURNAL “NUMERICAL ALGORITHMS”,
NOR ITS EDITOR-IN-CHIEF, BE LIABLE FOR ANY ERROR IN THE SOFTWARE, ANY MISUSE
OF IT OR ANY DAMAGE ARISING OUT OF ITS USE. THE ENTIRE RISK OF USING THE
SOFTWARE LIES WITH THE PARTY DOING SO. ANY USE OF THE SOFTWARE
CONSTITUTES ACCEPTANCE OF THE TERMS OF THE ABOVE STATEMENT.

Property

Maximumiterations
public int MaximumIterations {get; set; }

Description
The maximum number of iterations allowed.
Property Value
An int which specifies the maximum number of iterations allowed. The default value is 30.
Exception
System.ArgumentException isthrown ifMaxIterations is less than or equal to zero
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Constructor

ZeroPolynomial
public ZeroPolynomial()

Description
Creates an instance of the solver.

Methods

ComputeRoots
public Imsl.Math.Complex[] ComputeRoots(double[] coef)

Description
Computes the roots of the polynomial with real coefficients.

p(x) = coefn] x X"+ coefn— 1] x x"~1 4-... + coef0]

Parameter
coef — A double array containing the polynomial coefficients.

Returns
A Complex array containing the roots of the polynomial.
Exception
Imsl.Math.DidNotConvergeException is thrown if the iteration did not converge.

ComputeRoots
public Imsl.Math.Complex[] ComputeRoots(Imsl.Math.Complex[] coef)

Description

Computes the roots of the polynomial with Complex coefficients.

p(x) = coefln] x X"+ coefn— 1] x X"+ ...+ coef0]

Parameter
coef — A Complex array containing the polynomial coefficients.

Returns
A Complex array containing the roots of the polynomial.
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Exception
Imsl.Math.DidNotConvergeException is thrown if if the iteration for the zeros did not
converge.

GetRadius
public double GetRadius(int index)

Description
Returns an a-posteriori absolute error bound on the root.
Parameter
index — An int specifying the (0-based) index of the root whose error bound is to be returned.

Returns

A double representing the error bound on the index-th root.

Remarks

NaN is returned if the corresponding root cannot be represented as floating point due to overflow or
underflow or if the roots have not yet been computed.

GetRoot
public Imsl.Math.Complex GetRoot(int index)

Description
Returns a zero of the polynomial.
Parameter
index — An int which specifies the (0-based) index of the root to be returned.

Returns
A Complex Which represents the index-th root of the polynomial.

GetRoots
public Imsl.Math.Complex[] GetRoots()

Description

Returns the zeros of the polynomial.

Returns

A Complex array containing the roots of the polynomial.

GetStatus
public bool GetStatus(int index)

Description
Returns the error status of a root.
Parameter
index — An int representing the (0-based) index of the root whose error status is to be returned.
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Returns
A bool representing the error status on the index-th root.
Remarks

It is false if the approximation of the index-th root has been carried out successfully, for example, the
computed approximation can be viewed as the exact root of a slightly perturbed polynomial. It is true if
more iterations are needed for the index-th root.

Example 1: Zeros of a Polynomial

The zeros of a polynomial with real coefficients are computed.

using System;
using Imsl.Math;

public class ZeroPolynomialEx1

{
public static void Main(String[] args)
{
double[] coef = new double[]l{- 2, 4, - 3, 1};
ZeroPolynomial zp = new ZeroPolynomial();
Complex[] root = zp.ComputeRoots(coef);
for (int k = 0; k < root.Length; k++)
{
Console.Out.WriteLine("root = " + root[k]);
Console.Out.WriteLine (" radius = " + zp.GetRadius(k));
Console.Out.WriteLine (" status = " + zp.GetStatus(k));
}
}
}
Output

root = 0.99999999999999978-0.99999999999999978i
radius = 1.99006775678924E-14
status = False

root = 1.0000000000000004+1.00000000000000021
radius = 1.96185227616234E-14
status = False

root = 0.99999999999999989-1.6543612251060553E-241
radius = 2.04503081135961E-14
status = False

Example 2: Zeros of a Polynomial with Complex Coefficients
The zeros of a polynomial with Complex coefficients are computed.

using System;
using Imsl.Math;
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public class ZeroPolynomialEx2

{
public static void Main(String[] args)
{
// Find zeros of z~3-(3+61)*2z"2+(-8+121)*z+10
Complex[] coef = new Complex[]{
new Complex(10),
new Complex(-8, 12),
new Complex(- 3, - 6),
new Complex(1)};
ZeroPolynomial zp = new ZeroPolynomial();
Complex[] root = zp.ComputeRoots(coef);
for (int k = 0; k < root.Length; k++)
{
Console.Out.WriteLine("root = " + rootl[k]);
Console.Out.WriteLine (" radius = " +
zp.GetRadius (k) .ToString("0.00e+0")) ;
Console.Out.WriteLine (" status = " + zp.GetStatus(k));
}
}
}
Output

root = 1.0000000000000004+1.00000000000000041
radius = 6.30e-14
status = False

root = 0.99999999999999944+2.00000000000000181
radius = 1.96e-13
status = False

root = 0.999999999999999+2.99999999999999871
radius = 1.47e-13
status = False

ZerosFunction Class

public class Imsl.Math.ZerosFunction

Finds the real zeros of a real, continuous, univariate funct{gh,

ZerosFunction computes real zeros of a real, continuous, univariate funcfiofihe search for the
zeros of the function can be limited to a specified interval, or extended over the entire real line. The
algorithm is generally more efficient if an interval is specified. The user supplied funffi@must
return valid results for all values in the specified interval. If no interval is given, the user-supplied

function must return valid results for all real numbers.
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The function has two convergence criteria. The first criterion accepts axydiot,
)<z

wheret = Error, see propertgrror.

The second criterion accepts a root if it is known to be inside of an interval of length at most
AbsoluteError, see propertybsoluteError.

Aroot is accepted if it satisfies either criteria and is not withih imumSeparation of another
accepted root, see propeMynimumSeparation.

If initial guesses for the roots are giveniiNer's method (Miller 1956) is used for each of these guesses.
For each guess, theiMer iteration is stopped if the next step would be outside of the bound, if given.
The iteration is also stopped if the algorithm cannot make further progress in finding a root.

If no guesses for the zeros were given, or iiilMr's method with the guesses did not find the requested
number of roots, a meta-algorithm, combiningilMr's and Brent’s methods, is used.iNer's method is
used primarily to find the roots of functions, suchfdg) = x?, where the function does not cross the
y=0 line. Brent's method is used to find other types of roots.

The meta-algorithm successively refines the interval using a one-dimensional Faure low-discrepancy
sequence. The Faure sequence may be scaled by setting the bound interval [a,b] (&ingdteds
method. The Faure sequence will be scaled from (0,1) to (a,b).

If no bound on the function’s domain is given, the entire real line must be searched for roots. In this case
the Faure sequence is scaled from (0, 1)-eo, +) using the mapping

h(u) = XScale tan(r(u—1/2))

whereXScale is set by th&XScale property.

At each step of the iteration, the next point in the Faure sequence is added to the list of breakpoints
defining the subintervals. Call the poinis= a,x1 = b, x2,X3,.... The new pointxs splits an existing
subintervalXp, Xg]-

The function is evaluated at. If its value is small enough, specifically if
|f (xs)| < MullerTolerance

then Muller's method is used witRp, Xq andxs as starting values. If a root is found, it is added to the list
of roots. If more roots are required, the new Faure point is used.

If M Uller's method did not find a root using the new point, the function value at the point is compared
with the function values at the endpoints of the subinterval it divides(Xf) f (xs) < 0 and no root has
previously been found ifxp, xs|, then Brent's method is used to find a root in this interval. Similarly, if
the function changes sign over the interfral X4}, and a root has not already been found in the
subinterval, Brent's method is used.
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Properties

AbsoluteError
virtual public double AbsoluteError {get; set; }

Description
The second convergence criterion.
Property Value

A double value specifying the second convergence criterion. A root is accepted if the absolute value of
the function at the point is less than or equablt@oluteError. AbsoluteError must be greater than
or equal to 0.0.

Default: AbsoluteError = 2.22e-14
Remarks

The second criterion accepts a root if the root is known to be inside an interval of length at most
AbsoluteError.

AllConverged
virtual public bool AllConverged {get; }

Description
Returns true if the iterations for all of the roots have converged.
Property Value

A bool representing status of the roots convergenteConverged = true if the iterations for all of
the roots converged.

Error
virtual public double Error {get; set; }

Description

First convergence criterion.

Property Value

A double containing the first convergence criteri®@xror must be greater than or equal to 0.0.
Default: Error = 2.0e-8kScale.

Remarks

Aroot is accepted if it is bracketed within an interval of leng#ror, | f (x)| < 7, wheret = Error.

MaxEvaluations
virtual public int MaxEvaluations {get; set; }

Description
The maximum number of function evaluations allowed.
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Property Value

An int containing the maximum number of function evaluations allowed. Once this limit is reached, the
roots found are returned.

Default: MaxEvaluations= 100.
Remarks

MethodsAl1lConverged and propertyilumberOfRootsFound can be used to confirm whether or not the
number of roots requested were found within the maximum evaluations spet#ietizaluations
must be greater than or equal to 0.

MinimumSeparation
virtual public double MinimumSeparation {get; set; }

Description
Sets the minimum separation between accepted roots.
Property Value

A double containing the minimum separation between accepted roots. If two points satisfy the
convergence criteria, but are witlinnimumSeparation of each other, only one of the roots is
acceptedMinimumSeparation must be greater than or equal to 0.0.

Default: MinimumSeparation = 1.0e-8KScale.

MullerTolerance
virtual public double MullerTolerance {get; set; }

Description
Tolerance used during refinement to determineifilets method is started.
Property Value

A double containing the tolerance used during refinement to determine wheniitherlmethod is
used.

Default:MullerTolerance = 1.0e-8AbsoluteError
Remarks

Miller's method is started if, during refinement, a point is found for which the absolute value of the
function is less thaMullerTolerance and the point is not near an already discovered root. If
MullerTolerance is less than or equal to zero,iMer’s method is never used.

NumberOfEvaluations
virtual public int NumberOfEvaluations {get; }

Description

The actual number of function evaluations performed.

Property Value

An int containing the actual number of function evaluations performed.

NumberOfRoots
virtual public int NumberOfRoots {get; set; }
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Description
The requested number of roots to be found.
Property Value

An int containing the number of roots to be founaimber0fRoots must be greater than or equal to
zero.

Default: Number0OfRoots=1.

NumberOfRootsFound
virtual public int NumberOfRootsFound {get; }

Description
Returns the number of zeros found.

XScale
virtual public double XScale {get; set; }

Description
Sets the the scaling in the x-coordinate.
Property Value

A double containing the scaling in the x-coordinate. The absolute value of the roots dividesthye
should be about on&Scale must be greater than 0.0.

Default: XScale=1.0.

Remarks

If no bound on the function’s domain is given, the entire real line must be searched for roots. In this case
the Faure sequence is scaled from (0, 1(-te0, ) using the mapping

h(u) = XScale tan(z(u—1/2))

Constructor

ZerosFunction
public ZerosFunction()

Description
Creates an instance of the solver.
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Methods

ComputeZeros
virtual public double[] ComputeZeros(Imsl.Math.ZerosFunction.IFunction objectF)
Description
Returns the zeros of a univariate function.
Parameter
objectF — Contains the function for which the zeros will be found

Returns
A double array containing the zeros of the univariate function.

SetBounds
virtual public void SetBounds(double lowerBound, double upperBound)

Description
Sets the closed interval in which to search for the roots.
Parameters

lowerBound — adouble containing the lower interval boundowerBound cannot be greater than
or equal toupperBound.

upperBound — adouble containing the upper interval bound.

Remarks
The function must be defined for all values in this interval.
Default: The search for the roots is not bounded.

SetGuess
virtual public void SetGuess(double[] guess)

Description
Sets the initial guess for the zeros.
Parameter

guess — A double array containing the initial guesses for the number of zeros to be found. If a
bound on the zeros is also given, the guesses must satisfy the bound condition.

Example: Zeros of a Univariate Function

In this example 3 zeros of the sin function are found.

using System;
using Imsl.Math;

public class ZerosFunctionExl : ZerosFunction.IFunction
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public virtual double F(double x)

{
return Math.Sin(x);
}
public static void Main(String[] args)
{
ZerosFunction.IFunction fcn = new ZerosFunctionEx1();
ZerosFunction zf = new ZerosFunction();
double[] guess = new double[]{5, 18, - 6};
zf .SetGuess(guess) ;
double[] zeros = zf.ComputeZeros(fcn);
for (int k = 0; k < zeros.Length; k++)
{
Console.Out.WriteLine(zeros[k] + " = " + (zeros[k] / Math.PI) + " pi");
}
}
}
Output

-2.953824405026E-22 = -9.40231510170729E-23 pi
3.14159265358979 = 1 pi
6.28318530717959 2 pi

ZerosFunction.IFunction Interface

public interface Imsl.Math.ZerosFunction.IFunction

Public interface for the user supplied functiorzirosFunction. The user supplied functiof(x),
must return valid results for all values in the specified interval. If no interval is given, the user-supplied
function must return valid results for all real numbers.

Method

F
abstract public double F(double x)

Description
Returns the value of the function at the given point.
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Parameter
x — A double specifying the point at which the function is to be evaluated.

Returns
A double containing the value of the function at x.

ZeroSystem Class

public class Imsl.Math.ZeroSystem
Solves a system of n nonlinear equations f(x) = 0 using a modified Powell hybrid algorithm.

ZeroSystem is based on the MINPACK subroutit&BRD1, which uses a modification of M.J.D.
Powell’s hybrid algorithm. This algorithm is a variation of Newton’s method, which uses a
finite-difference approximation to the Jacobian and takes precautions to avoid large step sizes or
increasing residuals. For further description, see More et al. (1980).

A finite-difference method is used to estimate the Jacobian. Whenever the exact Jacobian can be easily
provided,f should implemenZeroSystem.IJacobian.

Note that one can use logging to generate intermediate output for the solver. Accumulated levels of
detail correspond t0onfig, Fine, Finer, andFinest logging levels withConfig yielding the
smallest amount of information amdnest yielding the most. The levels of output yield the following:

Level Output
Config Iteration increments are printed.
Fine Prints convergence tests.
Finer Intermediate solution values are provided.
Finest Tracks progress through internal methods.
Properties
Logger

public Imsl.Logger Logger {get; set; }

Description

TheLogger associated with this object.
Property Value

TheLogger associated with this object.
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Remarks
The Logger object enables logging.
Default: Logger mull

Maximumlterations
public int MaximumIterations {get; set; }

Description
The maximum number of iterations allowed.
Property Value
An int specifying the maximum number of iterations allowed.
Remarks
The default value is 200.
Exception
System.ArgumentException is thrown ifMaxIterations is less than or equal to zero

RelativeError
public double RelativeError {get; set; }

Description

The relative error tolerance.

Property Value

A double specifying the relative error tolerance.
Remarks

The root is accepted if the relative error between two successive approximations to this root is within
errorRelative. The default is the square root of the precision, about 1.0e-08.

Exception
System.ArgumentException isthrown ifRelativeError is less than O or greater than 1

Constructor

ZeroSystem
public ZeroSystem(int n)

Description
Creates an object to find the zeros of a system of n equations.

Parameter
n — The number of equations that the solver handles.
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Methods

SetGuess
public void SetGuess(double[] guess)

Description
Sets initial guess for the the solution.
Parameter
guess — A double array containing the initial guess.

Solve
public double[] Solve(Imsl.Math.ZeroSystem.IFunction f)

Description
Solve a system of nonlinear equations using the Levenberg-Marquardt algorithm.
Parameter
f — Defines &eroSystem. IFunction whose zero is to be found. ffimplements a
ZeroSystem.IJacobian then its Jacobian is used. Otherwise finite difference is used.
Returns
A double array containing the solution.
Exceptions

Imsl.Math.TooManyIterationsException is thrown if the maximum number of iterations is
exceeded

Imsl.Math.ToleranceTooSmallException is thrown if the error tolerance is too small
Imsl.Math.DidNotConvergeException is thrown if the algorithm does not converge

See Also: Imsl.Math.ZeroSystem.lJacobian3B3

Example 1: Solve a System of Nonlinear Equations

A system of nonlinear equations is solved.

using System;
using Imsl.Math;

public class ZeroSystemExl : ZeroSystem.IFunction

{

public void F(double[] x, double[] £f)

{
f[0] = x[0] + System.Math.Exp(x[0] - 1.0) + (x[1] + x[2]) *

(x[1]1 + x[2]) - 27.0;

f[1] = System.Math.Exp(x[1] - 2.0) / x[0] + x[2] * x[2] - 10.0;
f[2] = x[2] + System.Math.Sin(x[1] - 2.0) + x[1] * x[1] - 7.0;

}
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public static void Main(String[] args)
{

ZeroSystem zf = new ZeroSystem(3);
zf .SetGuess (new double[]{4, 4, 4});
new PrintMatrix("zeros") .Print(zf.Solve(new ZeroSystemEx1()));

Output

zZeros

0
0 0.99999999995498
1 2.00000000000656
2 2.99999999999468

Example 2: Solve a System of Nonlinear Equations with Log-
ging

A system of nonlinear equations is solved with reduced accuracy and logging enabled.

using System;
using Imsl.Math;

public class ZeroSystemEx2 : ZeroSystem.IFunction

{

public void F(double[] x, double[] £f)

{
f[0] = 0.5 * x[0] + x[1] + 0.5 = x[2] - x[5] / x[6];
f[1] = x[2] + x[3] + 2 * x[4] - 2.0 / x[6];
f[2] = x[0] + x[1] + x[4] - 1 / x[6];
f[3] = -28837 * x[0] - 139009 * x[1] - 78213 * x[2] + 18927 *

x[3] + 8427 * x[4] + 13492 / x[6] - 10690 * x[5] / x[6];

£[4] = x[0] + x[1] + x[2] + x[3] + x[4] - 1;
f[5] = 400 * x[0] * x[3] * x[3] * x[3] - 178370.0 * x[2] * x[4];
f[6] = x[0] * x[2] - 2.6058 * x[1] * x[3];

}

public static void Main(String[] args)

{
ZeroSystem zf = new ZeroSystem(7);
zf .RelativeError = 0.01; // reduced accuracy
double[] guess = { 0.5, 0.0, 0.0, 0.5, 0.0, 0.5, 2.0 };
zf .SetGuess(guess) ;

// enable logging to the console
zf .Logger = new Imsl.Logger();
zf .Logger.LogLevel = Imsl.Logger.Level.Finer;
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new

Output

ZeroSystem:
ZeroSystem:
0.5

ZeroSystem:
ZeroSystem:
ZeroSystem:
ZeroSystem:
ZeroSystem:
ZeroSystem:

ZeroSystem:
ZeroSystem:
ZeroSystem:
ZeroSystem:
ZeroSystem:
ZeroSystem:

ZeroSystem:
ZeroSystem:
ZeroSystem:
ZeroSystem:
ZeroSystem:
ZeroSystem:

ZeroSystem:
ZeroSystem:
ZeroSystem:
ZeroSystem:
ZeroSystem:
ZeroSystem:

ZeroSystem:
ZeroSystem:
ZeroSystem:
ZeroSystem:
ZeroSystem:
ZeroSystem:

ZeroSystem:
ZeroSystem:
ZeroSystem:
ZeroSystem:
ZeroSystem:
ZeroSystem:

ZeroSystem:
ZeroSystem:
ZeroSystem:
ZeroSystem:

PrintMatrix("zeros") .Print (zf.Solve(new ZeroSystemEx2()));

Iteration 1

Current solution:

Convergence
Convergence
Convergence
Convergence
Iteration 2

if 0.214305934943747 <= 0.0217944947177034
if 881.854579848628 == 0.0
if 0.428611869887493 <= 0.0237140589837329
if 62.2023634352405 == 0.0

Current solution:
0.451941633824387

Convergence
Convergence
Convergence
Convergence
Iteration 3

if 0.214305934943747 <= 0.0237140589837329
if 62.2023634352405 == 0.0
if 0.214305934943747 <= 0.0256689283849008
if 48.6311502628328 == 0.0

Current solution:
0.410355683664779

Convergence
Convergence
Convergence
Convergence
Iteration 4

if 0.107152967471873 <= 0.0256689283849008
if 48.6311502628328 == 0.0
if 0.214305934943747 <= 0.026655240629938
if 24.594369376895 == 0.0

Current solution:
0.389763013577616

Convergence
Convergence
Convergence
Convergence
Iteration 5

if 0.107152967471873 <= 0.026655240629938
if 24.594369376895 == 0.0
if 0.214305934943747 <= 0.0276551655584895
if 11.2333356734159 == 0.0

Current solution:
0.371417874014809

Convergence
Convergence
Convergence
Convergence
Iteration 6

if 0.107152967471873 <= 0.0276551655584895
if 11.2333356734159 == 0.0
if 0.214305934943747 <= 0.0286672864029196
if 4.27372353401102 == 0.0

Current solution:
0.355229191830464

Convergence
Convergence
Convergence
Convergence
Iteration 6

if 0.107152967471873 <= 0.0286672864029196
if 4.27372353401102 == 0.0
if 0.0535764837359367 <= 0.0286672864029196
if 4.27372353401102 == 0.0

Current solution:
0.355229191830464

Convergence
Convergence
Iteration 7

if 0.107152967471873 <= 0.0291782082184281
if 1.33974481695402 == 0.0

Current solution:
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0.347853157507777
ZeroSystem: Convergence if 0.0535764837359367 <= 0.0291782082184281

ZeroSystem: Convergence if 1.33974481695402 == 0.0
ZeroSystem: Convergence if 0.0535764837359367 <= 0.0296908704988974
ZeroSystem: Convergence if 1.21901505512876 == 0.0

ZeroSystem: Iteration 8
ZeroSystem: Current solution:
0.341044692677201
ZeroSystem: Convergence if 0.0267882418679683 <= 0.0296908704988974
ZeroSystem: Convergence if 1.21901505512876 == 0.0
zeros
0
.341044692677201
.0080070341885894
.0406562347121202
.605298573689315
.00418754444673453
.564491500544133
.83061739420516

O WNN RO
NOOOOOOo

ZeroSystem.IFunction Interface

public interface Imsl.Math.ZeroSystem.IFunction

Public interface for user supplied functionZeroSystem object.

Method

F
abstract public void F(double[] x, double[] fvalue)

Description
On return,fvalue contains the function value at the given point.
Parameters

x — A double array which contains the point at which the function is to be evaluated. The contents
of this array must not be altered by this function.

fvalue — A double array which, on return, contains the value of the functiox. at
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ZeroSystem.lJacobian Interface

public interface Imsl.Math.ZeroSystem.IJacobian :
Imsl.Math.ZeroSystem.IFunction

Public interface for user supplied functionZeroSystem object.

Method

Jacobian
abstract public void Jacobian(double[] x, double[,] jac)

Description
On return,jac contains the value of the Jacobian at the given point.
Parameters

x — A double array which contains the point at which the Jacobian is to be evaluated. The contents
of this array must not be altered by this function.

jac — A double matrix which, on return, contains the value of the Jacobian @he value of
jac[i,j] is the derivative of f[i] with respect ta[j].
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Chapter 8: Optimization
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Usage Notes
Unconstrained Minimization

The unconstrained minimization problem can be stated as follows:

min f (X

xeR" ( )

wheref : R" — R is continuous and has derivatives of all orders required by the algorithms. The
functions for unconstrained minimization are grouped into three categories: univariate functions,
multivariate functions, and nonlinear least-squares functions.

For the univariate functions, it is assumed that the function is unimodal within the specified interval. For
discussion on unimodality, see Brent (1973).

The class1inUnconMultiVar finds the minimum of a multivariate function using a quasi-Newton
method. The default is to use a finite-difference approximation of the gradiéx).oflere, the gradient
is defined to be the vector

_[df(x) df(x) af(x)

OF (9 = oxy = dx ' dXn

However, when the exact gradient can be easily provided, the gradient should be provided by
implementing the interfacéinUnconMultiVar.Gradient. TheNumericalDerivatives class can

also be used in computing the gradientfiabnUnconMultiVar as well as other classes. For an example,
seeNumericalDerivatives Example 6.

The nonlinear least-squares function uses a modified Levenberg-Marquardt algorithm. The most
common application of the function is the nonlinear data-fitting problem where the user is trying to fit
the data with a nonlinear model.

These functions are designed to find only a local minimum point. However, a function may have many
local minima. Try different initial points and intervals to obtain a better local solution.

Linearly Constrained Minimization
The linearly constrained minimization problem can be stated as follows:
xne"Rn“ it
subjecttoA;x = by
wheref : R" — R, A; is a coefficient matrix, anb; is a vector. Iff(x) is linear, then the problem is a
linear programming problem. f{x) is quadratic, the problem is a quadratic programming problem.

The clas®enseLP can be used to solve small- to medium-sized linear programming problems. No
sparsity is assumed since the coefficients are stored in full matrix form.

The clasfuadraticProgramming is designed to solve convex quadratic programming problems using
a dual quadratic programming algorithm. If the given Hessian is not positive definite, then
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QuadraticProgramming modifies it to be positive definite. In this case, output should be interpreted
with care because the problem has been changed slightly. Here, the Hed@§isafefined to be tha
X nmatrix

02 (x) = [ aj;xj f (x)}

Nonlinearly Constrained Minimization

The nonlinearly constrained minimization problem can be stated as follows:

min f (x)
xeRN
subjecttog; (x) =0 fori=1,2, ..., m

g(x)>0fori=m+1,...,m

wheref :R" - Randgi:R"— R, fori=1,2,....m

The class1inConNLP uses a sequential equality constrained quadratic programming algorithm to solve
this problem. A more complete discussion of this algorithm can be found in the documentation.

Return Values from User-Supplied Functions

All values returned by user-supplied functions must be valid real numbers. It is the user’s responsibility
to check that the values returned by a user-supplied function do not contain NaN, infinity, or negative
infinity values.

Example: Minimum of a smooth function

The minimum ofe* — 5x is found using function evaluations only.

using System;
using Imsl.Math;

public class OptimizationIntroExl : MinUncon.IFunction
{
public double F(double x)
{
double y = Math.Exp(x) - 5.0 * x;
if (!(Double.IsNaN(y)))
{
return y;
}
else
{
return 0.0;
}
}

public static void Main(Stringl[] args)
{

MinUncon zf = new MinUncon();
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zf.Guess = 0.0;

zf.Accuracy = 0.001;

MinUncon.IFunction fcn = new OptimizationIntroEx1();
Console.Write("Minimum is " + zf.ComputeMin(fcn));

MinUncon Class

public class Imsl.Math.MinUncon

Finds the minimum point for a smooth univariate function using function and optionally first derivative
evaluations.

MinUncon uses two separate algorithms to compute the minimum depending on what the user supplies
as the functiort.

If £ defines the function whose minimum is to be foutichUncon uses a safeguarded quadratic
interpolation method to find a minimum point of a univariate function. Both the code and the underlying
algorithm are based on the routineLSF written by M.J.D. Powell at the University of Cambridge.

MinUncon finds the least value of a univariate functiémwheref is aMinUncon . IFunction. Optional

data include an initial estimate of the solution, and a positive number specified Byithé property.

Let Xp = GuesswvhereGuess is specified by th€uess property and = Bound thenx is restricted to

the interval[xg — b, xo + b]. Usually, the algorithm begins the search by moving fogno x = Xp +,

wheres = Step Step is set by theStep property. IfStep is not called therstep is set to0.1 Step may

be positive or negative. The first two function evaluations indicate the direction to the minimum point,
and the search strides out along this direction until a bracket on a minimum point is found or until
reaches one of the boungs=x b. During this stage, the step length increases by a factor of between two
and nine per function evaluation; the factor depends on the position of the minimum point that is
predicted by quadratic interpolation of the three most recent function values.

When an interval containing a solution has been found, we will have three paints, andxs, with

X1 < Xp < xgandf(xz) < f(x1) andf(xz) < f(x3). There are three main ingredients in the technique for
choosing the new from these three points. They are (i) the estimate of the minimum point that is given

by quadratic interpolation of the three function values, (ii) a tolerance paramétet depends on the
closeness dfto a quadratic, and (iii) whetheg is near the center of the range betwagmandxs or is

relatively close to an end of this range. In outline, the new valuei®fis near as possible to the

predicted minimum point, subject to being at leastom x,, and subject to being in the longer interval
betweerx; andx, or X, andxz whenx; is particularly close tx; or x3. There is some elaboration,

however, when the distance between these points is close to the required accuracy; when the distance is
close to the machine precision; or whers relatively large.

The algorithm is intended to provide fast convergence whes a positive and continuous second
derivative at the minimum and to avoid gross inefficiencies in pathological cases, such as
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f (x) =x+1.001)x|

The algorithm can make large automatically in the pathological cases. In this case, it is usual for a new
value ofx to be at the midpoint of the longer interval that is adjacent to the least calculated function

value. The midpoint strategy is used frequently when changeareodominated by computer rounding

errors, which will almost certainly happen if the user requests an accuracy that is less than the square
root of the machine precision. In such cases, the routine claims to have achieved the required accuracy if
it knows that there is a local minimum point within distaritef x, whered = xacg specified by the

Accuracy property even though the rounding errord may cause the existence of other local minimum
points nearby. This difficulty is inevitable in minimization routines that use only function values, so high
precision arithmetic is recommended.

If fis aMinUncon.IDerivative thenMinUncon uses a descent method with either the secant method
or cubic interpolation to find a minimum point of a univariate function. It starts with an initial guess and
two endpoints. If any of the three points is a local minimum point and has least function value, the
routine terminates with a solution. Otherwise, the point with least function value will be used as the
starting point.

From the starting point, say, the function valud. = f(x;), the derivative valug. = g(x.), and a new
pointx, defined byx, = X; — gc are computed. The functiofy = f(x,), and the derivativg, = g(Xn)

are then evaluated. If eithdg > f. or g, has the opposite sign gf, then there exists a minimum point
betweernx; andx,; and an initial interval is obtained. Otherwise, sirxgés kept as the point that has
lowest function value, an interchange betwegandx. is performed. The secant method is then used to
get a new point

gn*gc)

X=X =0l — -

Let x, <+ Xs and repeat this process until an interval containing a minimum is found or one of the
convergence criteria is satisfied. The convergence criteria are as follows:
Criterion 1:

X —Xn| < &
Criterion 2:
|gc| < &g

wheree; = max{1.0, |x¢|} €, € is a relative error tolerance amgdis a gradient tolerance.

When convergence is not achieved, a cubic interpolation is performed to obtain a new point. The
function and derivative are then evaluated at that point; and accordingly, a smaller interval that contains a

Optimization MinUncon e 339



minimum point is chosen. A safeguarded method is used to ensure that the interval reduces by at least a
fraction of the previous interval. Another cubic interpolation is then performed, and this procedure is
repeated until one of the stopping criteria is met.

Properties

Accuracy
public double Accuracy {get; set; }

Description
The required absolute accuracy in the final value returned bgdiiputeMin method.
Property Value

A double scalar value specifying the required absolute accuracy in the final value returned by the
ComputeMin method.

Remarks
By default, the required accuracy is set to 1.0e-8.

Bound
public double Bound {get; set; }

Description
The amount by which X may be changed from its initial valtigsss.
Property Value

A double scalar value specifying the amount by which X may be changed from its initial value. In other
words, X is restricted to the intervalfess-Bound, Guess+Bound].

Remarks
By default,Bound is set to 100.

DerivTolerance
public double DerivTolerance {get; set; }

Description

The derivative tolerance used by member metbatbuteMin to decide if the current point is a local
minimum.

Property Value
A double scalar value specifying the derivative tolerance used by member methpdteMin.
Remarks

This is the second stopping criterioxis returned as a solution wh&(x) is less than or equal to
DerivTolerance. DerivTolerance should be nonnegative, otherwise zero will be used. By default,
DerivTolerance is set to 1.0e-8.
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Guess
public double Guess {get; set; }

Description

The initial guess of the minimum point of the input function.

Property Value

A double scalar value specifying the initial guess of the minimum point of the input function.
Remarks

By default, an initial guess of 0.0 is used.

Step
public double Step {get; set; }

Description
The stepsize to use when changing
Property Value

A double scalar value specifying the order of magnitude estimate of the required chaxgdan
stepping towards the minimum.

Remarks
By default,Step is set to 0.1.

Constructor

MinUncon
public MinUncon()

Description
Unconstrained minimum constructor for a smooth function of a single variable ofitypiel e.

Method

ComputeMin
public double ComputeMin(Imsl.Math.MinUncon.IFunction f)

Description

Return the minimum of a smooth function of a single variable of gg@&1le using function values only
or using function values and derivatives.
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Parameter

f — TheMinUncon. IFunction whose minimum is to be found. An attempt to find the minimum is
made using function values only.

Returns
A double scalar value containing the minimum of the input function.

Example 1: Minimum of a smooth function

The minimum ofe* — 5x is found using function evaluations only.

using System;
using Imsl.Math;

public class MinUnconEx1l : MinUncon.IFunction

{
public double F(double x)
{
return Math.Exp(x) - 5.0 * x;
}
public static void Main(String[] args)
{
MinUncon zf = new MinUncon();
zf.Guess = 0.0;
zf.Accuracy = 0.001;
MinUncon.IFunction fcn = new MinUnconEx1();
Console.Out.WriteLine ("Minimum is " + zf.ComputeMin(fcn));
}
}
Output

Minimum is 1.60941759992002

Example 2: Minimum of a smooth function

The minimum ofe* — 5x is found using function evaluations and first derivative evaluations.

using System;
using Imsl.Math;

public class MinUnconEx2 : MinUncon.IDerivative

{
public double F(double x)
{
return Math.Exp(x) - 5.0 * x;
}

public double Derivative(double x)
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return Math.Exp(x) - 5.0;

public static void Main(String[] args)

{
MinUncon zf = new MinUncon();
zf.Guess = 0.0;
zf .Accuracy = .001;
double x = zf.ComputeMin(new MinUnconEx2());
Console.Out.WriteLine("x = " + x);
}
¥
Output

x = 1.61001131622703

MinUncon.IFunction Interface

public interface Imsl.Math.MinUncon.IFunction

Interface for the user supplied function for the smooth function of a single variable to be minimized.

Method

F
abstract public double F(double x)

Description
Smooth function of a single variable to be minimized.
Parameter
x — A double, the point at which the function is to be evaluated.

Returns
A double, the value of the function at x.
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MinUncon.IDerivative Interface

public interface Imsl.Math.MinUncon.IDerivative : Imsl.Math.MinUncon.IFunction

Interface for the smooth function of a single variable to be minimized and its derivative.

Method

Derivative
abstract public double Derivative(double x)

Description
Derivative of the smooth function of a single variable to be minimized.
Parameter
x — A double, the point at which the derivative of the function is to be evaluated.

Returns
A double, the value of the derivative of the function:at

MinUnconMultiVar Class

public class Imsl.Math.MinUnconMultiVar
Minimizes a multivariate function using a quasi-Newton method.

ClassMinUnconMultivar uses a quasi-Newton method to find the minimum of a fundipoyof n
variables. The problem is stated as follows:

i 19

Given a starting pointc, the search direction is computed according to the formula

d= _B_lgc

whereB is a positive definite approximation of the Hessian, gaib the gradient evaluated &t A line
search is then used to find a new point
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Xn= X+Ad,A >0

such that

f(x)) < f(x)+ag'd, ac(0,0.5)

Finally, the optimality condition|g(x)|| < € wheree is a gradient tolerance.

When optimality is not achieved is updated according to the BFGS formula

.
B.p._BsSB
sTBs yTs

wheres = x, — Xc andy = g, — gc. Another search direction is then computed to begin the next iteration.
For more details, see Dennis and Schnabel (1983, Appendix A).

In this implementation, the first stopping criterion ftimUnconMultivar occurs when the norm of the
gradient is less than the given gradient tolerance propardientTolerance. The second stopping
criterion forMinUnconMultivar occurs when the scaled distance between the last two steps is less than
the step tolerance propertepTolerance.

Since by default, a finite-difference method is used to estimate the gradient. An inaccurate estimate of
the gradient may cause the algorithm to terminate at a noncritical point. Supply the gradient for a more
accurate gradient evaluationihConMultiVar.IGradient).

Properties

Digits
public double Digits {get; set; }
Description
The number of good digits in the function.
Property Value
A double scalar value specifying the number of good digits in the user supplied function.
Remarks
By default,Digits is set to 15.75.
Exception
System.ArgumentException is thrown ifDigits is less than or equal to O
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ErrorStatus
public int ErrorStatus {get; }

Description

The non-fatal error status.

Property Value

An int specifying the non-fatal error status:

ErrorStatus Meaning
1 The last global step failed to locate a lower point than the curfent
x value. The current may be an approximate local minimizer and
Nno more accuracy is possible or the step tolerance may be too large.
2 Relative function convergence; both the actual and predicted rela-
tive reductions in the function are less than or equal to the relative

function convergence tolerance.
3 Scaled step tolerance satisfied; the current point may be an approx-
imate local solution, or the algorithm is making very slow progress

and is not near a solution, or the step tolerance is too big.

Fscale
public double Fscale {get; set; }

Description
The function scaling value for scaling the gradient.
Property Value
A double scalar specifying the function scaling value for scaling the gradient.
Remarks
By default, the value of this scalar is set to 1.0.
Exception
System.ArgumentException is thrown ifFscale is less than or equal to O

GradientTolerance
public double GradientTolerance {get; set; }

Description

The gradient tolerance used to compute the gradient.

Property Value

A double specifying the gradient tolerance used to compute the gradient.

Remarks

By default, the cube root of machine precision squared is used to compute the gradient.
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Exception
System.ArgumentException isthrown ifGradientTolerance is less than or equal to O

Ihess

public int Ihess {get; set; }

Description

The Hessian initialization parameter.

Property Value

An int scalar value specifying the Hessian initialization parameter.
Remarks

By default,Ihess is set to 0.0 and the Hessian is initialized to the identity matrix. If this member
function is called andhess is set to anything other than 0.0, the Hessian is initialized to the diagonal
matrix containing

max(abs(f(xguess)),fscale)*xscale*xscale

where xguess is the initial guess of the computed solution and xscale is the scaling vector for the
variables.

lterations
public int Iterations {get; }

Description

The number of iterations used to compute a minimum.

Property Value

An int specifying the number of iterations used to compute the minimum.

MaximumStepsize
public double MaximumStepsize {get; set; }

Description
The maximum allowable stepsize to use.
Property Value
A nonnegativelouble value specifying the maximum allowable stepsize.
Remarks
By default, maximum stepsize is set to a value based on a seatad.
Exception
System.ArgumentException is thrown ifMaximumStepsize is less than or equal to O

MaxIterations
public int MaxIterations {get; set; }

Description
The maximum number of iterations allowed.
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Property Value
An int specifying the maximum number of iterations allowed.
Remarks
By default, the maximum number of iterations is set to 100.
Exception
System.ArgumentException isthrown ifMaxIterations is less than or equalto O

NumberOfProcessors
public int NumberOfProcessors {get; set; }

Description

Perform the parallel calculations with the maximum possible number of processors set to
NumberOfProcessors.

Property Value
An int indicating the maximum possible number of processors to use.
Remarks

By default,NumberOfProcessors = Environment .ProcessorCount. If NumberOfProcessors is

set to a number less than 1 or greater thanironment . ProcessorCount,

Environment .ProcessorCount Will be used internally. This property has no effect if the application is
used with a scalar version of the IMSL C# Numerical Library.

Parallel
public bool Parallel {get; set; }

Description
Enable or disable performinginUnconMultiVar.IFunction.F in parallel.
Property Value

A bool indicating whether or not théinUnconMultiVar.IFunction.F calculations are to be
performed in parallel.

Remarks

By default,Parallel = true. This property has no effect if the application is used with a scalar version
of the IMSL C# Numerical Library.

StepTolerance
public double StepTolerance {get; set; }

Description

The scaled step tolerance to use when changing x.
Property Value

A double scalar value specifying the scaled step tolerance.
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Remarks
The i-th component of the scaled step between two points x and y is computed as
abs(x(i)-y(i))/max(abs(x(i)),1/xscale(i))
where xscale is the scaling vector for the variables.
By default, the scaled step tolerance is set to 3.66685e-11.
Exception
System.ArgumentException isthrown ifStepTolerance is less than or equal to 0

Constructor

MinUnconMultiVar
public MinUnconMultiVar(int n)

Description
Unconstrained minimum constructor for a function of n variables of qle.
Parameter

n — An int scalar value which defines the number of variables of the function whose minimum is
to be found.

Methods

ComputeMin
public double[] ComputeMin(Imsl.Math.MinUnconMultiVar.IFunction f)

Description

Return the minimum point of a function of n variables of tyjpmble using a finite-difference gradient
or using a user-supplied gradient.

Parameter
f — TheMinUnconMultiVar.IFunction whose minimum is to be found.

Returns
A double array containing the point at which the minimum of the input function occurs.
Remarks

£ can be used to supply a gradient of the functiort. ihplementsIGradient then the user-supplied
gradient is used. Otherwise, an attempt to find the minimum is made using a finite-difference gradient.
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Exceptions
Imsl.Math.FalseConvergenceException is thrown if the iterates appear to be converging to a
noncritical point

Imsl.Math.MaxIterationsException is thrown if the maximum number of iterations is
exceeded

Imsl.Math.UnboundedBelowException is thrown if five consecutive steps of the maximum
allowable stepsize have been taken, either the function is unbounded below, or has a finite
asymptote in some direction or the maximum allowable step size is too small

SetGuess
public void SetGuess(double[] guess)

Description
Sets the initial guess of the minimum point of the input function.
Parameter
guess — A double array specifying the initial guess of the minimum point of the input function.

Remarks
By default, the elements of this array are set to 0.0.

SetXscale
public void SetXscale(double[] xscale)

Description
Sets the diagonal scaling matrix for the variables.
Parameter
xscale — A double array specifying the diagonal scaling matrix for the variables.

Remarks
By default, the elements of this array are setto 1.0.
Exception

System.ArgumentException is thrown if any of the elements dkcale is less than or equal to
or equal to O

Example 1: Minimum of a multivariate function

The minimum of 100x, — x3)? + (1—x;)? is found using function evaluations only.

using System;
using Imsl.Math;

public class MinUnconMultiVarExl : MinUnconMultiVar.IFunction

{
public double F(double[] x)
{
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return 100.0 * ((x[1] - x[0] * x[0]) * (x[1] - x[0] * x[0])) +
(1.0 - x[0]) * (1.0 - x[0]);

public static void Main(String[] args)

{
MinUnconMultiVar solver = new MinUnconMultiVar(2);
solver.SetGuess(new double[]{- 1.2, 1.0});
double[] x = solver.ComputeMin(new MinUnconMultiVarEx1());
Console.Out.WriteLine
("Minimum point is (" + x[0] + ", " + x[1] + ")");
}
}
Output

Minimum point is (0.99999996726513, 0.99999993304521)

Example 2: Minimum of a multivariate function

The minimum of 100x, — x2)? + (1— x;)? is found using function evaluations and a user supplied
gradient.

using System;
using Imsl.Math;

public class MinUnconMultiVarEx2 : MinUnconMultiVar.IGradient

{

public double F(double[] x)

{
return 100.0 * ((x[1] - x[0] * x[0]) * (x[1] - x[0] * x[0])) +
(1.0 - x[0]) * (1.0 - x[01);
}
public void Gradient(double[] x, double[] gp)
{
gpl0] = - 400.0 * (x[1] - x[0] * x[0]) = x[0] - 2.0 *
(1.0 - x[01);
gpl1] = 200.0 * (x[1] - x[0] * x[0]);
}

public static void Main(String[] args)

{
MinUnconMultiVar solver = new MinUnconMultiVar(2);
solver.SetGuess(new double[]{- 1.2, 1.0});
double[] x = solver.ComputeMin(new MinUnconMultiVarEx2());
Console.Out.WriteLine
("Minimum point is (" + x[0] + ", " + x[1] + ")");
}
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Output
Minimum point is (0.999999966882301, 0.999999932254245)

MinUnconMultiVar.IFunction Interface

public interface Imsl.Math.MinUnconMultiVar.IFunction

Interface for the user supplied multivariate function to be minimized.

Method

F
abstract public double F(double[] x)

Description
Multivariate function to be minimized.
Parameter
x — A double array, the point at which the function is to be evaluated.

Returns
A double, the value of the function at

MinUnconMultiVar.IGradient Interface

public interface Imsl.Math.MinUnconMultiVar.IGradient :
Imsl.Math.MinUnconMultiVar.IFunction

Interface for the user supplied multivariate function to be minimized and its gradient.

Method

Gradient
abstract public void Gradient(double[] x, double[] gvalue)
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Description
On returngvalue contains the value of the gradient, of the functionx.at
Parameters
x — A double array, the point at which the gradient of the function is to be evaluated.
gvalue — A double array which, on return, contains the value of the gradient, of the function, at

NonlinLeastSquares Class

public class Imsl.Math.NonlinLeastSquares
Solves a nonlinear least squares problem using a modified Levenberg-Marquardt algorithm.

NonlinLeastSquares is based on the MINPACK routin@IDIF by More et al. (1980). It uses a
modified Levenberg-Marquardt method to solve nonlinear least squares problems. The problem is stated
as follows:

min 2F ()7 F (x) = ;i f ()2

wherem>n, F : R" — R™, andfj(x) is the i-th component function &f(x). From a current point, the
algorithm uses the trust region approach:

Xrﬂr;ign IF (%) +3 (%) (% —Xc) I

subject to

[[Xn — Xl < Oc

to get a new poink,, which is computed as

o = e~ (306)T300) +piel ) 3007 F )

-1
wherepe =0 if & > H (J ()" J (xc)) J(x)"F (x)|| anduc > 0 otherwiseF (x;) andJ(xc) are the

function values and the Jacobian evaluated at the currentxoinhis procedure is repeated until the
stopping criteria are satisfied. The first stopping criteria occurs when the norm of the function is less
than the propertybsoluteTolerance. The second stopping criteria occurs when the norm of the
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scaled gradient is less than the profrhadientTolerance. The third stopping criteria occurs when
the scaled distance between the last two steps is less than the pitpgiTplerance. For more
details, see Levenberg (1944), Marquardt (1963), or Dennis and Schnabel (1983, Chapter 10).

A finite-difference method is used to estimate the Jacobian when the user supplied fuha&fines
the least-squares problem. Whenever the exact Jacobian can be easily prbgiimad implement
NonlinLeastSquares.Jacobian.

Properties

AbsoluteTolerance
public double AbsoluteTolerance {get; set; }

Description
The absolute function tolerance.
Property Value
A double scalar value specifying the absolute function tolerance.
Remarks
By default, 1.0e-32 is used as the absolute function tolerance.
Exception
System.ArgumentException isthrown if AbsoluteTolerance is less than or equal to O

Digits

virtual public int Digits {get; set; }
Description

The number of good digits in the function.
Property Value

An int specifying the number of good digits in the user supplied function which defines the
least-squares problem.

Remarks
By default, the number of good digits is set to 7.
Exception
System.ArgumentException isthrown ifDigits is less than or equal to O

ErrorStatus
public int ErrorStatus {get; }

Description
Get information about the performance of NonlinLeastSquares.
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Property Value
An int specifying information about convergence.

Remarks
Value | Meaning
0 All convergence tests were met.
1 Scaled step tolerance was satisfied. The current point may be an

approximate local solution, or the algorithm is making very slow
progress and is not near a solutionseepTolerance is too big.

2 Scaled actual and predicted reductions in the function are|less
than or equal to the relative function convergence tolergnce
RelativeTolerance

3 Iterates appear to be converging to a noncritical point. Incorrect

gradient information, a discontinuous function, or stopping toler-
ances being too tight may be the cause.
4 Five consecutive steps with the maximum stepsize have been taken.
Either the function is unbounded below, or has a finite asymptote

in some direction, or the maximum stepsize is too small.

See Also: Imsl.Math.NonlinLeastSquares.RelativeTolerancg5p,
Imsl.Math.NonlinLeastSquares.StepTolerance3§8)

FalseConvergenceTolerance
public double FalseConvergenceTolerance {get; set; }

Description

The false convergence tolerance.

Property Value

A double scalar value specifying the false convergence tolerance.
Remarks

By default, 100.0e-16 is used as the false convergence tolerance.
Exception

System.ArgumentException is thrown ifFalseConvergenceTolerance is less than or equa
to 0

GradientTolerance
public double GradientTolerance {get; set; }

Description
The scaled gradient tolerance used to compute the gradient.
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Property Value

A double specifying the scaled gradient tolerance used to compute the gradienttifbemponent of
the scaled gradient at x is calculated as

g1+ max([xi|, 2)
3IF OO
whereg = OF (x), s= xscale, and

IFCOI = 3 10°

wheref = fscale.
Remarks
By default, the cube root of machine precision squared is used to compute the gradient.
Exception
System.ArgumentException isthrown ifGradientTolerance is less than or equal to O

Initial TrustRegion
public double InitialTrustRegion {get; set; }

Description
The initial trust region radius.
Property Value
A double scalar value specifying the initial trust region radius.
Remarks
By default,InitialTrustRegion is set based on the initial scaled Cauchy step.
Exception
System.ArgumentException isthrown ifInitialTrustRegion is less than or equal to O

Maximumlterations
public int MaximumIterations {get; set; }

Description
The maximum number of iterations allowed.
Property Value
An int specifying the maximum number of iterations allowed.
Remarks
By default, the maximum number of iterations is set to 100.
Exception
System.ArgumentException isthrown ifMaxIterations is less than or equalto O

MaximumStepsize
public double MaximumStepsize {get; set; }
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Description
The maximum allowable stepsize to use.
Property Value
A nonnegativelouble value specifying the maximum allowable stepsize.
Remarks
By default, the maximum stepsize is set to a default value based on a 6aated
Exception
System.ArgumentException is thrown ifMaximumStepsize is less than or equal to O

NumberOfProcessors

public int NumberOfProcessors {get; set; }

Description

Perform the parallel calculations with the maximum possible number of processors set to
NumberOfProcessors.

Property Value
An int indicating the maximum possible number of processors to use.
Remarks

By default,Number0fProcessors = Environment .ProcessorCount. If NumberOfProcessors is

set to a number less than 1 or greater thawni ronment . ProcessorCount,
Environment.ProcessorCount Will be used internally. This property has no effect if the application is
used with a scalar version of the IMSL C# Numerical Library.

Parallel
public bool Parallel {get; set; }

Description
Enable or disable performirgpnlinLeastSquares.IFunction.F in parallel.
Property Value

A bool indicating whether or not thkonlinLeastSquares. IFunction.F calculations are to be
performed in parallel.

Remarks

By default,Parallel = true. This property has no effect if the application is used with a scalar version
of the IMSL C# Numerical Library.

RelativeTolerance
public double RelativeTolerance {get; set; }

Description

The relative function tolerance.

Property Value

A double scalar value specifying the relative function tolerance.
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Remarks
By default, 1.0e-20 is used as the relative function tolerance.
Exception
System.ArgumentException isthrown ifRelativeTolerance is less than or equal to O

StepTolerance
public double StepTolerance {get; set; }

Description
The scaled step tolerance used to step between two points.
Property Value

A double scalar value specifying the scaled step tolerance used to step between two poiith The
component of the scaled step between two poirasdy is computed as

X — il
max(|x|, 1)
wheres = xscale
Remarks
By default, the cube root of machine precision is used as the step tolerance.

Exception
System.ArgumentException is thrown ifStepTolerance is less than or equal to O

Constructor

NonlinLeastSquares

public NonlinLeastSquares(int m, int n)

Description
Creates an object to solve a nonlinear least squares problem.
Parameters

m — The number of functions

n — The number of variables. n must be less than or equal to m.

Methods

SetFscale
public void SetFscale(double[] fscale)
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Description
Sets the diagonal scaling matrix for the functions.
Parameter

fscale — A double array specifying the diagonal scaling matrix for the functions. itthe
component of scale is a positive scalar specifying the reciprocal magnitude of-the
component function of the problem.

Remarks
By default, the identity is used.
Exception

System.ArgumentException is thrown if any of the elements dkcale is less than or equal to
0

SetGuess
public void SetGuess(double[] guess)

Description
Sets the initial guess of the minimum point of the input function.
Parameter
guess — A double array specifying the initial guess of the minimum point of the input function.

Remarks
By default, an initial guess of 0.0 is used.

SetXscale
public void SetXscale(double[] xscale)

Description
Set the diagonal scaling matrix for the variables.
Parameter

xscale — A double array specifying the diagonal scaling matrix for the variables.ale is used
in scaling the gradient and the distance between two points. See properties GradientTolerance and
StepTolerance for more detail.

Remarks
By default, the identity is used.

Exception

System.ArgumentException is thrown if any of the elements akcale is less than or equal to
0

Solve
public double[] Solve(Imsl.Math.NonlinLeastSquares.IFunction f)

Optimization NonlinLeastSquares e 359



Description

Solve a nonlinear least-squares problem using a modified Levenberg-Marquardt algorithm and a
Jacobian.

Parameter

f — User suppliedionlinleastSquares.IFunction that defines the least-squares problent. If
implementsl Jacobian then its Jacobian is used. Otherwise, a finite difference Jacobian is used.

Returns
A double array of length n containing the approximate solution.
Exceptions

Imsl.Math.TooManyIterationsException is thrown if the number of iterations exceeds
MaximumIterations, MaximumIterations is setto 100 by default

Imsl.Math.NoProgressException is thrown if the algorithm is not making any progress.

Example 1: Nonlinear least-squares problem

A nonlinear least-squares problem is solved using a finite-difference Jacobian.

using System;
using Imsl.Math;

public class NonlinLeastSquaresExl : NonlinlLeastSquares.IFunction
{
public void F(double[] x, double[] f)
{
£[0] = 10.0 * (x[1] - x[0] * x[01);
£[1]1 = 1.0 - x[0];

public static void Main(String[] args)
{
int m =
int n =
double[] x = new double[m];
NonlinLeastSquares zs = new NonlinLeastSquares(m, n);
zs.SetGuess (new double[]{- 1.2, 1.0});
zs.SetXscale(new double[]{1.0, 1.0});
zs.SetFscale(new double[]{1.0, 1.0});
x = zs.Solve(new NonlinLeastSquaresEx1());

2;
2;

for (int k = 0; k < n; k++)
{
Console.Out.WriteLine("x[" + k + "] =" + x[k]);

}
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Output

x[0]
x[1]

=1
=1

Example 2: Nonlinear least-squares problem

A nonlinear least-squares problem is solved using a user-supplied Jacobian.

using System;
using Imsl.Math;

public class NonlinLeastSquaresEx2 : NonlinLeastSquares.IJacobian

{
public void F(double[] x, double[] f)
{
£f[0] = 10.0 * (x[1] - x[0] * x[0]);
£[1] = 1.0 - x[0];
}
public void Jacobian(double[] x, double[,] fjac)
{
fjac[0,0] = - 20.0 * x[0];
fjac[1,0] = 10.0;
fjac[0,1] = - 1.0;
fjac[1,1] = 0.0;
}
public static void Main(String[] args)
{
int m = 2;
int n = 2;
double[] x = new double[n];
NonlinLeastSquares zs = new NonlinLeastSquares(m, n);
zs.SetGuess(new double[]{- 1.2, 1.0});
zs.SetXscale(new double[]{1.0, 1.0});
zs.SetFscale(new double[]{1.0, 1.0});
x = zs.Solve(new NonlinLeastSquaresEx2());
for (int k = 0; k < n; k++)
{
Console.Out.WriteLine("x[" + k + "] =" + x[k]);
}
}
}
Output
x[0] =1
x[1] =1
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NonlinLeastSquares.IFunction Interface

public interface Imsl.Math.NonlinlLeastSquares.IFunction

Interface for the user supplied nonlinear least-squares function.

Method

F
abstract public void F(double[] x, double[] fvalue)

Description
User supplied nonlinear least-squares function.
Parameters

x — A double array containing the point at which the function is to be evaluated. The contents of
this array must not be altered by this function.

fvalue — A double array which, on return, contains the function value.at

NonlinLeastSquares.lJacobian Interface

public interface Imsl.Math.NonlinleastSquares.IJacobian :
Imsl.Math.NonlinLeastSquares.IFunction

Interface for the user supplied nonlinear least squares function and its Jacobian.

Method

Jacobian
abstract public void Jacobian(double[] x, double[,] jvalue)

Description
Jacobian of the user supplied nonlinear least squares function.
Parameters
x — A double array containing the point at which the Jacobian of the function is to be evaluated.
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jvalue — A double matrix which, on return, contains the value of the Jacobian, of the function, at
X.

DenselLP Class

public class Imsl.Math.DenseLP
Solves a linear programming problem using an active set strategy.

ClassDenseLP uses an active set strategy to solve linear programming problems, i.e., problems of the
form

min c' x
R

subject to

wherec is the objective coefficient vectoh is the coefficient matrix, and the vectdis by, X, andxy
are the lower and upper bounds on the constraints and the variables, respectively.

If the linear constraints are infeasible bnsolution to the constraints are used as a replacement for the
stated constraints. An exception is thrown but a generalized solution is computed and available using
methodsGetSolution Or GetDualSolution. Similar comments hold for any of the three additional
conditions:

1. There are multiple solutions;

2. some constraints are discarded, or

3. cycling in the algorithm is identified.

Refer to the following paper for further information: Krogh, Fred, T. (2005), An Algorithm for Linear
Programming, http://mathalacarte.com/fkrogh/pub/Ip.pdf , Tujunga, CA.
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Properties

IterationCount
public int IterationCount {get; }

Description

Returns the number of iterations used.

Property Value

An int containing the number of iterations used during the Solve() step.

ObjectiveValue
public double ObjectiveValue {get; }

Description
Returns the optimal value of the objective function.
Property Value

A double scalar containing the optimal value of the objective function. If a solution has not been
computedDouble.NaN is returned.

RefinementType
public int RefinementType {get; set; }

Description

The type of refinement used, if any.

Property Value

A int specifying the type of refinement used.
Remarks

The possible settings are:

Value | Action

0 No refinement. Always compute dual. This is the default.
1 Iterative refinement.

2 Use extended refinement. Iterate until no more progress.

If refinement is used, the coefficient matrices and other data are saved at the beginning of the
computation. When finished this data together with the solution obtained is checked for consistency. If
the discrepancy is too large, the solution process is restarted using the problem data just after processing
the equalities, but with the final x values and final active set.
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Constructors

DenselLP
public DenseLP(Imsl.Math.MPSReader mps)

Description
Constructor using an MPSReader object.
Parameter
mps — A MPSReader specifying the Linear Programming problem.

Exception
System.ArgumentException is thrown if the problem dimensions are not consistent.

DenselLP
public DenseLP(double[,] a, double[] b, double[] c)

Description
Constructor variables of typ#uble.
Parameters
a — A double matrix with coefficients of the constraints
b — A double array containing the right-hand side of the constraints.
c — A double array containing the coefficients of the objective function.

Exception

System.ArgumentException is thrown if the dimensions of, b.length, andc.length are
not consistent

Methods

GetDualSolution
public double[] GetDualSolution()

Description

Returns the dual solution.

Returns

A double array containing the dual solution of the linear programming problem.

GetSolution
public double[] GetSolution()
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Description

Returns the solution x of the linear programming problem.

Returns

A double array containing the solution x of the linear programming problem.

SetConstraintType
public void SetConstraintType(int[] constraintType)

Description
Sets the types of general constraints in the matrix a.

Parameter
constraintType — A int array containing the types of general constraints.

Remarks
Letr; = aj1X1 + - - - 4 a@inXn

constraintType | Constraint

0 ri =b;

1 i < bui

2 ri > b

3 bi <1 <hy

4 Ignore this constraint
SetLowerBound

public void SetLowerBound(double[] lowerBound)

Description
Sets the lower bound; on the variables.
Parameter
lowerBound — A double array containing the lower bounds on the variables.

Remarks

If there is no lower bound on a variable, then 10e30 should be set as the lower bound. By default,
lowerBound= 0.

SetUpperBound
public void SetUpperBound(double[] upperBound)

Description
Sets the upper boung, on the variables.
Parameter
upperBound — A double array containing the upper bound on the variables.

366 e DenselLP IMSL C# Numerical Library



Remarks

If there is no upper bound on a variable, then -10e30 should be set as the upper bound. By default there
is no upper bound on a variable.

SetUpperLimit
public void SetUpperLimit(double[] upperLimit)

Description
Sets the upper limit of the constraints.
Parameter

upperLimit — A double array containing the upper limity,, of the constraints that have both the
lower and the upper bounds.

Solve
public void Solve()

Description

Solves the problem using an active set strategy.

Remarks

Solve must be invoked prior to any of the “get” methods.

Exceptions
Imsl.Math.BoundsInconsistentException is thrown if the bounds are inconsistent.
Imsl.Math.NoAcceptablePivotException isthrown if an acceptable pivot could not be found.

Imsl.Math.ProblemUnboundedException is thrown if there is no finite solution to the
problem.

Imsl.Math.MultipleSolutionsException is thrown if the problem has multiple solutions
producing essentially the same minimum.

Imsl.Math.SomeConstraintsDiscardedException is thrown if some constraints are too
linearly dependent on other active constraints.

Imsl.Math.AllConstraintsNotSatisfiedException is thrown if some constraints are not
satisfied.

Imsl.Math.CyclingOccurringException is thrown if the algorithm appears to be cycling.

Example 1: Dense Linear Programming

The linear programming problem in the standard form

min f(X) = —x1 — 3%z

subject to:

X1 +X2+X3=15
X1+X—X4 =05
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X1+X=1.0
X2 +Xg = 1.0
x>0, fori=1,...,6

is solved.

using System;
using Imsl.Math;

public class DenseLPEx1

{
public static void Main(String[] args)
{
double[,] a = {{1.0, 1.0, 1.0, 0.0, 0.0, 0.0},
{1.0, 1.0, 0.0, - 1.0, 0.0, 0.0},
{1.0, 0.0, 0.0, 0.0, 1.0, 0.0},
{0.0, 1.0, 0.0, 0.0, 0.0, 1.0}};
double[] b = new double[]{1.5, 0.5, 1.0, 1.0};
double[] ¢ = new double[]{- 1.0, - 3.0, 0.0, 0.0, 0.0, 0.0};
DenselP zf = new DenselLP(a, b, c);
zf .Solve();
new PrintMatrix("Solution") .Print(zf.GetSolution());
}
}
Output
Solution
0
0 0.5
1 1
2 0
3 1
4 0.5
5 0

Example 2: Dense Linear Programming

The linear programming problem

min f(X) = —x; — 3%

subject to:

05<x1+% <15
0<x1 <10
0<x <10

using System;
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using Imsl.Math;

public class DenseLPEx2
{
public static void Main(String[] args)
{
int[] constraintType = new int[]{3};
double[] upperBound = new double[]{1.0, 1.0};
double[,] a = {{1.0, 1.0}};
double[] b = new double[]{0.5};
double[] upperLimit = new double[]{1.5};
double[] ¢ = new double[]{- 1.0, - 3.0};

DenselP zf = new DenselLP(a, b, c);

zf .SetUpperLimit (upperLimit) ;

zf .SetConstraintType(constraintType) ;

zf . SetUpperBound (upperBound) ;

zf .Solve();

new PrintMatrix("Solution") .Print(zf.GetSolution());

new PrintMatrix("Dual Solution").Print(zf.GetDualSolution());
Console.Out.WriteLine("Optimal Value = " + zf.ObjectiveValue);

Output

Solution
0

0 0.5

11

Dual Solution
0

o -1

Optimal Value = -3.5

Example 3: Linear Programming Maximize Example

Maximize the linear programming problem

max f (X) = 10x3 + 15x2 4+ 15x3 + 13%4 + 95

subject to the following set of restrictions:

100x1 + 50x2 + 50x3 4+ 40x4 + 120xs < 300
40x7 + 50xp + 50x3 + 15%4 + 30x5 < 40
0<Xx1<10;0<x<10;0<x3<10;0<x<10;0<x5<10

Since DenseLPinimizesthe sign of the objective function must be changed to compute this solution.
The signs of the dual solution components and the optimal value must also be changed. Beandse
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X3 are not uniquely determined within the bounds, this problem has a convex family of solutions.
DenseLP issues an exceptiodhltipleSolutionsException. A particular solution is available and
retrieved in thefinally block.

using System;
using Imsl.Math;

public class DenseLPEx3
{

public static void Main(System.String[] args)
{

int[] constraintType = new int[]1{1, 1}; /* Ax <= b %/
double[] lowerVariableBound =

new double[]{0.0, 0.0, 0.0, 0.0, 0.0};
double[] upperVariableBound =

new double[]{1.0, 1.0, 1.0, 1.0, 1.0};

double[,] A = new doublel[,]{
{100.0, 50.0, 50.0, 40.0, 120.0},
{40.0, 50.0, 50.0, 15.0, 30.0}
};
/* constraint type Ax <= b */
double[] b = new double[]{300.0, 40.0};
double[] ¢ = new double[]{10.0, 15.0, 15.0, 13.0, 9.0};

/* Since DenselP minimizes, change signs of the
objective coefficients. */

double[] negC = new double[c.Length];

for (int i = 0; i < c.Length; i++)
negCli] = - c[il;

DenselP zf = new DenseLP(A, b, negC);
zf .SetLowerBound (lowerVariableBound) ;
zf .SetConstraintType (constraintType) ;
zf . SetUpperBound (upperVariableBound) ;

try
{
zf.Solve();
}
catch (MultipleSolutionsException e)
{
/* x_2 and x_3 are not uniquely determined, expect multiple
* solutions. Catch the exception, but continue to print
* result found. */
System.Console.Out.WriteLine(e.Message);
}
finally
{

double[] dSolution = zf.GetDualSolution();
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/* Change the sign of the dual solution and optimal value
* since DenselP minimizes. */
for (int i = 0; i < dSolution.Length; i++)
dSolution[i] = - dSolution[il;
double optimalValue = -zf.0ObjectiveValue;

new PrintMatrix("Solution") .Print(zf.GetSolution());
new PrintMatrix("Dual Solution").Print(dSolution);
System.Console.0Out.WriteLine(

"Optimal Value = " + optimalValue);

Output

Multiple solutions giving essentially the same minimum exist.
Solution
0

0

0.184987694831829

0.315012305168171

1

0

> W N+ O

Dual Solution

0
0 0
1 0.3

Optimal Value = 20.5

MPSReader Class

public class Imsl.Math.MPSReader
Reads a linear programming problem from an MPS file.

An MPS file defines a linear or quadratic programming problem. Linear programming problems read
using this class are assumed to be of the form:

min c' x
xe RN

subject to

X < X< Xy

wherec is the objective coefficient vectoh is the coefficient matrix, and the vectdss by, X, andxy
are the lower and upper bounds on the constraints and the variables, respectively.
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The following table helps map this notation into us@®$Reader.

C Obijective

A Constraint matrix
by Lower Range

by Upper Range

X Lower Bound

Xu Upper Bound

If the MPS file specifies an equality constraint or bound, the corresponding lower and upper values will
be exactly equal.

The problem formulation assumes that the constraints and bounds are two-sided. If a particular
constraint or bound has no lower limit, then the corresponding entry in the structure is set to negative
machine infinity. If the upper limit is missing, then the corresponding entry in the structure is set to
positive machine infinity.

MPS File Format

There is some variability in the MPS format. This section describes the MPS format accepted by this
reader.

An MPS file consists of a number of sections. Each section begins with a name in column 1. With the
exception of the NAME section, the rest of this line is ignored. Lines with a '* or '$’ in column 1 are
considered comment lines and are ignored.

The body of each section consists of lines divided into fields, as follows:

Field Number Columns Content
1 2-3 Indicator
2 5-12 Name

3 15-22 Name

4 25-36 Value

5 40-47 Name

6 50-61 Value

The format limits MPS names to 8 characters and values to 12 characters. The names in fields 2, 3 and 5
are case sensitive. Leading and trailing blanks are ignored, but internal spaces are significant.

The sections in an MPS file are as follows:

NAME

ROWS

COLUMNS

RHS

RANGES (optional)
BOUNDS (optional)
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QUADRATIC (optional)
ENDATA
Sections must occur in the above order.

MPS keywords, section names and indicator values, are case insensitive. Row, column and set names are
case sensitive.

NAME Section

The NAME section contains the single line. A problem name can occur anywhere on the line after
NAME and before columns 62. The problem name is truncated to 8 characters.

ROWS Section

The ROWS section defines the name and type for each row. Field 1 contains the row type and field 2
contains the row name. Row type values are not case sensitive. Row names are case sensitive. The
following row types are allowed:

Row Type Meaning

E Equality constraint

L Less than or equal constraint

G Greater than or equal constraint
N Obijective of a free row

COLUMNS Section

The COLUMNS section defines the nonzero entries in the objective and the constraint matrix. The row
names here must have been defined in the ROWS section.

Field Contents

Column name

Row name

Value for the entry whose row and column are given by fields 2 and 3
Row name

Value for the entry whose row and column are given by fields 2 and 5

OB WN

Note: Fields 5 and 6 are optional.

The COLUMNS section can also contain markers. These are indicated by the name '"MARKER’ (with
the quotes) in field 3 and the marker type in field 4 or 5.

Marker type 'INTORG’ (with the quotes) begins an integer group. The marker type 'INTEND’ (with the
guotes) ends this group. The variables corresponding to the columns defined within this group are
required to be integer.

RHS Section

The RHS section defines the right-hand side of the constraints. An MPS file can contain more than one
RHS set, distinguished by the RHS set name. The row names here must be defined in the ROWS section.
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Field Contents

2 RHS name

3 Row name

4 Value for the entry whose row and column are given by fields 2 and 3
5 Row name

6 Value for the entry whose row and column are given by fields 2 and 5

Note: Fields 5 and 6 are optional.
RANGES Section

The optional RANGES section defines two-sided constraints. An MPS file can contain more than one
range set, distinguished by the range set name. The row names here must have been defined in the
ROWS section.

Field Contents

2 Range set name

3 Row name

4 Value for the entry whose row and column are given by fields 2 and 3
5

6

Row name
Value for the entry whose row and column are given by fields 2 and 5

Note: Fields 5 and 6 are optional.

Ranges change one-sided constraints, defined in the RHS section, into two-sided constraints. The
two-sided constraint for rowdepends on the range valug,defined in this section. The right-hand side
value,b;, is defined in the RHS section. The two sided constraints fori rarg given in the following
table:

Row Type Lower Constraint Upper Constraint

G o] bi + |ri|

L bi — |ri\ b

E by + min(0,r;) bi + max0,r;)
BOUNDS Section

The optional BOUNDS section defines bounds on the variables. By default, the bounds greGo.
The bounds can also be used to indicate that a variable must be an integer.

More than one bound can be set for a single variable. For example, ta<sgt2 6 use a LO bound
with value 2 to set X x; and an UP bound with value 6 to add the conditpr 6.

An MPS file can contain more than one bounds set, distinguished by the bound set name.
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Field Contents

1 Bounds type

2 Bounds set name

3 Column name

4 Value for the entry whose set and column are given by fields 2 and 3
5

6

Column name
Value for the entry whose set and column are given by fields 2 and 5

Note: Fields 5 and 6 are optional.

The bound types are as follows. Héxeare the bound values defined in this section xtere the
variables, and is the set of integers.

Bound Type Definintion Formula

LO Lower bound bi <X

UpP Upper bound X < b

FX Fixed Variable Xj = by

FR Free variable —00 <X < o
Ml Lower bound is minus infinity —oo < X

PL Upper bound is positive infinity X < 00

BV Binary variable (variable must be 0 or 1) x € {0,1}

Ul Upper bound and integer X < bjandx €1
LI Lower bound and integer b <x andx €1
SC Semicontinuous Oorb; <x

The bound type names are not case sensitive.

If the bound type is UP or Ul and < x; then the lower bound is set toco.
ENDATA Section

The ENDATA section ends the MPS file.

Fields

BINARY _VARIABLE
public int BINARY_VARIABLE

Description
Variable must be either 0 or 1.

CONTINUOUS_VARIABLE
public int CONTINUOUS_VARIABLE
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Description
Variable is a real number.

INTEGER_VARIABLE
public int INTEGER_VARIABLE

Description
Variable must be an integer.

Properties

Name
virtual public string Name {get; }

Description

Returns the name of the MPS problem.
Property Value

A String containing the value of the name field.
Remarks

This is the value of the NAME field.

NameBounds
virtual public string NameBounds {get; set; }

Description

The name of the BOUNDS set.

Property Value

A String containing the name of the Bounds set.
Remarks

An MPS file can contain multiple sets of BOUNDS, but only one is retained by this reader. If not set,
then the first set in the file is used.

NameObjective
virtual public string NameObjective {get; set; }

Description

The name of the free row containing the objective.

Property Value

A String containing the name of the free row containing the objective.
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Remarks

An MPS file can contain free rows, but only one is retained by this reader as the objective. If not set,
then the first free row in the file is used as the objective.

NameRanges
virtual public string NameRanges {get; set; }

Description

The name of the RANGES set.

Property Value

A String containing the name of the Ranges set.
Remarks

An MPS file can contain multiple sets of RANGES, but only one is retained by this reader. If not set,
then the first setin the file is used.

NameRHS

virtual public string NameRHS {get; set; }

Description

The name of the RHS set used.

Property Value

A String containging the name of the RHS set used.
Remarks

An MPS file can contain multiple sets of RHS values, but only one is retained by this reader. If not set,
then the first set in the file is used.

NumberOfBinaryConstraints
virtual public int NumberOfBinaryConstraints {get; }

Description

The number of binary constraints.

Property Value

An int containing the number of binary constraints.
Remarks

An binary constraint is the requirement that a variable be either O or 1. Binary constraints are also integer
contraints.

NumberOfColumns
virtual public int NumberOfColumns {get; }

Description
The number of columns in the constraint matrix.
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Property Value
An int containing the number of columns in the constraint matrix.

NumberOfintegerConstraints
virtual public int NumberOfIntegerConstraints {get; }

Description

The number of integer constraints.

Property Value

An int containing the number of integer constraints.

Remarks

An integer constraint is the requirement that a variable be an integer.

NumberOfNonZeros
virtual public int NumberOfNonZeros {get; }

Description

The number of nonzeros in the constraint matrix.

Property Value

An int specifying the number of nonzeros in the constraint matrix.

NumberOfRows
virtual public int NumberOfRows {get; }

Description

The number of rows in the constraint matrix.

Property Value

An int containing the number of rows in the constraint matrix.

Objective

virtual public Imsl.Math.MPSReader.Row Objective {get; }
Description

The objective as Bow.

Property Value

A Row containing a representation of the objective.

ObjectiveCoefficients
virtual public double[] ObjectiveCoefficients {get; }

Description
The coefficents of the objective row.
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Property Value
A double[] containing the coefficents of the objective.

Constructor

MPSReader
public MPSReader ()

Description
constructor for MPSReader

Methods

GetLowerBound

virtual public double GetLowerBound(int iVariable)

Description
Returns the lower bound for a variable.
Parameter
iVariable — An int specifying the number of the variable.

Returns
A double containing the lower bound for a variable.

GetLowerRange
virtual public double GetLowerRange(int iRow)

Description
Returns the lower range value for a constraint equation.
Parameter

iRow — An int specifying the row number of the equation.

Returns
A double containing the lower range value for a constraint equation.

GetNameColumn
virtual public string GetNameColumn(int iColumn)

Description
Returns the name of a constraint column. Constraint column names are also variable names.

Optimization MPSReader e 379



Parameter
iColumn — An int specifying the column for which a name is to be returned.

Returns
A String containing the name of a constraint column.

GetNameRow
virtual public string GetNameRow(int iRow)

Description
Returns the name of a constraint row.
Parameter
iRow — An int specifying the row for which a name is to be returned.

Returns
A String containing the name of a constraint row.

GetRow
virtual public Imsl.Math.MPSReader.Row GetRow(int iRow)

Description
Returns a row of the constraint matrix or a free row.
Parameter
iRow — An int specifying the number of the row that is to be returned.

Returns
A Row associated with the indicated row numbow.

GetRowCoefficients
virtual public double[] GetRowCoefficients(int iRow)

Description
Returns the coefficients of a row.
Parameter
iRow — An int specifying the number of the row that is to be returned.

Returns
A double[] containing the coefficients associated with the indicated row nunbe,

GetTypeVariable
virtual public int GetTypeVariable(int iVariable)

Description

Returns the type of a variable. The variable typesCanNT INUOUS_VARIABLE, BINARY VARIABLE or
INTEGER_VARIABLE.
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Parameter
iVariable — An int specifying the number of the variable.

Returns
An int containing the variable type.

GetUpperBound
virtual public double GetUpperBound(int iVariable)

Description
Returns the upper bound for a variable.
Parameter
iVariable — An int specifying the number of the variable.

Returns
A double containing the upper bound for a variable.

GetUpperRange
virtual public double GetUpperRange(int iRow)

Description
Returns the upper range value for a constraint equation.
Parameter

iRow — An int specifying the row number of the equation.

Returns
A double containing the row number of the equation.

ProcessCommand
virtual protected internal string ProcessCommand(string command, string line)

Description

Process a section of the MPS file.

Parameters
command — A String specifying the data file section to be processed.
line — A String specifying the next line to be processed.

Returns

A String containing the next line to be processed. This line was read, but was not part of the section
being processed.

Read

virtual public void Read(System.I0.StreamReader reader)
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Description
Reads and parses the MPS file.
Parameter
reader — TheStreamReader that has been associated with the data file.

Example: Reading an MPS file

This example reads the data for a linear programming problem from an MPS file.

using System;
using System.I0;
using Imsl.Math;

public class MPSReaderEx1l
{
public static void Main(String[] args)
{
FileStream aFile = File.OpenRead("testprob.mps");
StreamReader sr = new StreamReader(aFile);
MPSReader mps = new MPSReader();
mps .Read(sr) ;

Console.0Out.WriteLine (mps.Name) ;
Console.0Out.WriteLine (mps.NameRHS) ;
Console.QOut.WriteLine (mps.NameBounds) ;
Console.QOut.WriteLine (mps.NameRanges) ;

int nRows = mps.NumberOfRows;
System.Console.Qut.WriteLine ("NumberOfConstraints " + nRows);
for (int i = 0; i < nRows; i++)

{
System.Console.Out.WriteLine(" " + mps.GetLowerRange(i) +
" <= row[" + 1+ "] =" + mps.GetNameRow(i) +
" <= " + mps.GetUpperRange(i));
}

int nColumns = mps.NumberOfColumns;
System.Console.Qut.WriteLine ("NumberOfColumns " + nColumns) ;
for (int i = 0; i < nColumns; i++)

{
System.Console.Qut.WriteLine(" " + mps.GetLowerBound(i) +
" <= var[" + 1+ "] =" + mps.GetNameColumn(i) +
" <= " + mps.GetUpperBound(i));
}

System.Console.Qut.WriteLine ("NumberOfNonZeros " + mps.NumberOfNonZeros) ;
for (int iRow = 0; iRow < nRows; iRow++)
{
System.Console.Out.WriteLine (" row " + mps.GetNameRow(iRow)) ;
System.Collections.IEnumerator iter = mps.GetRow(iRow) .Iterator();
while (iter.MoveNext())
{
MPSReader.Element elem = (MPSReader.Element) iter.Current;
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int iColumn = elem.Column;

System.String nameColumn = mps.GetNameColumn(iColumn) ;

System.Console.Out.WriteLine("
nameColumn + ": " + elem.Value);

Output

TESTPROB
RHS1
BND1

NumberOfConstraints 3
-Infinity <= row[0] = LIM1 <= 5
10 <= row[1] = LIM2 <= Infinity
7 <= row[2] = MYEQN <= 7
Number0fColumns 3
0 <= var[0] = XONE <= 4
-1 <= var[1] = YTWO <= 1
0 <= var[2] = ZTHREE <= Infinity
NumberOfNonZeros 6
row LIM1
XONE: 1
YTWO: 1
row LIM2
XONE: 1
ZTHREE: 1
row MYEQN
YTWO: -1
ZTHREE: 1

"o

MPSReader.Element Class

public class Imsl.Math.MPSReader.Element

An element in the sparse contraint matrix.

Properties

Column
virtual public int Column {get; }
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Description

The column index.

Property Value

An int specifying the column index.

Value
virtual public double Value {get; }

Description

The value of the element.

Property Value

A double specifying the value of the element.

MPSReader.Row Class

public class Imsl.Math.MPSReader.Row

A row either in the constraint matrix or a free row.

Properties

Coefficients
virtual public double[] Coefficients {get; }

Description

The coeffients of this row as a dense array.
Property Value

A double[] containing the coefficients of this row.

Name
virtual public string Name {get; }

Description

The name of this row.

Property Value

A String containing the name of this row.

NumberOfNonZeros
virtual public int NumberOfNonZeros {get; }
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Description

The number of nonzero elements in this row.

Property Value

An int containing the number of nonzero elements in this row.

Method

Iterator
virtual public System.Collections.IEnumerator Iterator()

Description

Returns an iterator over the elements in this row.

Returns

An IEnumerator object that can be used as an iterator over the elements in this row.
Remarks

This is used to retrieve the coeffients in a sparse form.

See Also:  (p383

QuadraticProgramming Class

public class Imsl.Math.QuadraticProgramming
Solves the convex quadratic programming problem subject to equality or inequality constraints.

ClassQuadraticProgramming is based on M.J.D. Powell's implementation of the Goldfarb and Idnani
dual quadratic programming (QP) algorithm for convex QP problems subject to general linear
equality/inequality constraints (Goldfarb and Idnani 1983); i.e., problems of the form

1

o T T

ming' X+ =x' HX
xeRng + 2

subject to

Aix=Dby

Aox > by
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given the vector$y, by, andg, and the matricebl, A;, andA;. H is required to be positive definite. In
this case, a uniguesolves the problem or the constraints are inconsisteht.isfnot positive definite, a
positive definite perturbation &1 is used in place dfl. For more details, see Powell (1983, 1985).

If a perturbation oH, H + «al, is used in th&)P problem, therH + al also should be used in the
definition of the Lagrange multipliers.

If the constraints are infeasible an exception is thrown. See Example 3 where the exception is caught and
printed.

Property

NoMoreProgress
public bool NoMoreProgress {get; }

Description

Contains status afrue or false if computer rounding error is inhibiting improvement in the objective
function.

Property Value

Is true if due to computer rounding error, a change in the variables fails to improve the objective
function.

Remarks
Usually the solution is close to optimum.

Constructor

QuadraticProgramming
public QuadraticProgramming(double[,] h, double[] g, double[,] aEquality,
double[] bEquality, double[,] alnequality, double[] bInequality)

Description
Solve a quadratic programming problem.
Parameters
h — A square array containing the Hessian. It must be positive definite.
g — A double array containing the coefficients of the linear term of the objective function.

aEquality — A rectangular matrix containing the equality constraints. It can be null if there are no
equality constraints.

bEquality — A double array containing the right-side of the equality constraints. It can be null if
there are no equality constraints.
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aInequality — A rectangular matrix containing the inequality constraints. It can be null if there
are no inequality constraints.

bInequality — A double array containing the right-side of the inequality constraints. It can be
null if there are no inequality constraints.

Exception
Imsl.Math.InconsistentSystemException is thrown if the problem is inconsistent.

Methods

GetDualSolution
public double[] GetDualSolution()

Description

Returns the dual (Lagrange multipliers).
Returns

A double array containing the dual.

GetSolution
public double[] GetSolution()

Description

Returns the solution.

Returns

A double array containing the unique solution.

Example 1: Solve a Quadratic Programming Problem

The quadratic programming problem is to minimize

XG4 X2 + X5 4 X3 + X2 — 2xX1X2 — 2XaX4 — 2X0

subject to
Xo+X +Xo+X3+X4 =05

Xo —2X3 — 2X4 = —3

using System;
using Imsl.Math;
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public class QuadraticProgrammingEx1
{
public static void Main(String[] args)
{
double[,] h = {
{2, 0, 0, 0, O},
{0, 2, - 2, 0, 0%,
{0, - 2, 2, 0, 0},
{0, 0, 0, 2, - 2},
{0, 0, 0, - 2, 2}
};
double[,] aeq = {
{1, 1, 1, 1, 13},
{0, 0, 1, - 2, - 2}
};
double[] beq = new double[]{5, - 3};
double[] g = new double[l{- 2, 0, 0, 0, 0};

QuadraticProgramming qp =
new QuadraticProgramming(h, g, aeq, beq, null, null);

// Print the solution and its dual

new PrintMatrix("x") .Print(gp.GetSolution());
new PrintMatrix("dual").Print(qgp.GetDualSolution());

Output

> W= O
e =)

dual
0
0 0
1 -1.18329135783152E-32

Example 2: Solve a Quadratic Programming Problem

The quadratic programming problem is to minimize

X+ X2+ %2

subject to

Xo+ 2 —%p =4
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Xo—X1+Xp=—-2

using System;
using Imsl.Math;

public class QuadraticProgrammingEx2
{
public static void Main(String[] args)
{
double[,] h = {
{2, 0, 0},
{0, 2, 0},
{0, 0, 2}
};
double[,] aeq = {
{1, 2, - 1},
{1, -1, 1}
};
double[] beq = new double[]{4, - 2};
double[] g = new double[]1{0, 0, 0};

QuadraticProgramming qp =
new QuadraticProgramming(h, g, aeq, beq, null, null);

// Print the solution and its dual
new PrintMatrix("x") .Print(qgp.GetSolution());
new PrintMatrix("dual").Print(qp.GetDualSolution());

Output

X
0
0.285714285714286
1.42857142857143
-0.857142857142857

N = O

dual

0
0 1.14285714285714
1 -0.571428571428572

Example 3: Solve a Quadratic Programming Problem with In-
consistent System Constraints

In the quadratic programming problem variables 2 and 6 are fixed at the value zero by the equality
constraints. The inequalities propose that the sums of the variables are at least 5.1 and no more than 4.9.
These last two are inconsistent conditions, causing the NoLPSolutionException to be thrown.

using System;
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using Imsl.Math;

public class QuadraticProgrammingEx3

{

public static void Main(System

{

double[,] h = {
{2.000, 0.000, 0.000,
{0.000, 2.000, 0.000,
{0.000, 0.000, 2.000,
{0.000, 0.000, 0.000,
{0.000, 0.000, 0.000,

{0.000, 0.000, 0.000,

.String[]

0.000,
0.000,
0.000,
2.000,
0.000,
0.000,

args)

0.000,
0.000,
0.
0
2
0

000,

.000,
.000,
.000,

0.000},
0.000%},
0.
0
0
2

000},

.000},
.000},
.0003}};

double[] g = { 5.000, 5.000, 5.000, 5.000, 5.000, 5.000 };

double[,] aEquality = {

{0.000, 1.000, 0.000, 0.000, 0.000, 0.000},
{0.000, 0.000, 0.000, 0.000, 0.000, 1.000}};
double[] bEquality = { 0.000, 0.000 };

double[,] alnequality = {

{1.000, 1.000, 1.000, 1.000, 1.000, 1.000},
{-1.000, -1.000, -1.000, -1.000, -1.000, -1.000}};

double delta = 0.1; // change to 0.0 to pass

double[] bInequality = { 5 + delta, -5 + delta };

try
{

QuadraticProgramming qp = new QuadraticProgramming(h, g,
aEquality, bEquality, alnequality, bInequality);
double[] x = gp.GetSolution();
new Imsl.Math.PrintMatrix("Solution").Print(x);

public static void WriteCutString(string value, int interval)

(interval < (value.Length - i * interval)) 7 interval :

}
catch (Imsl.Math.NoLPSolutionException e)
{
WriteCutString(e.Message, 72);
}
catch (System.Exception e)
{
WriteCutString(e.Message, 72);
}
}
{
int rem = value.lLength ¥ interval;
int result = value.Length / interval + rem /
(1 >rem ? 1 : rem);
for (int i = 0; i < result; i++)
{
Console.WriteLine(value.Substring(i * interval,
(value.Length - i * interval)));
}
}
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Output

No solution for the LP problem was found. All constraints are not satisf
ied. L1 minimization was applied to all constraints (including bounds an
d simple variables) but the equalities, to approximate violated non-equa
lities as well as possible. If a feasible solution is possible then try
using refinement.

MinConGenLin Class

public class Imsl.Math.MinConGenLin

Minimizes a general objective function subject to linear equality/inequality constraints.

The clas$1inConGenLin is based on M.J.D. Powell's TOLMIN, which solves linearly constrained
optimization problems, i.e., problems of the form

min f (x)

subject to

AX= bl

Axx < by

X < X< Xy

given the vector$y, by, X, andx, and the matricedy andAs.

The algorithm starts by checking the equality constraints for inconsistency and redundancy. If the
equality constraints are consistent, the method will rexis¢he initial guess, to satisfy

AX= bl
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Next, x is adjusted to satisfy the simple bounds and inequality constraints. This is done by solving a
sequence of quadratic programming subproblems to minimize the sum of the constraint or bound
violations.

Now, for each iteration with a feasibié, let J, be the set of indices of inequality constraints that have
small residuals. Here, the simple bounds are treated as inequality constrainfshé éte set of indices
of active constraints. The following quadratic programming problem

min f (xk) +dTOf (xk) + %dTBkd
subject to

ajd:O,jelk

a;d<0,jeXk

is solved to gefdX, AK) wherea; is a row vector representing either a constraimdror A, or a bound
constraint orx. In the latter case, tha = e; for the bound constraing < (x,); anda; = —g for the
constraint—x; < (x);. Here,g is a vector with 1 as thieth component, and zeros elsewhere. Variables
AX are the Lagrange multipliers, af¥ is a positive definite approximation to the second derivative

02 (X4).

After the search directiodX is obtained, a line search is performed to locate a better point. The new
pointxX<t1 = xK 4 okdX has to satisfy the conditions

f (K + akdX) < () +0.1aX(d)TOF (XX
and
(d)TOF (X 4 akd¥) > 0.7(d“)TOf (x¥)

The main idea in forming the sét is that, if any of the equality constraints restricts the step-lend§th
then its index is not idy. Therefore, small steps are likely to be avoided.

Finally, the second derivative approximatiBh, is updated by the BFGS formula, if the condition
(d<)" Of (xk+ oc"d") —Of (x") >0

holds. LetxX < xk*1, and start another iteration.
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The iteration repeats until the stopping criterion

HDf(xk)fAleHzgr

is satisfied. Here is the supplied tolerance. For more details, see Powell (1988, 1989).

Properties

FinalActiveConstraintsNum
public int FinalActiveConstraintsNum {get; }

Description

Returns the final number of active constraints.

Property Value

An int scalar containing the final number of active constraints.

NumberOfProcessors
public int NumberOfProcessors {get; set; }

Description

Perform the parallel calculations with the maximum possible number of processors set to
NumberOfProcessors

Property Value
An int indicating the maximum possible number of processors to use.
Remarks

By default,NumberOfProcessors = Environment .ProcessorCount. If NumberOfProcessors is

set to a number less than 1 or greater tRawironment . ProcessorCount,

Environment .ProcessorCount Will be used internally. This property has no effect if the application is
used with a scalar version of the IMSL C# Numerical Library.

ObjectiveValue
public double ObjectiveValue {get; }

Description

Returns the value of the objective function.

Property Value

A double scalar containing the value of the objective function.

Parallel
public bool Parallel {get; set; }
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Description
Enable or disable performinginConGenLin. IFunctionn.F in parallel.
Property Value

A bool indicating whether or not th#inConGenLin . IFunction.F calculations are to be performed in
parallel.

Remarks

By default,Parallel = true. This property has no effect if the application is used with a scalar version
of the IMSL C# Numerical Library.

Tolerance
public double Tolerance {get; set; }

Description

The nonnegative tolerance on the first order conditions at the calculated solution.
Property Value

A double scalar containing the tolerance.

Constructor

MinConGenLin

public MinConGenLin(Imsl.Math.MinConGenLin.IFunction fcn, int nvar, int ncon,
int neq, double[] a, double[] b, double[] lowerBound, double[] upperBound)

Description
Constructor foMinConGenLin.
Parameters
fcn — The user-supplieMinConGenLin. IFunction to be minimized.
nvar — An int scalar containing the number of variables.
ncon — An int scalar containing the number of linear constraints (excluding simple bounds).
neq — An int scalar containing the number of linear equality constraints.

a— A double array containing the equality constraint gradients in the first neq rows followed by
the inequality constraint gradients. length = ncon * nvar.

b — A double array containing the right-hand sides of the linear constraints.

lowerBound — A double array containing the lower bounds on the variables.
lowerBound.length = nvar.

upperBound — A double array containing the upper bounds on the variables.
upperBound.length =nvar.
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Exception

System.ArgumentException is thrown if the dimensions afvar, ncon, neq, a.length,
b.length, lowerBound.length andupperBound.length are not consistent

Methods

GetFinalActiveConstraints
public int[] GetFinalActiveConstraints()

Description

Returns the indices of the final active constraints.

Returns

An int array containing the indices of the final active constraints.

GetLagrangeMultiplierEstimate
public double[] GetLagrangeMultiplierEstimate()

Description

Returns the Lagrange multiplier estimates of the final active constraints.

Returns

A double array containing the Lagrange multiplier estimates of the final active constraints.

GetSolution
public double[] GetSolution()

Description

Returns the computed solution.

Returns

A double array containing the computed solution.

SetGuess
public void SetGuess(double[] guess)

Description
Sets an initial guess of the solution.
Parameter
guess — A double array containing an initial guess.

Solve
public void Solve()
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Description
Minimizes a general objective function subject to linear equality/inequality constraints.

Exceptions
Imsl.Math.ConstraintsInconsistentException is thrown if the constraints are
inconsistent.
Imsl.Math.VarBoundsInconsistentException is thrown if the bounds on the variables are
inconsistent.

Imsl.Math.ConstraintsNotSatisfiedException is thrown if a solution satisfying the
constraints could not be found.

Imsl.Math.EqualityConstraintsException is thrown if the variables are determined by the
constraints.

Example 1: Linear Constrained Optimization

The problem
i 20202 212
min f(X) = X{ + X5 + X5 + X7 + Xg — 2X2X3 — 2XaX5 — 2X1
subject to
X1+Xo+X3+X4+X5=5
X3 — 2X4 — 2X5 = —3
0<x<10
is solved.

using System;
using Imsl.Math;

public class MinConGenLinEx1l : MinConGenLin.IFunction

{
public double F(double[] x)
{
return x[0] * x[0] + x[1] * x[1] + x[2] * x[2] + x[3] * x[3] +
x[4] * x[4] - 2.0 * x[1] * x[2] - 2.0 * x[3] *
x[4] - 2.0 * x[0];
}

public static void Main(String[] args)
{

int neq = 2;
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int ncon = 2;
int nvar = 5;
double[] a = new double[]{1.0, 1.0, 1.0, 1.0, 1.0,

0.0, 0.0, 1.0, - 2.0, - 2.0};
double[] b = new double[]{5.0, - 3.0};
double[] x1b = new double[]{0.0, 0.0, 0.0, 0.0, 0.0};
double[] xub = new double[]{10.0, 10.0, 10.0, 10.0, 10.0};

MinConGenLin.IFunction fcn = new MinConGenLinEx1();

MinConGenLin zf = new MinConGenLin(fcn, nvar, ncon, neq, a, b,
x1b, xub);

zf .Solve();

new PrintMatrix("Solution") .Print(zf.GetSolution());

Output

Solution
0

s wWw N~ O
e

Example 2: Linear Constrained Optimization
The problem

min f(X) = —xoX1X2
subject to

—Xg—2X1 — 2% <0

Xo+2X1+ 2% <72
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is solved with an initial guess of = 10,x; = 10 andx, = 10.

using System;
using Imsl.Math;

public class MinConGenLinEx2 : MinConGenLin.IGradient

{
public double F(double[] x)
{
return - x[0] * x[1] * x[2];
}
public void Gradient(double[] x, double[] g)
{
glo]l = - x[1] * x[2];
gl1]l = - x[0] * x[2];
gl2] = - x[0] * x[1];
}
public static void Main(String[] args)
{
int neq = 0;
int ncon = 2;
int nvar = 3;
double[] a = new double[]{- 1.0, - 2.0, - 2.0, 1.0, 2.0, 2.03};
double[] x1b = new double[]{0.0, 0.0, 0.0};
double[] xub = new double[]{20.0, 11.0, 42.0};
double[] b = new double[]{0.0, 72.0};
MinConGenLin.IGradient fcn = new MinConGenLinEx2();
MinConGenLin zf = new MinConGenLin(fcn, nvar, ncon, neq, a, b,
x1b, xub);
zf .SetGuess (new double[]{10.0, 10.0, 10.0});
zf .Solve();
new PrintMatrix("Solution") .Print(zf.GetSolution());
Console.Qut.WriteLine("Objective value = " +
zf .ObjectiveValue);
}
}
Output
Solution
0
0 20
1 11
2 15

Objective value = -3300

398 ¢ MinConGenLin IMSL C# Numerical Library



MinConGenLin.IFunction Interface

public interface Imsl.Math.MinConGenLin.IFunction

Public interface for the user-supplied function to evaluate the function to be minimized.

Method

F
abstract public double F(double[] x)

Description
Public interface for the function to be minimized.
Parameter

x — A double array, the point at which the function is evaluatedlength equals the number of
variables.

Returns
A double scalar, the function value at

MinConGenLin.IGradient Interface

public interface Imsl.Math.MinConGenLin.IGradient :
Imsl.Math.MinConGenLin.IFunction

Public interface for the user-supplied function to compute the gradient.

Method

Gradient
abstract public void Gradient(double[] x, double[] g)

Description
Public interface for the user-supplied function to compute the gradient atxpoint
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Parameters

x — A double array, the point at which the gradient is evaluatedlength equals the number of
variables.

g — A double array which, on return, contains the values of the gradient of the objective function.

BoundedLeastSquares Class

public class Imsl.Math.BoundedLeastSquares

Solves a nonlinear least-squares problem subject to bounds on the variables using a modified
Levenberg-Marquardt algorithm.

ClassBoundedLeastSquares uses a modified Levenberg-Marquardt method and an active set strategy
to solve nonlinear least-squares problems subject to simple bounds on the variables. The problem is
stated as follows:

subject to
| <x<u

here m>n, F : R" — R™, andfj(x) is thei-th component function df(x). From a given starting point,

an active sel A, which contains the indices of the variables at their bounds, is built. A variable is called a
“free variable” if it is not in the active set. The routine then computes the search direction for the free
variables according to the formula

d=—(3"34u) "JF
wherep is the Levenberg-Marquardt parameters F(x), andJ is the Jacobian with respect to the free
variables. The search direction for the variable$Aris set to zero. The trust region approach discussed

by Dennis and Schnabel (1983) is used to find the new point. Finally, the optimality conditions are
checked. The conditions are:

gl < & li <x <u
g(x) <0,x =uy
g(x) > 0,x =1
wheree is a gradient tolerance. This process is repeated until the optimality criterion is achieved.

The active set is changed only when a free variable hits its bounds during an iteration or the optimality
condition is met for the free variables but not for all variable$inthe active set. In the latter case, a
variable that violates the optimality condition will be dropped out bfFor more details on the
Levenberg-Marquardt method, see Levenberg (1944) or Marquardt (1963). For more detail on the active
set strategy, see Gill and Murray (1976).
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Properties

AbsoluteTolerance
public double AbsoluteTolerance {get; set; }

Description

The absolute function tolerance.

Property Value

A double scalar containing the absolute function tolerance.

Digits

public int Digits {get; set; }

Description

The number of good digits in the function.
Property Value

A int scalar containing the number of good digits.

GradientTolerance
public double GradientTolerance {get; set; }

Description

The scaled gradient tolerance.

Property Value

A double scalar containing the scaled gradient tolerance.

MaximumFunctionEvals
public int MaximumFunctionEvals {get; set; }

Description

The maximum number of function evaluations.

Property Value

A int scalar containing the maximum number of function evaluations.

Maximumlterations
public int MaximumIterations {get; set; }

Description

The maximum number of iterations.

Property Value

A int scalar containing the maximum number of iterations.

MaximumJacobianEvals
public int MaximumJacobianEvals {get; set; }
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Description

The maximum number of Jacobian evaluations.

Property Value

A int scalar containing the maximum number of Jacobian evaluations.

MaximumStepsize
public double MaximumStepsize {get; set; }

Description

The maximum allowable step size.

Property Value

A double scalar containing the maximum allowable step size.

NumberOfProcessors
public int NumberOfProcessors {get; set; }

Description

Perform the parallel calculations with the maximum possible number of processors set to
NumberOfProcessors

Property Value
An int indicating the maximum possible number of processors to use.
Remarks

By default,NumberOfProcessors = Environment .ProcessorCount. If NumberOfProcessors is

set to a number less than 1 or greater thanironment . ProcessorCount,

Environment .ProcessorCount Will be used internally. This property has no effect if the application is
used with a scalar version of the IMSL C# Numerical Library.

Parallel
public bool Parallel {get; set; }

Description
Enable or disable performinginUnconMultiVar.IFunction.F in parallel.
Property Value

A bool indicating whether or not théinUnconMultiVar.IFunction.F calculations are to be
performed in parallel.

Remarks

By default,Parallel = true. This property has no effect if the application is used with a scalar version
of the IMSL C# Numerical Library.

RelativeTolerance
public double RelativeTolerance {get; set; }
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Description

The relative function tolerance.

Property Value

A double scalar containing the relative function tolerance.

ScaledStepTolerance
public double ScaledStepTolerance {get; set; }

Description

The scaled step tolerance.

Property Value

A double scalar containing the scaled step tolerance.

TrustRegion
public double TrustRegion {get; set; }

Description

The size of initial trust region radius.

Property Value

A double scalar containing the initial trust region radius.

Constructor

BoundedLeastSquares

public BoundedLeastSquares(Imsl.Math.BoundedLeastSquares.IFunction f, int
mFunctions, int nVariables, int boundType, double[] lowerBound, double[]
upperBound)

Description

Constructor foBoundedLeastSquares.

Parameters
f — The user-supplieBoundedLeastSquares. IFunction to be minimized.
mFunctions — A int scalar containing the number of functions.
nVariables — A int scalar containing the number of variables.
boundType — A int scalar containing the types of bounds on the variable.

boundType Action

0 User will supply all the bounds.

1 All variables are nonnegative.

2 All variables are nonpositive.

3 User supplies only the bounds on first variable, all other variaples
will have the same bounds.
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lowerBound — A double array containing the lower bounds on the variables.
upperBound — A double array containing the upper bounds on the variables.

Exception

System.ArgumentException is thrown if the dimensions afFunctions, nVariables,
boundType, lowerBound.length andupperBound.length are not consistent

Methods

GetJacobianSolution
public double[,] GetJacobianSolution()

Description

Returns the Jacobian at the approximate solution.

Returns

A mFunctions x nVariablegouble matrix containing the Jacobian at the approximate solution.

GetResiduals
public double[] GetResiduals()

Description

Returns the residuals at the approximate solution.

Returns

A double array containing the residuals at the approximate solution.

GetSolution
public double[] GetSolution()

Description

Returns the solution.

Returns

A double array containing the computed solution.

SetFscale
public void SetFscale(double[] fscale)

Description
Sets the diagonal scaling matrix for the functions.
Parameter
fscale — A double array containing the diagonal scaling for the functions.

404 e BoundedLeastSquares IMSL C# Numerical Library



Remarks

The i-th component of fscale is a positive scalar specifying the reciprocal magnitude of the i-th
component function of the problem. By defadlgcale[] = {1}.

SetGuess
public void SetGuess(double[] guess)

Description
Sets the initial guess of the solution.
Parameter
guess — A double array containing an initial guess.

SetinternalScale
public void SetInternalScale()

Description

The internal variable scaling option.

Remarks

With this option, the values fatscale are set internally.

SetXscale
public void SetXscale(double[] xscale)

Description
The scaling vector for the variables.
Parameter
xscale — A double array containing the scaling vector for the variables.

Remarks

Argumentxscale is used mainly in scaling the gradient and the distance between two points. See
GradientTolernce andScaledStepTolerance for more details. By defaulkscale[] = {1}.

Solve
public void Solve()

Description

Solves a nonlinear least-squares problem subject to bounds on the variables using a modified
Levenberg-Marquardt algorithm.

Exceptions
Imsl.Math.FalseConvergenceException is thrown if there is a problem with convergence.
Imsl.Math.NoProgressException is thrown if the algorithm is not making any progress.
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Example 1: Bounded Least Squares

The nonlinear least-squares problem

min2 S fi (x)2
22"
—2<x%<05
—-1<x <2
where
fo(x) = 10(x; — x3) and f1(x) = (1 — o)
is solved.

using System;
using Imsl.Math;

public class BoundedLeastSquaresExl : BoundedLeastSquares.IFunction

{
public void F(double[] x, double[] £f)

{
£[0] = 10.0 * (x[1] - x[0] * x[0]);
£[1] = 1.0 - x[0];
}
public static void Main(String[] args)
{
int m = 2;
int n = 2;
int ibtype = O;
double[] x1b = new double[] { -2.0, -1.0 };
double[] xub = new double[] { 0.5, 2.0 };
BoundedLeastSquares.IFunction rosbck =
new BoundedLeastSquaresEx1();
BoundedLeastSquares zf =
new BoundedLeastSquares(rosbck, m, n, ibtype, xlb, xub);
zf .Solve();
new PrintMatrix("Solution") .Print(zf.GetSolution());
}
}
Output
Solution
0
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0 0.5
1 0.250000000009201

Example 2: Bounded Least Squares

The nonlinear least-squares problem
1 g 2
min=$ fi (X
2; i (%)
—2<x% <05

—-1<x<2

where

fo(X) = 10(x, — x3) and f1(x) = (1 — o)

is solved. An initial guess (-1.2, 1.0) is supplied, as well as the analytic Jacobian. The residual at the
approximate solution is returned.

using System;
using Imsl.Math;

public class BoundedLeastSquaresEx2 : BoundedLeastSquares.IJacobian

{
public void F(double[] x, double[] f)
{
£[0] = 10.0 = (x[1] - x[0] * x[01);
£[1] = 1.0 - x[0];
}
public void Jacobian(double[] x, double[] fjac)
{
fjac[0] = -20.0 * x[0];
fjac[1] = 10.0;
fjac[2] = -1.0;
fjac[3] = 0.0;
}

public static void Main(String[] args)
{
int m = 2;
int n = 2;
int ibtype = O;
double[] x1b =
double[] xub =
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BoundedLeastSquares.IJacobian rosbck =
new BoundedLeastSquaresEx2() ;
BoundedLeastSquares zf =
new BoundedLeastSquares(rosbck, m, n, ibtype, x1lb, xub);
zf .SetGuess(new double[] { -1.2, 1.0 });
zf.Solve();
new PrintMatrix("Solution") .Print(zf.GetSolution());
new PrintMatrix("Residuals").Print(zf.GetResiduals());

Output

Solution
0

0 0.5

1 0.25

Residuals
0

0 0

1 0.5

BoundedLeastSquares.IFunction Interface

public interface Imsl.Math.BoundedLeastSquares.IFunction

Public interface for the user-supplied function to evaluate the function that defines the least-squares
problem.

Method

F
abstract public void F(double[] x, double[] fvalue)

Description

Public interface for the user-supplied function to evaluate the function that defines the least-squares
problem.

Parameters
x — A double array, the point at which the function is to evaluatedlength = nVariables.
fvalue — A double array, the function values at poigt £ . Length = mFunctions.
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BoundedLeastSquares.lJacobian Interface

public interface Imsl.Math.BoundedLeastSquares.IJacobian :
Imsl.Math.BoundedLeastSquares.IFunction

Public interface for the user-supplied function to compute the Jacobian.

Method

Jacobian
abstract public void Jacobian(double[] x, double[] fjac)

Description
Public interface for the user-supplied function to compute the Jacobian.
Parameters
x — A double array, the point at which the Jacobian is to evaluatedength = nVariables.

fjac — A double array which, on return, contains the computed Jacobian at thezpoint
fjac.length = mFunctions x nVariables.

BoundedVariableLeastSquares Class

public class Imsl.Math.BoundedVariableLeastSquares
Solve a linear least-squares problem with bounds on the variables.
BoundedVariableLeastSquares Solves the least-squares problem

min||Ax— b||2

X

subject to the conditions

ok < X < B
for all k.

This algorithm is a generalization of Imsl.Math.NonNegativeLeastSquare$1®).that solves the
least-squares problerx = b, subject to alk; > 0. NonNegativeLeastSquares is based on the
subroutine NNLS which appeared in Lawson and Hanson (1974). The additional work on bounded
variable least squares was published in a later reprint (Lawson and Hanson, 1995).
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Properties

Iterations

public int Iterations {get; }

Description

The number of iterations used to find the solution.
Property Value

An int containing the number of iterations.

Maxlterations
public int MaxIterations {get; set; }

Description

The maximum number of iterations.

Property Value

An int containing the maximum number of iterations.
Default: Maxlterations = 3%.GetLength(1).

ResidualNorm

virtual public double ResidualNorm {get; }
Description

The euclidean norm of the residual vectthx— b||2.

Property Value

A double containing the euclidean norm of the residual vector.

Tolerance
public double Tolerance {get; set; }

Description

The internal tolerance used to determine the relative linear dependence of a column vector for a variable
moved from its initial value.

Property Value
A double value specifying the tolerance.
Default: Tolerance = 1.0e-7.

Constructor

BoundedVariableLeastSquares
public BoundedVariableLeastSquares(double[,] a, double[] b, double[]
lowerBound, double[] upperBound)
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Description

Construct a new BoundedVariableLeastSquares instance toAolgsubject to bounds on the
variables. Each upper bound must be greater than or equal to the corresponding lower bound.

Parameters
a — Thedouble input matrix.
b — A double array of lengtha.GetLength(0).

lowerBound — A double array of lengtha.GetLength (0) containing lower bounds. Use
Double.NEGATIVE_INFINITY for variables which are not bounded below.

upperBound — A double array of lengtha.GetLength (0) containing upper bounds. Use
Double.POSITIVE_INFINITY for variables which are not bounded above.

Methods

GetDualSolution
public double[] GetDualSolution()

Description

Returns the dual solution vectav,

Returns

A double array containing the dual solution vectua,
Remarks

If x; is at neither its upper nor lower bound thep= 0. If X; is at its lower bound thew; < 0. If x; is at
its upper bound thew; > 0. If the upper and lower bound for thh variable are equal, fixing the value
of xj, then the value olv; is arbitrary.

GetSolution
public double[] GetSolution()

Description

Returns the solution to the problem.
Returns

A double array containing the solution.

Solve
virtual public void Solve()

Description
Find the solutiorx to the problem for the current constraints.
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Example 1: Bounded Variable Least Squares

The following example solves a linear least squares problem with bounds on the variables and compares
the result to its unbounded solution. The normal of the residuals is 0.0 for the exact solution.

using System;
using Imsl.Math;

public class BoundedVariableLeastSquaresEx1
{
public static void Main(String[] args)
{
doublel,] a = {{1, - 3, 2}, {- 3, 10, - 5},{2, - 5, 6}};
double[] b = {27, - 78, 64};
double[] x1b = {- 1, - 1, - 1};
double[] xub = {5, 5, 5};
double[] x1_ub = {
Double.NegativeInfinity,
Double.NegativeInfinity,
Double.NegativeInfinity
};
double[] xu_ub = {
Double.PositiveInfinity,
Double.PositiveInfinity,
Double.PositiveInfinity

};

// compute the bounded solution
BoundedVariablelLeastSquares bvls =
new BoundedVariableLeastSquares(a, b, xlb, xub);
bvls.Solve();
double[] x_bounded = bvls.GetSolution();
new PrintMatrix("Bounded Solution").Print(x_bounded);
Console.WriteLine("Norm of the Residuals = " +
bvls.ResidualNorm) ;

// compute the unbounded solution

bvls = new BoundedVariableLeastSquares(a, b, x1_ub, xu_ub);

bvls.Solve();

double[] x_unbounded = bvls.GetSolution();

new PrintMatrix("\nUnbounded Solution") .Print(x_unbounded);

Console.WriteLine("Norm of the Residuals = " +
bvls.ResidualNorm) ;

Output

Bounded Solution

Norm of the Residuals = 35.0142828000232
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Unbounded Solution
0

0 1.00000000000004

1 -3.99999999999999

2 7

Norm of the Residuals = 0

NonNegativeLeastSquares Class

public class Imsl.Math.NonNegativelLeastSquares
Solves a linear least squares problem with nonnegativity constraints.
NonNegativeLeastSquares solves the problem

min||Ax— b||2
X

subject to the conditior > 0.

If a starting pointxg is provided, those entries & that are> 0 are first combined with a descent
gradient component. The start point is the origin. Wkeis not provided the algorithm uses only the
gradient to verify that an optimum has been found. The algorithm completes using only the gradient
components to reach an optimum. For more information, see Lawson and Hanson (1974).

See Also

Imsl.Math.BoundedVariableLeastSquares4p9

Properties

DualTolerance
virtual public double DualTolerance {get; set; }

Description
The dual tolerance controlling when the computation stops.
Property Value

A double containing the dual tolerance. The computation stops if the largest gradient is smaller than
this.

Default: DualTolerance = 0.
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Iterations
virtual public int Iterations {get; }

Description

The number of iterations used to find the solution.
Property Value

An int containing the number of iterations.

MaximumTime
virtual public long MaximumTime {get; set; }

Description

The maximum time allowed for the solve step.

Property Value

A long value specifying the maximum time, in milliseconds, to be allowed for the solve step.
Default: There is no time limit.

Remarks

If MaximumTime is less than or equal to zero, then no time limit is imposed.

MaxIterations
virtual public int MaxIterations {get; set; }

Description

The maximum number of iterations.

Property Value

An int specifying the maximum number of iterations.
Default: Maxlterations = 3%.GetLength(1).

NormTolerance
virtual public double NormTolerance {get; set; }

Description
The residual norm tolerance.
Property Value

A double containing the residual norm tolerance. The computation stops if
|Irnorm||> < NormTolerance | |b||, wherernormis the residual norm.

Default: NormTolerance = 0.

RankTolerance
virtual public double RankTolerance {get; set; }

Description
The tolerance used for the incoming column rank deficient check.
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Property Value
A double value used to check for rank deficiency.
Default: RankTolerance = 2.220e-016.

ResidualNorm

virtual public double ResidualNorm {get; }
Description

The euclidean norm of the residual vectthx— b||2.

Property Value

A double containing the euclidean norm of the residual vector.

Constructor

NonNegativeLeastSquares
public NonNegativeLeastSquares(double[,] a, double[] D)

Description

Construct a new NonNegativeLeastSquares instance to Aghmvherex is a vector ofn unknowns.

Parameters
a — Thedouble input matrix.
b— A double array of lengtha.GetLength (0).

Methods

GetDualSolution
virtual public double[] GetDualSolution()

Description

Returns the dual solution vectay, If x; = 0 thenw; < 0, otherwisew; = 0.
Returns

A double array containing the dual solution vecta,

GetSolution
virtual public double[] GetSolution()

Description
Returns the solution to the probler,
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Returns
A double array containing the solution.

SetGuess
virtual public void SetGuess(double[] guess)

Description
Sets the initial guess.
Parameter
guess — A double array containing the initial guess.

Remarks

If set, the guess is used in a two-phase algorithm where the positive components are matched with
positive gradients to choose an incoming column. If not set, the algorithm uses only the gradient to
verify that an optimum has been found.

Solve
virtual public void Solve()

Description
Finds the solution to the problem for the current constraints.
Exceptions

Imsl.Math.TooManyIterationsException is thrown if the maximum number of iterations is
exceeded.

Imsl.Math.TooMuchTimeException is thrown if the maximum time allowed for tig»1ve
method is exceeded.

Example 1: Non-negative Least Squares

Consider the following problem:

1 -3 2| |x1 27
-3 10 5| |x|=|-78
2 -5 6| |xs 64

Subject to the constraixt> 0. The NonNegativeLeastSquares class is used to compute a solution,
which is compared to the exact solution{df, -4, 7}.

using System;
using Imsl.Math;
public class NonNegativeLeastSquaresEx1l
{
public static void Main(String[] args)
{
double[,] a = {{1, - 3, 2}, {- 3, 10, - 6} , {2, - 5, 6}};
double[]l b = {27, - 78, 64};

NonNegativeLeastSquares nnls =
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new NonNegativeLeastSquares(a, b);
nnls.Solve();
double[] x = nnls.GetSolution();

new PrintMatrix("Solution").Print(x);

// compare solution with exact answer

double[,] compare = new double[2, 3];

double[] tmpl = Matrix.Multiply(a, x);

double[] tmp2 = Matrix.Multiply(a, new double[]{1, - 4, 7});
for (int i = 0; i < compare.GetLength(1); i++)

{

compare [0, il
compare[1, il

tmp1[il;
tmp2[i];

}

PrintMatrixFormat pmf = new PrintMatrixFormat();

pmf . SetColumnLabels (new String[]{"x >= 0", "exact"l});
PrintMatrix pm = new PrintMatrix("Comparison of ’b’");
pn.Print (pmf, Matrix.Transpose(compare));

}
}
Output
Solution
0
0 18.4492753623188
1 0
2  4.5072463768116
Comparison of ’b’
x >= 0 exact
0  27.463768115942 27
1 -77.8840579710145 -78
2 63.9420289855073 64

MinConNLP Class

public class Imsl.Math.MinConNLP
General nonlinear programming solver.

MinConNLP is based on the FORTRAN subroutim@NLP2, by Peter Spellucci and licensed from TU
DarmstadtMinConNLP uses a sequential equality constrained quadratic programming method with an
active set technique, and an alternative usage of a fully regularized mixed constrained subproblem in
case of nonregular constraints (i.e. linear dependent gradients in the “working sets”). It uses a slightly
modified version of the Pantoja-Mayne update for the Hessian of the Lagrangian, variable dual scaling
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and an improved Armijijo-type stepsize algorithm. Bounds on the variables are treated in a
gradient-projection like fashion. Details may be found in the following two papers:

P. Spellucci:An SQP method for general nonlinear programs using only equality constrained
subproblemsMath. Prog. 82, (1998), 413-448.

P. Spellucci:A new technique for inconsistent problems in the SQP metilath. Meth. of Oper. Res.
47, (1998), 355-500. (published by Physica Verlag, Heidelberg, Germany).

The problem is stated as follows:

;Qghf(x)

subject to
gj(x)=0forj=1,..., me
gj(x) >0,forj=me+1, ..., m
X < X< Xy

where all problem functions are assumed to be continuously differentiable. Although default values are
provided for optional input arguments, it may be necessary to adjust these values for some problems.
Through the use of member functioddnConNLP allows for several parameters of the algorithm to be
adjusted to account for specific characteristics of problemsDUhEP2 Users Guidgrovides detailed
descriptions of these parameters as well as strategies for maximizing the performance of the algorithm.
In addition, the following are a number of guidelines to consider when w&ingonNLP:

e A good initial starting point is very problem specific and should be provided by the calling
program whenever possible. See metBetGuess.

e Gradient approximation methods can have an effect on the success@iNLP. Selecting a
higher order approximation method may be necessary for some problems. See property
DifferentiationType.

e If atwo sided constrairt < g; (x) < u; is transformed into two constraintg; (x) > 0 and
021 (X) > 0, then choos8indingT hreshold< 1/2(u; — I;) /max{1, |Cg; (x) ||}, or at least try to
provide an estimate for that value. This will increase the efficiency of the algorithm. See property
BindingThreshold.

e The parameteterr provided in the interface to the user supplied funcficcan be very useful in
cases when evaluation is requested at a point that is not possible or reasonable. For example, if
evaluation at the requested point would result in a floating point exception, then settingp
true and returning without performing the evaluation will avoid the exceptigConNLP will
then reduce the stepsize and try the step again. Naterif is set totrue for the initial guess,
then an error is issued.

Properties

BindingThreshold
public double BindingThreshold {get; set; }
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Description

The binding threshold for constraints.

Property Value

A double scalar value specifying the binding threshold for constraints.
Remarks

In the initial phase of minimization a constraint is considered binding if
% < BindingThreshold & Me+1,...,M

Good values are between .01 and 1.®ilidingThreshold is chosen too small then identification of

the correct set of binding constraints may be delayed. Contra&8yniingThreshold is too large, then

the method will often escape to the full regularized SQP method, using individual slack variables for any
active constraint, which is quite costly. For well scaled problemsiingThreshold = 1.0 is

reasonable. By defauBindingThreshold is set to .5 *PenaltyBound.

Exception
System.ArgumentException is thrown ifBindingThreshold is less than or equal to 0.0

BoundViolationBound
public double BoundViolationBound {get; set; }

Description
The amount by which bounds may be violated during numerical differentiation.
Property Value

A double scalar value specifying the amount by which bounds may be violated during numerical
differentiation.

Remarks
By default,BoundViolationBound is set to 1.0.
Exception

System.ArgumentException is thrown ifBoundViolationBound is setto a value less than or
equal to 0.0

DifferentiationType
public int DifferentiationType {get; set; }

Description
The type of numerical differentiation to be used.
Property Value

An int scalar value specifying the type of numerical differentiation to be used. By default,
DifferentiationType iS setto 1.
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Value Action
1 Use a forward difference quotient with discretization stepsize

0.1 FunctionPrecisioﬂ’/z) componentwise relative. This is the

default value used.
2 Use the symmetric difference quotient with discretization stepsize

0.1 (FunctionPrecisioH3) componentwise relative.

3 Use the sixth order approximation computing a Richardson extrap-
olation of three symmetric difference quotient values. This usges a

discretization stepsize @1 (FunctionPrecisioW) .

Exception

System.ArgumentException isthrown ifDifferentiationType is setto a value less than or
equal to 0, or greater than or equal to 4

FunctionPrecision
public double FunctionPrecision {get; set; }

Description

The relative precision of the function evaluation routine.

Property Value

A double scalar value specifying the relative precision of the function evaluation routine.
Remarks

By default,FunctionPrecision is setto 2.2e-16.

Exception

System.ArgumentException is thrown ifFunctionPrecision is set to a value less than or
equal to 0.0

GradientPrecision
public double GradientPrecision {get; set; }

Description
The relative precision in gradients.
Property Value
A double scalar value specifying the relative precision in gradients.
Remarks
By default,GradientPrecision is set to 2.2e-16.
Exception
System.ArgumentException is thrown if less than or equal to 0.0

Maximumlterations
public int MaximumIterations {get; set; }
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Description
The maximum number of iterations allowed.
Property Value
An int specifying the maximum number of iterations allowed.
Remarks
By default,MaximumIterations is set to 200.
Exception
System.ArgumentException is thrown ifMaximumIterations is less than or equal to O

MultiplierError
public double MultiplierError {get; set; }

Description

The error allowed in the multipliers.

Property Value

A double scalar value specifying the error allowed in the multipliers.
Remarks

A negative multiplier of an inequality constraint is accepted (as zero) if its absolute value is less than
MultiplierError. By defaultMultiplierError is set toe?!09¢/3,

Exception
System.ArgumentException isthrown ifMultiplierError is less than or equal to 0.0

NumberOfProcessors
public int NumberOfProcessors {get; set; }

Description

Perform the parallel calculations with the maximum possible number of processors set to
NumberOfProcessors.

Property Value
An int indicating the maximum possible number of processors to use.
Remarks

By default,Number0fProcessors = Environment .ProcessorCount. If NumberOfProcessors is

set to a number less than 1 or greater thawi ronment . ProcessorCount,
Environment.ProcessorCount Will be used internally. This property has no effect if the application is
used with a scalar version of the IMSL C# Numerical Library.

Parallel
public bool Parallel {get; set; }

Description
Enable or disable performinginConNLP . IFunction.F in parallel.
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Property Value

A bool indicating whether or not théinConNLP . IFunction.F calculations are to be performed in
parallel.

Remarks

By default,Parallel = true. This property has no effect if the application is used with a scalar version
of the IMSL C# Numerical Library.

PenaltyBound
public double PenaltyBound {get; set; }

Description
The universal bound for describing how much the unscaled penalty-term may deviate from zero.
Property Value

A double scalar value specifying the universal bound for describing how much the unscaled
penalty-term may deviate from zero.

Remarks

A smallPenaltyBound diminishes the efficiency of the solver because the iterates then will follow the
boundary of the feasible set closely. Conversely, a large1tyBound may degrade the reliability of
the code. By defaulBenaltyBound is set to 1.0.

Exception
System.ArgumentException is thrown ifPenaltyBound is less than or equal to 0.0

ScalingBound
public double ScalingBound {get; set; }

Description
The scaling bound for the internal automatic scaling of the objective function.
Property Value
A double scalar value specifying the scaling variable for the problem function.
Remarks
By default,ScalingBound is set to 1.0e4.
Exception
System.ArgumentException is thrown ifScalingBound is less than or equal to 0.0

ViolationBound
public double ViolationBound {get; set; }

Description

Defines allowable constraint violations of the final accepted result.

Property Value

A double scalar value specifying the allowable constraint violations of the final accepted result.
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Remarks

Constraints are satisfied|idj (x)| < ViolationBound andg;(x) > —ViolationBoundrespectively. By
default,violationBound is set to

min(BindingThreshold/10,maxepsdif min(BindingThreshold/10,max(l.e—
6)BindingThreshold,smally))).

Exception
System.ArgumentException isthrown ifViolationBound is less than or equal to 0.0

Constructor

MinConNLP
public MinConNLP(int mTotalConstraints, int mEqualityConstraints, int
nVariables)

Description

Nonlinear programming solver constructor.

Parameters
mTotalConstraints — An int scalar value which defines the total number of constraints.
mEqualityConstraints — An int scalar value which defines the number of equality constraints.
nVariables — An int scalar value which defines the number of variables.

Methods

GetConstraintResiduals
public double[] GetConstraintResiduals()

Description

Returns the constraint residuals.

Returns

A double array containing the constraint residuals.

GetLagrangeMultiplierEst
public double[] GetLagrangeMultiplierEst()

Description
Returns the Lagrange multiplier estimates of the constraints.
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Returns
A double array containing the Lagrange multiplier estimates of the constraints.

GetSolution
public double[] GetSolution()

Description

Returns the last computed solution.

Returns

A double array containing the solution.

Remarks

This is the same solution as returned by go@ve method.

SetGuess
public void SetGuess(double[] guess)

Description
Sets the initial guess of the minimum point of the input function.
Parameter
guess — A double array specifying the initial guess of the minimum point of the input function.

Remarks
By default, the elements of this array are set to x, (with the smallest valird| g that satisfies the
bounds.

SetXlowerBound
public void SetXlowerBound(double[] lower)

Description
Sets the lower bounds on the variables.
Parameter
lower — A double array specifying the lower bounds on the variables.

Remarks
By default, the elements of this array are set to -1.79e308.

SetXscale
public void SetXscale(double[] scale)

Description
The internal scaling of the variables.
Parameter
scale — A double array specifying the internal scaling of the variables.
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Remarks

The initial value given and the objective function and gradient evaluations, however, are always given in
the original unscaled variables. The first internal variable is obtained by dividing the wdliiedy
Xscalel[i]. By default,Xscale[i] is setto 1.0.

Exception
System.ArgumentException isthrown ifXscale[i] is less than or equal to 0.0

SetXupperBound
public void SetXupperBound(double[] upper)
Description
Sets the upper bounds on the variables.
Parameter
upper — A double array specifying the upper bounds on the variables.

Remarks
By default, the elements of this array are set to 1.79e308.

Solve
public double[] Solve(Imsl.Math.MinConNLP.IFunction f)

Description

Solve a general nonlinear programming problem using the successive quadratic programming algorithm
with a finite-difference gradient or with a user-supplied gradient.

Parameter

f — Defines the user-supplieédnConNLP. IFunction to be evaluated at a given poiiitcan be
used to supply 8inConNLP.IGradient Of the function. Iff implementsIiGradient the
user-supplied gradient is used. Otherwise, an attempt to solve the problem is made using a
finite-difference gradient.

Returns
A double array containing the last computed solution of the nonlinear programming problem.

Exceptions

Imsl.Math.ConstraintEvaluationException is thrown if a constraint evaluation returns an
error.

Imsl.Math.ObjectiveEvaluationException is thrown if objective evaluation returns an error.
Imsl.Math.WorkingSetSingularException is thrown if
Imsl.Math.QPInfeasibleException is thrown if the working set is singular in dual extended

QP.

Imsl.Math.PenaltyFunctionPointInfeasibleException is thrown if the penalty function
point infeasible.

Optimization MinConNLP e 425



Imsl.Math.LimitingAccuracyException is thrown if limiting accuracy reached for a singular

problem.

Imsl.Math.TooManyIterationsException is thrown if maximum number of iterations
exceeded.

Imsl.Math.NoAcceptableStepsizeException is thrown if there is no acceptable stepsize.

Imsl.Math.BadInitialGuessException is thrown if the penalty function point infeasible for

original problem.

Imsl.Math.I1llConditionedException is thrown if the problem is singular or ill-conditioned.

Imsl.Math.SingularException is thrown ifthe problem is singular.

Imsl.Math.LinearlyDependentGradientsException is thrown if the working set gradients

are linearly dependent.

Imsl.Math.TerminationCriteriaNotSatisfiedException is thrown if termination criteria

are not satisfied.

Example 1: Solving a general nonlinear programming prob-
lem

A general nonlinear programming problem is solved using a finite difference gradient. The problem

minF (x) = (x1 —2)2 + (x — 1)2

subject to

01(X) =x1—2X+1=0

BR(X)=—x/4—x3+1>0
is solved.

using System;
using Imsl.Math;

public class MinConNLPEx1l : MinConNLP.IFunction
{
public double F(double[] x, int iact, bool[] ierr)
{
double result;
ierr[0] = false;
if (iact == 0)

{
result = (x[0] - 2.0) * (x[0] - 2e0) +
(x[1] - 1.0) * (x[1] - 1.0);
return result;
}
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else

{
switch (iact)
{
case 1:
result = (x[0] - 2.0 * x[1] + 1.0);
return result;
case 2:
result = (-(x[0] * x[0]) / 4.0 - (x[1] * x[1])
+1.0);
return result;
default:
ierr[0] = true;
return 0.0;
}
}

public static void Main(String[] args)

{
int m = 2;
int me = 1;
int n = 2;
MinConNLP minconnon = new MinConNLP(m, me, n);
minconnon.SetGuess (new double[]{2.0, 2.0});
double[] x = minconnon.Solve(new MinConNLPEx1());
new PrintMatrix("x") .Print(x);

Output

X
0
822875655532512

0 o.
1 0.911437827766256

Example 2: Solving a general nonlinear programming prob-
lem

A general nonlinear programming problem is solved using a user-supplied gradient. The problem

minF(x) = (x1 — 2)2 + (x — 1)2

subject to
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01(X) =x1—2%+1=0

B2(X)=—x2/4—x3+1>0
is solved.

using System;
using Imsl.Math;

public class MinConNLPEx2 : MinConNLP.IGradient

{
public double F(double[] x, int iact, bool[] ierr)
{
double result;
ierr[0] = false;
if (iact == 0)
{
result = (x[0] - 2.0) * (x[0] - 2.0) +
(x[1] - 1.0) * (x[1] - 1.0);
return result;
}
else
{
switch (iact)
{
case 1:
result = (x[0] - 2.0 * x[1] + 1.0);
return result;
case 2:
result = (-(x[0] * x[0]) / 4.0 -
(x[1] * x[1]1) + 1.0);
return result;
default:
ierr[0] = true;
return 0.0;
¥
}
}

public void Gradient(double[] x, int iact, double[] result)

{
if (iact == 0)
{
result[0] = 2.0 * (x[0] - 2.0);
result[1] = 2.0 * (x[1] - 1.0);
return;
}
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else
{
switch (iact)
{
case 1:
result[0] =
result[1]
return;

o

I =
v o
P

case 2:
result[0] =
result[1]
return;

0.5 * x[0];
2.0 x x[1];

public static void Main(String[] args)

{
int m = 2;
int me = 1;
int n = 2;
MinConNLP minconnon = new MinConNLP(m, me, n);
minconnon.SetGuess(new double[]{2.0, 2.0});
double[] x = minconnon.Solve(new MinConNLPEx2());
new PrintMatrix("x").Print(x);

Output

X

0
0 0.822875655532512
1 0.911437827766256

MinConNLP.IFunction Interface

public interface Imsl.Math.MinConNLP.IFunction

Public interface for the user supplied function to #i@ConNLP object.
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Method

F
abstract public double F(double[] x, int iact, bool[] ierr)

Description
Compute the value of the function at the given point.
Parameters
x —An inputdouble array, the point at which the objective function or constraint is to be evaluated.

iact — Aninputint value indicating whether evaluation of the objective function is requested or
evaluation of a constraint is requested. If iact is zero, then an objective function evaluation is
requested. If iact is nonzero then the value of iact indicates the index of the constraint to evaluate.
(1 indicates the first constraint, 2 indicates the second, etc.)

ierr — An input/outpubool array of length 1. On input ierr[0] is set to false. If an error or other
undesirable condition occurs during evaluation, then ierr[0] should be set to true. Setting ierr[0] to
true will result in the step size being reduced and the step being tried again. (If ierr[0] is set to true
for xguess, then an error is issued.)

Returns

A double. Ifiactis zero, then the value of the objective function at x is returned. If iact is nonzero, then
the computed constraint value at the point x is returned.

MinConNLP.IGradient Interface

public interface Imsl.Math.MinConNLP.IGradient : Imsl.Math.MinConNLP.IFunction

Public interface for the user supplied function to compute the gradietitifd@onNLP object.

Method

Gradient
abstract public void Gradient(double[] x, int iact, double[] result)

Description
Computes the value of the gradient of the function at the given point.
Parameters

x — An inputdouble array, the point at which the gradient of the objective function or gradient of a
constraint is to be evaluated.
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iact — Aninputint value indicating whether evaluation of the objective function gradient is
requested or evaluation of a constraint gradient is requested. If iact is zero, then an objective
function gradient evaluation is requested. If iact is nonzero then the value of iact indicates the index
of the constraint gradient to evaluate. (1 indicates the first constraint, 2 indicates the second, etc.)

result — A double array. If iact is zero, then the value of the objective function gradient at x is
returned in result. If iact is nonzero, then the computed gradient of the requested constraint value at
the point x is returned in result.

NumericalDerivatives Class

public class Imsl.Math.NumericalDerivatives
Compute the Jacobian matrix for a functidfy) with m components im independent variables.

NumericalDerivatives uses divided finite differences to compute the Jacobian. This class is designed
for use in numerical methods for solving nonlinear problems where a Jacobian is evaluated repeatedly at
neighboring arguments. For example, this occurs in a Gauss-Newton method for solving non-linear least
squares problems or a non-linear optimization method.

NumericalDerivatives is suited for applications where the Jacobian is a dense matrix. All cases
m< n, m=n, orm> nare allowed. Both one-sided and central divided differences can be used.

The design allows for computation of derivatives in a variety of contexts. Note that a gradient should be
considered as the special case witk= 1, n > 1. A derivative of a single function of one variable is the
casem=1,n= 1. Any non-linear solving routine that optionally requests a Jacobian or gradient can use
NumericalDerivatives. This should be considered if there are special properties or scaling issues
associated witH (y). Use the methodetDifferencingMethods to specify different differencing

options for numerical differentiation. These can be combined with some analytic subexpressions or other
known relationships.

The divided differences are computed using values of the independent variables at the initial point
Ye =Y, and differenced pointg = y+del x gj. Here thegj, j = 1,...,n, are the unit coordinate vectors.
The value for each differenatel depends on the variabjethe differencing method, and the scaling for
that variable. This difference is computed internally. SegePercentageFactor for computational
details. The evaluation df(ye) is normally done by the user-provided method
NumericalDerivatives.IFunction.F, using the valuege. The index and valueg, are arguments
to NumericalDerivatives.IFunction.F.

The computational kernel @valuateJ performs the following steps:

1. evaluate the equations at the pojnisingNumericalDerivatives.IFunction.F.
2. compute the Jacobian.

3. compute the difference .
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By default,EvaluateJ usesNumericalDerivatives.IFunction.F in step 3. The user may choose
to override theEvaluateF method to extend the capability of the class beyond the default.

There are six examples provided which illustrate various ways t®usericalDerivatives. A
discussion of the expected errors for these difference methods is fodniiist Course in Numerical
Analysis Anthony Ralston, McGraw-Hill, NY, (1965).

Constructor

NumericalDerivatives
public NumericalDerivatives(Imsl.Math.NumericalDerivatives.IFunction fcn)

Description
Constructor foNumericalDerivatives.
Parameter

fcn — An IFunction object which is a user-supplied function to evaluate the equations at the point
y.

Methods

EvaluateF
virtual public double[] EvaluateF(int varIndex, doublel[] y)

Description

This method is provided by the user to compute the function values at the current independent variable
valuesy.

Parameters
varIndex —An int which indicates the index of the variable to perturb.
y — A double array of lengtm, the point at which the function is to be evaluated.

Returns
A double array of lengthm. The equations evaluated at the paint
Remarks

If the user does not override tlEsaluateF method, themMiumericalDerivatives.IFunction.F is
used to compute the function values.

EvaluateJ
public double[,] EvaluateJ(double[] y)
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Description
Evaluates the Jacobian for a systemrmaf €quations inr) variables.
Parameter
y — A double array of lengtm, the point at which the Jacobian is to be evaluated.

Returns

A double matrix containing the Jacobian. Columns that are accumulated must have the additive term
defined on entry or else be set to zero. Columns that are skipped can be defined either before or after the
EvaluateJ method is invoked.

GetPercentageFactor
public double[] GetPercentageFactor()

Description
Returns the percentage factor for differencing.
Returns

A double array containing the percentage factor for differencing. Sa@ercentageFactor for more
detail.

GetScalingFactors
public double[] GetScalingFactors()

Description

Returns the scaling factors for tlyevalues.
Returns

A double array containing the scaling factors.

GetStats
public int[] GetStats()

Description

Returns status information. This information might prove useful to the user wanting to gain better
control over the differencing parameters. This information can often be ignored.

Returns

An int array containing the ten diagnostic values described in the following table. These values can be
used to monitor the progress or expense of the Jacobian computation.
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index Description

0 the number of times a function evaluation was computed.
1 the number of columns in which three attempts were made to increase
a percentage factor for differencing (i.e. a component in fhetor
array) but the computedel remained unacceptably small relative |to
y[j-1] or scale[j-1]. In such cases the percentage factor is set to
1.4901161193847656e-8, which is the square root of machine precisipn
2 the number of columns in which the computdel was zero to machine
precision becausglj-1] or scale[j-1] was zero. In such caseslis set
to 1.4901161193847656e-8, which is the square root of machine predision
3 the number of Jacobian columns which had to be recomputed because the
largest difference formed in the column was close to zero relative to scale,
where

scale= max(|fi (y)|,

fi(y+delxgj)|)

andi denotes the row index of the largest difference in the column currently
being processedndex= 9 gives the last column where this occurred.

4 the number of columns whose largest difference is close to zero relative to
scale after the column has been recomputed.
5 the number of times scale information was not available for use in| the

roundoff and truncation error tests. This occurs when
min(|fi (y)|,|fi(y+delxej)|) =0

where i is the index of the largest difference for the column currently being
processed.
6 the number of times the increment for differencirdelf was computed
and had to be increased becausea(e [j-1] +del) - scale[j-1]) was too
small relative toy [j-1] or scale[j-1].

7 the number of times a component of thector array was reduced because
changes in function values were large and excess truncation error was sus-
pected.index= 8 gives the last column in which this occurred.

8 the index of the last column where the corresponding component of the
factor array had to be reduced because excessive truncation errof was
suspected.

9 the index of the last column where the difference was small and the| col-

umn had to be recomputed with an adjusted incrementisiex= 3). The
largest derivative in this column may be inaccurate due to excessive round-
off error.

SetDifferencingMethods

public void

SetDifferencingMethods (Imsl.Math.NumericalDerivatives.DifferencingMethod[]
options)

Description
Sets the methods used to compute the derivatives.
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Parameter

options — ADifferencingMethod array of lengthn, containing the methods used to compute
the derivativesoptions [i] is the method to be used for th¢h variable.options[i] can be one
of the values in the table which follows.

Entry Description

OneSided Indicates one sided differences.

Central Indicates central differences.

Accumulate Indicates the accumulation of the result from whatever type of dif-
ferences have been specified previously into initial values of| the
Jacobian.

Skip Indicates a variable to be skipped.

Default: 0neSided differences are used for each variable.

SetlnitialF
public void SetInitialF(double[] valueF)

Description
Set the initial function values.
Parameter

valueF — A double array of lengthm containing the initial function valuegg.
Default: All values are 0.0.

Remarks
Use the values (yo), whereyy is the initial value of the independent variables located in ayray

SetPercentageFactor
public void SetPercentageFactor(double[] factor)

Description
Sets the percentage factor for differencing
Parameter

factor — A double array of lengthn containing the percentage factor for differencing. Except for
initialization, thefactor array should not be altered in tEealuateF method. The elements of
factor must be such that

1.8189894035458565e-12 factorj — 1] < 0.1

where 1.8189894035458565e-12 is machine precision to the three-fourths power.
Default: all elements ofactor are setto 1.4901161193847656e-8, which is the square root of
machine precision.
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Remarks

For each divided difference for varialjléhe increment used el. The value ofdelis computed as
follows: First defineo = sign(scaléj — 1]). If the user has set the elements of arsayle to

non-default values, then defigg = |scaléj — 1]|. Otherwisey, = |y[j — 1]| ando = 1. Finally,
computedel = oy, factor{j — 1]. By changing the sign ofcale [j-11, the differencelel can have any
desired orientation, such as staying within bounds on varjalfler central differences, a reduced factor
is used fordel that normally results in relative errors as small as machine precision to the 2/3 power.

SetScalingFactors
public void SetScalingFactors(double[] scale)

Description

Sets the scaling factors for thevalues. The user can also useale to provide appropriate signs for the
increments.

Parameter

scale — A double array of lengthn containing the scaling factors.
Default: All values are 1.0.

Example 1: One-Sided Differences

A simple use oflumericalDerivatives is shown. The gradient of the function
f(y1,y2) = aexplby;) + cy1y§ is required for valuea = 2.5e6,b=3.4,c=4.5,y; =2.1,y, =3.2 The
numerical gradient is compared to the analytic gradient, cast as a 1 by 2 Jacobian:

grad(f) = [ abexp(by1)+cy3, 2cyy |

This analytic gradient is expected to approximately agree with the numerical differentiation gradient.
Relative agreement should be approximately the square root of machine precision. That is achieved here.
Generally this is the most accuracy one can expect using one-sided divided differences.

using System;
using Imsl.Math;

public class NumericalDerivativesExl : NumericalDerivatives.IFunction
{

static int m = 1, n = 2;

static double a, b, c;

// This sets the function value used in forming one-sided
// differences.
public double[] F(int varIndex, double[] y)

{
double[] tmp = new double[m];
tmp[0] = a * Math.Exp(b * y[0]) + c * y[0] * y[1] * y[1];
return tmp;

}

public static void Main(String[] args)

436 ¢ NumericalDerivatives IMSL C# Numerical Library



double u;

double[] y = new double[n];

double[] scale = new doublel[n];
double[,] actual = new double[m, n];
double[] re = new double[2];

// Define data and point of evaluation:
a = 2.5e6;

b = 3.4e0;

c = 4.5e0;

y[0] = 2.1e0;

y[1] = 3.2e0;

// Precision for measuring errors
u = Math.Sqrt(2.220446049250313e-016) ;

// Set scaling:

scale[0] = 1.0e0;

// Increase scale to account for large value of a.
scale[1] = 8.0e3;

// Compute true values of partials.
actual[0, 0] = a * b * Math.Exp(b * y[0]) + ¢ * y[1] * y[1];
actuall0, 1] = 2 * ¢ * y[0] * y[1];

NumericalDerivatives derv =

new NumericalDerivatives(new NumericalDerivativesEx1());
derv.SetScalingFactors(scale);
double[,] jacobian = derv.EvaluateJ(y);

PrintMatrixFormat pmf = new PrintMatrixFormat();

pmf . NumberFormat = "0.00";

new PrintMatrix("Numerical gradient:").Print(pmf, jacobian);
new PrintMatrix("Analytic gradient:") .Print(pmf, actual);

// Check the relative accuracy of one-sided differences.

// They should be good to about half-precision.

jacobian[0, 0] = (jacobian[0, 0] - actual[O, 0]) / actuallO, 0];
jacobian[0, 1] = (jacobian[0, 1] - actuall[0, 1]) / actual[0, 1];
re[0] = jacobian[0, 0];

re[1] = jacobian[0, 1];

Console.0Out.WriteLine("Relative accuracy:");
Console.Qut.WriteLine("df/dy_1 df/dy_2");
Console.Out.WriteLine(" {0:F2}u {1:F2}u",
re[0]/u, rel[1l/uw);
Console.Out.WriteLine (" ({0:#.###e+00}) ({1:#.###e+00})",
re[0], rel1l);

Output

Numerical gradient:
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0

0

0 1

10722141696.00 60.48

Analytic gradient:
0 1

10722141353.42 60.48

Relative accuracy:
df/dy_1 df/dy_2

2.14u 0.00u

(3.195e-08) (-1.175e-16)

Example 2: Skipping A Gradient Component

This example uses the same data as in the One-Sided Differences example. Here we assume that the
second component of the gradient is analytically known. Therefore only the first gradient component
needs numerical approximation. The input values of asgsyt ons specify that numerical

differentiation with respect tg, is skipped.

using System;
using Imsl.Math;

public class NumericalDerivativesEx2 : NumericalDerivatives.IJacobian

{

static int m = 1, n = 2;
static double a, b, c;

public double[] F(int varIndex, doublel[] y)

{
double[] tmp = new double[m];
tmp[0] = a * Math.Exp(b * y[0]) + c * y[0] * y[1] * y[1];
return tmp;

}

public double[,] Jacobian(double[] y)

{
double[,] tmp = new double[m, n];
// The second component partial is skipped,
// since it is known analytically
tmp[0, 1] = 2.0e0 * c * y[0] * y[1];
return tmp;
}

public static void Main(String[] args)
{
NumericalDerivatives.DifferencingMethod[] options =
new NumericalDerivatives.DifferencingMethod[n];
double u;
double[] y = new double[n];
double[] valueF = new double[m];
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double[] scale = new double[n];
double[,] actual = new double[m, n];
double[] re = new double[2];

// Define data and point of evaluation:
a = 2.5e6;

b = 3.4e0;

c = 4.5e0;

y[0] = 2.1e0;

y[11 = 3.2e0;

// Precision, for measuring errors
u = Math.Sqrt(2.220446049250313e-016) ;

// Set scaling:

scale[0] = 1.0e0;

// Increase scale to account for large value of a.
scale[1] = 8.0e3;

// Compute true values of partials.
actual[0, 0] = a * b * Math.Exp(b * y[0]) + c * y[1] * y[1];
actuall[0, 1] = 2 * ¢ * y[0] * y[1];

options[0] = NumericalDerivatives.DifferencingMethod.OneSided;
options[1] = NumericalDerivatives.DifferencingMethod.Skip;

valueF[0] = a * Math.Exp(b * y[0]) + c * y[0] * y[1] * y[1];

NumericalDerivatives derv =

new NumericalDerivatives(new NumericalDerivativesEx2());
derv.SetDifferencingMethods (options) ;
derv.SetScalingFactors(scale);
derv.SetInitialF(valueF) ;
double[,] jacobian = derv.EvaluateJ(y);

PrintMatrixFormat pmf = new PrintMatrixFormat();

pmf . NumberFormat = "0.00";

new PrintMatrix("Numerical gradient:").Print(pmf, jacobian);
new PrintMatrix("Analytic gradient:").Print(pmf, actual);

jacobian[0, 0] = (jacobian[0, 0] - actual[O, 0]) / actuallO, 0];
jacobian[0, 1] = (jacobian[0, 1] - actuall0, 1]) / actuallO0, 1];
re[0] = jacobian[0, 0];
re[1] = jacobian[0, 1];

Console.QOut.WriteLine("Relative accuracy:");
Console.Qut.WriteLine("df/dy_1 df/dy_2");
Console.Out.WriteLine(" {0:F2}u {1:F2}u",
re[0]/u, rel1l/u);
Console.0Out.WriteLine (" ({0:#.###e+00}) ({1:#.###e+00})",
rel[0], rel[1]);
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Output

Numerical gradient:
0 1
0 10722141696.00 60.48

Analytic gradient:
0 1
0 10722141353.42 60.48

Relative accuracy:
df/dy_1 df/dy_2
2.14u 0.00u
(3.195e-08) (0e+00)

Example 3: Accumulation Of A Component

This example uses the same data as in the One-Sided Differences example. An alternate examination of
the functionf (y1,y2) = aexp(by1) + cy1y3 shows that the first term on the right-hand side need be
evaluated just when computing the first partial. The additive myﬁmccurs when computing the partial

with respect toy;. Also the first term does not depend on the second variable. Thus the first term can be
left out of the function evaluation when computing the partial with respegt,tpotentially avoiding
cancellation errors. The input values of aremtions allow NumericalDerivatives to use these

facts and obtain greater accuracy using a minimum number of computations of the exponential function.

using System;
using Imsl.Math;

public class NumericalDerivativesEx3 : NumericalDerivatives.IJacobian

{
static int m = 1, n = 2;
static double a, b, c;

public double[] F(int varIndex, double[] y)

{
double[] tmp = new double[m];
if (varIndex != 2)
{
tmp[0] = a * Math.Exp(b * y[0]);
}
else
{
// This is the function value for the partial wrt y_2.
tmp[0] = ¢ * y[0] * y[1] * y[1];
}
return tmp;
}

public double[,] Jacobian(double[] y)
{
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double[,] tmp = new double[m, nl;

// Start with part of the derivative that is known.
tmp[0, 0] = ¢ * y[1] * y[1];

return tmp;

public static void Main(String[] args)
{
NumericalDerivatives.DifferencingMethod[] options =
new NumericalDerivatives.DifferencingMethod[n];
double u;
double[] y = new double[n];
double[] valueF = new double[m];
double[] scale = new double[n];
double[,] actual = new double[m, n];
double[] re = new double[2];

// Define data and point of evaluation:
a = 2.5e6;

b = 3.4e0;

c = 4.5e0;

y[0] = 2.1e0;

y[1] = 3.2e0;

// Precision, for measuring errors
u = Math.Sqrt(2.220446049250313e-016) ;

// Set scaling:

scale[0] = 1.0e0;

// Increase scale to account for large value of a.
scale[1] = 8.0e3;

// Compute true values of partials.
actual[0, 0] = a * b * Math.Exp(b * y[0]) + c * y[1] * y[1];
actuall0, 1] = 2 x ¢ * y[0] * y[1];

options[0] = NumericalDerivatives.DifferencingMethod.Accumulate;
options[1] = NumericalDerivatives.DifferencingMethod.OneSided;

valueF[0] = a * Math.Exp(b * y[0]);
scale[1] = 1.0e0;

NumericalDerivatives derv =

new NumericalDerivatives(new NumericalDerivativesEx3());
derv.SetDifferencingMethods (options) ;
derv.SetScalingFactors(scale);
derv.SetInitialF(valueF);
double[,] jacobian = derv.EvaluateJ(y);

PrintMatrixFormat pmf = new PrintMatrixFormat();

pmf . NumberFormat = "0.00";

new PrintMatrix("Numerical gradient:").Print(pmf, jacobian);
new PrintMatrix("Analytic gradient:").Print(pmf, actual);
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jacobian[0, 0] = (jacobian[0, 0] - actual[O, 0]) / actuallO, 0];
jacobian[0, 1] = (jacobian[0, 1] - actuallO, 1]) / actuall0, 1];

re[0] = jacobian[0, 0];
re[1] = jacobian[0, 1];

Console.Qut.WriteLine("Relative accuracy:");

Console.Qut.WriteLine("df/dy_1
Console.Out.WriteLine(" {0:F2}u
re[0]/u, rel1l/u);

df/dy_2");
{1:F2}u",

Console.Out.WriteLine (" ({0:#.###e+00}) ({1:#.###e+00})",

re[0], rel[1]);

Output

Numerical gradient:
0 1
0 10722141710.08 60.48

Analytic gradient:
0 1
0 10722141353.42 60.48

Relative accuracy:
df/dy_1 df/dy_2
2.23u -0.51u

(3.326e-08) (-7.569e-09)

Example 4: Central Differences

This example uses the same data as in the One-Sided Differences example. Agreement should be
approximately the two-thirds power of machine precision. That agreement is achieved here. Generally
this is themostaccuracy one can expect using central divided differences. Note that using central
differences requires essentially twice the number of evaluations of the function compared with obtaining
one-sided differences. This can be a significant issue for functions that are expensive to evaluate. This

example shows how to overrid®aluateF.

using System;
using Imsl.Math;

public class NumericalDerivativesEx4 :

{

static int m = 1, n = 2;
static double a, b, ¢, v = 0.0;

class NumericalDerivativesFcn :

{

NumericalDerivatives

NumericalDerivatives.IFunction

public double[] F(int varIndex, double[] y)

{
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return new double[m];

public NumericalDerivativesEx4 (NumericalDerivatives.IFunction fcn)
base(fcn)

{

}

// QOverride EvaluateF.
public override double[] EvaluateF(int varIndex, double[] y)

{
double[] valueF = new double[m];
valueF[0] = a * Math.Exp(b * y[0]) + c * y[0] * y[1] * y[1];
return valueF;

}

public static void Main(String[] args)
{
NumericalDerivatives.DifferencingMethod[] options =
new NumericalDerivatives.DifferencingMethod[n];
double u;
double[] y = new double[n];
double[] scale = new doublel[n];
double[,] actual = new double[m, n];
double[] re = new double[2];

// Define data and point of evaluation:
a = 2.5e6;

b = 3.4e0;

c = 4.5e0;

y[0] = 2.1e0;

y[1] = 3.2e0;

// Machine precision, for measuring errors
u = 2.220446049250313e-016;
v = Math.Pow(3.0e0 * u, 2.0e0 / 3.0e0);

// Set scaling:

scale[0] = 1.0e0;

// Increase scale to account for large value of a.
scale[1] = 8.0e3;

// Compute true values of partials.
actual[0, 0] = a * b * Math.Exp(b * y[0]) + c * y[1] * y[1];
actuall[0, 1] = 2 * ¢ *x y[0] * y[1];

options[0] = NumericalDerivatives.DifferencingMethod.Central;
options[1] = NumericalDerivatives.DifferencingMethod.Central;

// Set the increment used at the default value.
scale[1] = 8.0e3;
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NumericalDerivativesEx4 derv =

new NumericalDerivativesEx4(new NumericalDerivativesFcn());
derv.SetDifferencingMethods (options) ;
derv.SetScalingFactors(scale);
double[,] jacobian = derv.EvaluateJ(y);

PrintMatrixFormat pmf = new PrintMatrixFormat();

pmf . NumberFormat = "0.00";

new PrintMatrix("Numerical gradient:").Print(pmf, jacobian);
new PrintMatrix("Analytic gradient:") .Print(pmf, actual);

// Since the function is never evaluated at the
// initial point, hold back until the request is made.

// Check the relative accuracy of central differences.

// They should be good to about two thirds-precision.
jacobian[0, 0] = (jacobian[0, 0] - actuall[0, 0]) / actual[0, 0];
jacobian[0, 1] = (jacobian[0, 1] - actuallO, 1]) / actuallO, 1];
re[0] = jacobian[0, 0];

re[1] = jacobian[0, 1];

Console.Out.WriteLine("Relative accuracy:");
Console.QOut.WriteLine("df/dy_1 df/dy_2");
Console.Out.WriteLine(" {0:F2}v {1:F2}v",
re[0]/v, rel[1l/v);
Console.Out.WriteLine (" ({O:#. ###e+00}) ({1:#.###e+00})",
re[0], re[1]);

Output

Numerical gradient:
0 1
0 10722141354.39 60.48

Analytic gradient:
0 1
0 10722141353.42 60.48

Relative accuracy:
df/dy_1 df/dy_2
1.19v 0.27v
(9.1e-11) (2.045e-11)

Example 5: Hessian Approximation

This example uses the same data as in the One-Sided Differences example. In this example numerical
differentiation is used to approximate the Hessian matrik(gf,y»). This symmetric Hessian matrix is

2%t i
. ay? dy19Y>
Wy19Y2  9y3
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Our method is based on casting the maktik as the 2 by 2 Jacobian matrix of the gradient function.

Each inner evaluation of the gradient function is itself computed usingricalDerivatives.

Central differences are used for both the inner and outer numerical differentiation. Because of the
inherent error in both processes, the expected accuracy is aboythe(2/3)? power of machine
precision. Note that the approximation obtained is not symmetric. However, the difference between the
off-diagonal elements provides an error estimate of that term.

using System;
using Imsl.Math;

public class NumericalDerivativesEx5 : NumericalDerivatives

{

static int m = 1, n = 2;
static double a, b, ¢, v = 0.0;

class NumericalDerivativesFcn : NumericalDerivatives.IFunction

{

private int num;

public NumericalDerivativesFcn(int num)

{
this.num = num;
}
public double[] F(int varIndex, double[] y)
{
return new double[num];
}

class InnerNumericalDerivatives : NumericalDerivatives

{

public InnerNumericalDerivatives(NumericalDerivatives.IFunction fcn)
base(fcn)

{

}

// QOverride EvaluateF.
public override double[] EvaluateF(int varIndex, double[] y)

{
double[] valueF = new double[m];

valueF[0] = a * Math.Exp(b * y[0]) + c * y[0] * y[1] * y[1];
return valueF;

public NumericalDerivativesEx5(NumericalDerivatives.IFunction fcn)

{
}

base(fcn)
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// QOverride EvaluateF.
public override double[] EvaluateF(int varIndex, double[] y)
{

NumericalDerivatives.DifferencingMethod[] iopt =

new NumericalDerivatives.DifferencingMethod[n];

double[] valueF = new double[m];

double[] scale = new doublel[n];

double[] fac = new double[n];

// This is the analytic gradient. for comparison only.

// stateh (1)=a*bxexp (b*y (1)) +cxy(2)*%2
// stateh(2)=2*cxy (1) *y(2)
//

// Each request for a gradient evaluation uses the

// functionality of numerical evaluation, but with

// the same numerical code.

iopt[0] = NumericalDerivatives.DifferencingMethod.Central;
iopt[1] = NumericalDerivatives.DifferencingMethod.Central;

// Set the increment used at the default value.

// Set defaults for increments and scaling:
fac[0] = 1.4901161193847656E-8;

fac[1] 1.4901161193847656E-8;

// Change scale to account for large value of a.
switch (varIndex)

{
case 1:
scale[0] = 1.0e0;
scale[1] = 8.0e8;
break;
case 2:
scale[0] = 1.0e4;
scale[1] = 8.0e8;
break;
}

InnerNumericalDerivatives derv =
new InnerNumericalDerivatives(new NumericalDerivativesFcn(m));
derv.SetPercentageFactor (fac) ;
derv.SetDifferencingMethods (iopt) ;
derv.SetScalingFactors(scale);
derv.SetInitialF (valueF);
double[,] fjac = derv.EvaluateJ(y);

// Since the function is never evaluated at the
// initial point, hold back until the request is made.

// Copy gradient value into array expected by
// outer loop computing the Hessian matrix.
double[] tmp = new double[n];
for (int i = 0; i < n; i++)
{

tmp[i] = fjac[0, il;
}

446 ¢ NumericalDerivatives IMSL C# Numerical Library



return tmp;

public static void Main(String[] args)
{
NumericalDerivatives.DifferencingMethod[] iopth =
new NumericalDerivatives.DifferencingMethod[n];
double u;
double[] fach = new doubleln];
double[] stateh = new double[n];
double[] scaleh = new doubleln];
double[,] actual = new double[n, n];
double[] y = new double[n];

// Define data and point of evaluation:
a = 2.5e6;

b = 3.4€0;

c = 4.5e0;

y[0] = 2.1e0;

y[1] = 3.2e0;

// Machine precision, for measuring errors
u = 2.220446049250313e-016;

// Compute expected relative error using two applications
// of central differences.

v = Math.Pow(3.0e0 * u, 2.0e0 / 3.0e0);

v = Math.Pow(3 * v, 2.0 / 3.0);

// Set increments and scaling:

fach[0] = 1.4901161193847656E-8;

fach[1] 1.4901161193847656E-8;

iopth[0] = NumericalDerivatives.DifferencingMethod.Central;
iopth[1] = NumericalDerivatives.DifferencingMethod.Central;

// Compute true values of partials.

actual[0, 0] = a * b * b * Math.Exp(b * y[0]);
actuall[l, 0] = 2 * ¢ * y[1];
actuall0, 1] = 2 * ¢ * y[1];
actual[l, 1] = 2 * ¢ * y[0];

// Set the increment used at the default value.
scaleh[0] 1;
scaleh[1] 8.0e5;

NumericalDerivativesEx5 derv2 =

new NumericalDerivativesEx5(new NumericalDerivativesFcn(n));
derv2.SetPercentageFactor(fach);
derv2.SetDifferencingMethods(iopth);
derv2.SetScalingFactors(scaleh);
derv2.SetInitialF(stateh);
double[,] h = derv2.EvaluateJ(y);

PrintMatrixFormat pmf = new PrintMatrixFormat();
pmf . NumberFormat = "0.00";
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new PrintMatrix("Numerical Hessian:").Print(pmf, h);
new PrintMatrix("Analytic Hessian:").Print(pmf, actual);

// Since the function is never evaluated at the
// initial point, hold back until the request is made.

// Subtract the actual hessian matrix values and check.
h[0, 0] = (h[0, 0] - actuall[0, 0]) / h[0, 0] / wv;
h[1, 0] = (h[1, 0] - actualll, 0]) / hl[1, 0] / v;
h([0, 1] (h[0, 1] - actuallO, 11) / hl[0, 1] / v;
h[1, 1] (h[1, 1] - actualll, 11) / hl1, 11 / v;

pmf . NumberFormat = "0.000";
new PrintMatrix("Hessian Matrix, Expected Normalized " +
"Relative Error, |all entries|").Print(pmf, h);

Output

Numerical Hessian:

0 1
0 36455292905.82 28.80
1 28.80 18.90

Analytic Hessian:
0 1
0 36455280444.94 28.80
1 28.80 18.90

Hessian Matrix, Expected Normalized Relative Error, |all entries|
0 1

0 0.914 0.037

1 0.036 0.000

Example 6: Usage With Class MinUnconMultiVar

The minimum of 100x; — x2)? + (1 —x;)? is found usingtinUnconMultiVar.
NumericalDerivatives is used to compute the numerical gradients.

using System;
using Imsl.Math;

public class NumericalDerivativesEx6 : MinUnconMultiVar.IGradient
{

static int m = 1, n = 2;

class NumericalDerivativesFcn : NumericalDerivatives.IFunction
{
public double[] F(int varIndex, double[] y)
{
double[] tmp = new double[m];
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tmp[0] = NumericalDerivativesEx6.FcnEvaluation(y) ;
return tmp;

}
}
static public double FcnEvaluation(double[] x)
{
return 100.0 * ((x[1] - x[0] * x[0]) * (x[1] - x[0] * x[01)) +
(1.0 - x[0]) * (1.0 - x[0]);
}
public double F(double[] x)
{
return FcnEvaluation(x);
}
public void Gradient(double[] x, double[] gp)
{
NumericalDerivatives nderv =
new NumericalDerivatives(new NumericalDerivativesFcn());
double[,] jacobian = nderv.EvaluateJ(x);
gpl0] = jacobian[0, 0];
gpl1] = jacobian[0, 11;
}

public static void Main(String[] args)

{
MinUnconMultiVar solver = new MinUnconMultiVar(n);
solver.SetGuess(new double[]{- 1.2, 1.0});
double[] x = solver.ComputeMin(new NumericalDerivativesEx6());
Console.Out.WriteLine
("Minimum point is (" + x[0] + ", " + x[1] + ")");
}
}
Output

Minimum point is (0.999998611858024, 0.999997274648157)

NumericalDerivatives.IFunction Interface

public interface Imsl.Math.NumericalDerivatives.IFunction

Public interface function.
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Method

F
abstract public double[] F(int varIndex, double[] y)

Description

Returns the equations evaluated at the ppinf the user does not override tRgaluateF method, then
F is also used to compute the function values at the current independent variableywalues

Parameters

varIndex — An int indicating the index of the variable to pertustarIndex = 1 indicates
variable 1 iny [0].

y — A double array of lengtm, the point at which the Jacobian is to be evaluated.

Returns
A double array of lengthm. The equations evaluated at the paint

NumericalDerivatives.lJacobian Interface

public interface Imsl.Math.NumericalDerivatives.IJacobian :
Imsl.Math.NumericalDerivatives.IFunction

Public interface for the user-supplied function to compute the Jacobian.

Method

Jacobian
abstract public double[,] Jacobian(double[] y)

Description
User-supplied function to compute the Jacobian.
Parameter
y — A double array of lengtm, the point at which the Jacobian is to be evaluated.

Returns

A double mby n matrix containing the Jacobian. Columns that are accumulated must have the analytic
part defined on entry or else be set to zero. Columns that are skipped can be defined either before or after
theEvaluateJ method is invoked.
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NumericalDerivatives.DifferencingMethod
Enumeration

public enumeration Imsl.Math.NumericalDerivatives.DifferencingMethod

Specifies the differencing method.

Fields

Accumulate
public Imsl.Math.NumericalDerivatives.DifferencingMethod Accumulate

Description

Indicates the accumulation of the result from whatever type of differences have been specified previously
into initial values of the Jacobian.

Central
public Imsl.Math.NumericalDerivatives.DifferencingMethod Central

Description
Indicates central differences.

OneSided

public Imsl.Math.NumericalDerivatives.DifferencingMethod OneSided

Description
Indicates one sided differences.
Skip

public Imsl.Math.NumericalDerivatives.DifferencingMethod Skip

Description
Indicates a variable to be skipped.
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Chapter 9: Special Functions

Types

ClasSS S UN . .. 453..
ClasSSBESSEl . ..o e 469. .
Sfun Class

public class Imsl.Math.Sfun

Collection of special functions.

Fields

EpsilonLarge
public double EpsilonLarge

Description
The largest relative spacing fapubles.

EpsilonSmall
public double EpsilonSmall

Description
The smallest relative spacing fasubles.
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Methods

Asinh
static public double Asinh(double x)

Description
Returns the hyperbolic arc sine ofiauble.
Parameter
x — A double value for which the hyperbolic arc sine is desired.

Returns
A double specifying the hyperbolic arc sine value.

Beta
static public double Beta(double a, double b)

Description
Returns the value of the Beta function.
Parameters

a— A double value.

b — A double value.

Returns

A double value specifying the Beta function.
Remarks

The Beta function is defined to be

1
B(a,b):rr((z)i(l;) = [t

SeeGamma for the definition ofl” (x).
The methodeta requires that both arguments be positive.

Betalncomplete
static public double Betalncomplete(double x, double p, double q)

Description
Returns the incomplete Beta function ratio.
Parameters

x — A double value specifying the upper limit of integration It must be in the interval [0,1]
inclusive.

p — A double value specifying the first Beta parameter. It must be positive.
q — A double value specifying the second Beta parameter. It must be positive.
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Returns

A double value specifying the incomplete Beta function ratio.
Remarks

The incomplete beta function is defined to be

1 X
Ix(p, q) = = /tpfll—tq*ldtforogxgl, >0,0>0
PO B Beagkt Y P00
SeeBeta for the definition of3 (p, Q).

The parameterg andq must both be greater than zero. The argunxantst lie in the range O to 1. The
incomplete beta function can underflow for sufficiently smxahd largep; however, this underflow is
not reported as an error. Instead, the value zero is returned as the function value.

The metho®BetaIncomplete is based on the work of Bosten and Battiste (1974).

Cot
static public double Cot(double x)

Description
Returns the cotangent ofé@uble.
Parameter

x — A double value

Returns
A double value specifying the cotangent of x. If x is NaN, the result is NaN.

Erf
static public double Erf(double x)

Description
Returns the error function ofduble.
Parameter

x — A double value.

Returns

A double value specifying the error function of x.
Remarks

The error function methodr£(x), is defined to be

X
erf(x) = %/0 e dt

All values ofx are legal.
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Error Function

erf(x)
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Erfc
static public double Erfc(double x)

Description
Returns the complementary error function afcuble.
Parameter

x — A double value.

Returns

A double value specifying the complementary error function of x.
Remarks

The complementary error function methdaatfc (x), is defined to be
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erfc(x) = \/ZE/ edt
X

The argumenk must not be so large that the result underflows. Approximatedfiould be less than
[~In(Vas)]™?
wheres = Double.Epsiloris the smallest representable positive floating-point number.

Complementary Error Function
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Erfce
static public double Erfce(double x)
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Description
Returns the exponentially scaled complementary error function.
Parameter

x — A double value for which the function value is desired.

Returns

A double value specifying the exponentially scaled complementary error functien of
Remarks

The exponentially scaled complementary error function is defined as

e?‘zerfc(x)

where erfck) is the complementary error function. See Erfc 4p6)for its definition.
To prevent the answer from underflowingnust be greater than

Xmin =~ —/In(b/2) = —26.618735713751487

whereb =Double.MaxValueM is the largest representable double precision number.

Erfcinverse
static public double ErfcInverse(double x)

Description
Returns the inverse of the complementary error function.
Parameter

x —Adouble value, 0< x < 2.

Returns
A double value specifying the inverse of the error functionxof
Remarks

TheErfcinverse (x) method computes the inverse of the complementary error function erfc x, defined
in Erfc.

Erfcinverse (x) is defined for O< x < 2. If Xmax < X < 2, then the answer will be less accurate than
half precision. Very approximately,

Xmax= 2 —/€/(4m)

wheree = machine precision (approximately 1.11e-16).
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Inverse Complementary Error Function
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Erflnverse
static public double ErflInverse(double x)

Description
Returns the inverse of the error function.
Parameter

x — A double value.

Returns

A double value specifying the inverse of the error function of x.

Remarks

1.60

2.00

ErfInverse(X) method computes the inverse of the error functiorkedefined inErf.
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The methodirf Inverse (X) is defined forxmax < |X| < 1, then the answer will be less accurate than
half precision. Very approximately,

Xmax~ 1—+/¢&/ (4n)
wheree is the machine precision (approximately 1.11e-16).

Inverse Error Function
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Fact
static public double Fact(int n)

Description
Returns the factorial of an integer.
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Parameter
n—Anint value.

Returns
A double value specifying the factorial of n, n!. If x is negative, the result is NaN.

Gamma
static public double Gamma(double x)

Description
Returns the Gamma function oHauble.
Parameter

x — A double value.

Returns

A double value specifying the Gamma function of x. If x is a negative integer, the result is NaN.
Remarks

The Gamma functiorf; (x), is defined to be

M(x) = / t“le7tdt forx>0
JO

Forx < 0, the above definition is extended by analytic continuation.

The Gamma function is not defined for integers less than or equal to zero. Also, the argumesttbe

greater than-170.56 so thaf” (x) does not underflow, andmust be less thah71.64so thatl” (x) does

not overflow. The underflow limit occurs first for arguments that are close to large negative half integers.
Even though other arguments away from these half integers may yield machine-representable values of
I(x), such arguments are considered illegal. Users who need such values should use the Log Gamma.
Finally, the argument should not be so close to a negative integer that the result is less accurate than half
precision.
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Gammalncomplete
static public double GammaIncomplete(double a, double x)

Description
Evaluates the incomplete gamma function.
Parameters

a— A double value representing the integrand exponent parameter of the incomplete gamma
function. Ifa is less than zero Bouble.NaN is returned. equal to zero.

x — A double value specifying the point at which the incomplete gamma function is to be
evaluated. Ik is less than zero or equal to zebouble.NaN or 0.0 respectively is returned.
nonnegative.

Returns

A double value specifying the incomplete gamma function.
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Remarks
The lower limit of integration of the incomplete gamma functig(g, x), is defined to be

X
y(a,x) = / t*le7'dt forx>0anda>0
0

Althoughy(a, x) is well defined forx > —oo, this algorithm does not calculajga, x) for negativex. For
largea and sufficiently large, y(a,x) may overflow.y(a, x) is bounded by (a), and users may find this
bound a useful guide in determining legal valuesdor

Note that the upper limit of integration of the incomplete gamit{a, x), is defined to be
M(a,x) = / 2 letdt
X

Therefore, by definition, the two incomplete gamma function forms satisfy the relationship

MNax) +yax) =r(a

Logl10
static public double LoglO(double x)

Description
Returns the common (base 10) logarithm @bable.

Parameter
x — A double value.

Returns
A double value specifying the common logarithm of x.

Loglp
static public double Loglp(double x)
Description
Returns log(1+x), the logarithm of (x plus 1).
Parameter

x — A double value representing the argument.

Returns
A double value representing Log(1+x).
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Remarks

Specifically:

Loglp(+0) returns=£0.
Loglp(—1) returns—oo.
Loglp(x) returns NaN, ik < —1.
Loglp(=£eo) returnstoo.

LogBeta
static public double LogBeta(double a, double b)

Description
Returns the logarithm of the Beta function.
Parameters

a— A double value.

b— A double value.

Returns

A double value specifying the natural logarithm of the Beta function.

Remarks

MethodLogBeta computes Iff (a,b) = In 8 (b,a). SeeBeta for the definition off (a,b).

LogBeta is defined fora > 0 andb > 0. It returns accurate results even wigeor b is very small. It can
overflow for very large arguments; this error condition is not detected except by the computer hardware.

LogGamma
static public double LogGamma(double x)

Description
Returns the logarithm of the Gamma function of the absolute valueiofible.
Parameter

x — A double value.

Returns

A double value specifying the natural logarithm of the Gamma functiofxofif x is a negative integer,
the result is NaN.

Remarks
MethodLogGamma computes Il (X)|. SeeGamma for the definition of (x).

The Gamma function is not defined for integers less than or equal to zero.|lswyst not be so large
that the result overflows. Neither showdbe so close to a negative integer that the accuracy is worse
than half precision.
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Poch
static public double Poch(double a, double x)

Description
Returns a generalization of Pochhammer’s symbol.
Parameters
a— A double value specifying the first argument.
x — A double value specifying the second, differential argument.

Returns
A double value specifying the generalized Pochhammer symbol, Gamma(a+x)/Gamma(a).
Remarks

MethodPoch evaluates Pochhammer’s symifaj, = (a)(a—1)...(a—n+1) for n a nonnegative
integer. Pochhammer’s generalized symbol is defined to be
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~ (a+x)
(@)= T

SeeGamma for the definition of (x).

Note that a straightforward evaluation of Pochhammer’s generalized symbol with either Gamma or Log
Gamma functions can be especially unreliable whénlarge orx is small.

Substantial loss can occuraf+ x or a are close to a negative integer unlegds sufficiently small. To
insure that the result does not overflow or underflow, one can keep the argunaeata + x well within

the range dictated by the Gamma function method Gamma or one cafxkegyall whenevea is large.
Poch also works for a variety of arguments outside these rough limits, but any more general limits that
are also useful are difficult to specify.

Psi
static public double Psi(double x)

Description
Returns the derivative of the log gamma function, also called the digamma function.
Parameter

x — A double value, the point at which the digamma function is to be evaluated.

Returns

A double value specifying the logarithmic derivative of the gamma function.df x is a zero or a
negative integer, the resultliaN. If x is too close to a negative integer the accuracy of the result will be
less than half precision.

Remarks
The psi function is defined to be

See Gamma (pi61)for the definition ofl (x).

The argument must not be exactly zero or a negative integeny¢x) is undefined. Alsox must not be
too close to a negative integer such that the accuracy of the result is less than half precision.

Psil
static public double Psil(double x)

Description
Returns thay; function, also known as the trigamma function.
Parameter
x — A double value, the point at which the trigamma function is to be evaluated.

Returns

A double value specifying the trigamma function of If x is a negative integer or zero, the result is
NaN.
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Remarks
The trigamma functiony (x), is defined to be

d2
Y1 (X) = WIn I (x)

The trigamma function is not defined for integers less than or equal to zero.

R9lgmc
static public double R91lgmc(double x)

Description
Returns the Log Gamma correction term for argument values greater than or equal to 10.0.
Parameter

x — A double value.

Returns
A double value specifying the Log Gamma correction term.

Sign
static public double Sign(double x, double y)
Description
Returns the value of x with the sign of y.
Parameters
x — A double value.
y — A double value.

Returns
A double value specifying the absolute value of x and the sign of y.

Example: The Special Functions

Various special functions are exercised. Their use in this example typifies the manner in which other
special functions in the Sfun class would be used.

using System;
using Imsl.Math;

public class SfunEx1l

{
public static void Main(String[] args)
{

double result;

// Log base 10 of x
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double x = 100.0;
result = Sfun.Logl0(x);
Console.Out.WriteLine("The log base 10 of 100. is " + result);

// Factorial of 10

int n = 10;

result = Sfun.Fact(n);

Console.Out.WriteLine("10 factorial is " + result);

// Gamma of 5.0
double x1 = 5.0;
result = Sfun.Gamma(x1);
Console.Out.WriteLine
("The Gamma function at 5.0 is " + result);

// LogGamma of 1.85

double x2 = 1.85;

result = Sfun.LogGamma(x2) ;

Console.QOut.WriteLine
("The logarithm of the absolute value of the " +
"Gamma function \n at 1.85 is " + result);

// Beta of (2.2, 3.7)

double a = 2.2;

double b = 3.7;

result = Sfun.Beta(a, b);
Console.Out.WriteLine("Beta(2.2, 3.7) is " + result);

// LogBeta of (2.2, 3.7)

double al = 2.2;

double bl = 3.7;

result = Sfun.LogBeta(al, bl);
Console.Out.WriteLine("logBeta(2.2, 3.7) is " + result + "\n");

Output

The log base 10 of 100. is 2

10 factorial is 3628800

The Gamma function at 5.0 is 24

The logarithm of the absolute value of the Gamma function
at 1.85 is -0.0559238130196572

Beta(2.2, 3.7) is 0.0453759834847081

logBeta(2.2, 3.7) is -3.09277231203789
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Bessel Class

public class Imsl.Math.Bessel

Collection of Bessel functions.

Methods

|
static public double[] I(double x, int n)

Description
Evaluates a sequence of modified Bessel functions of the first kind with integer order and real argument.
Parameters

x — A double representing the argument of the Bessel functions to be evaluated.

n — Theint order of the last element in the sequence.

Returns
A double array of length n+1 containing the values of the function through the series.
Remarks

Bessel.I[i] contains the value of the Bessel function of order i. The Bessel furgfions defined to be
1 b
I (X) = E/ &8 cos(n6) d O
0

The inputx must satisfyx| < log(b) where b is the largest representable floating-point number. The
algorithm is based on a code due to Sookne (1973b), which uses backward recursion.

static public double[] I(double xnu, double x, int n)

Description
Evaluates a sequence of modified Bessel functions of the first kind with real order and real argument.
Parameters

xnu — A double representing the lowest order desiredu must be at least zero and less than 1.

x — A double representing the argument of the Bessel functions to be evaluated.

n — Theint order of the last element in the sequence.

Returns
A double array of lengthm + 1 containing the values of the function through the series.
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Remarks

Bessel.l[i] contains the value of the Bessel function of ofdemu. The Bessel functioh,(x), is
defined to be

1 /7 sin ®

ly(x) = f/ €% cogve)do — (vn)/ g xcosht—vigy
T .Jo T 0

Here, argumentnu is represented by in the above equation.

The inputx must be nonnegative and less than or equal to log(b) (b is the largest representable number).
The argument = xnu must satisfy 6< v < 1.

This function is based on a code due to Cody (1983), which uses backward recursion.

J
static public double[] J(double x, int n)

Description
Evaluates a sequence of Bessel functions of the first kind with integer order and real argument.
Parameters

x — A double representing the argument for which the sequence of Bessel functions is to be
evaluated.

n — A int which specifies the order of the last element in the sequence.

Returns
A double array of lengtm + 1 containing the values of the function through the series.
Remarks

Bessel.J[i] contains the value of the Bessel function of ordekifat i = 0 ton. The Bessel function
Jn(X), is defined to be

1 /= .
Ih(X) = ;/ cos(xsin6—n6)do
0
The algorithm is based on a code due to Sookne (1973b) that uses backward recursion with strict error
control.

J
static public double[] J(double xnu, double x, int n)

Description
Evaluate a sequence of Bessel functions of the first kind with real order and real positive argument.
Parameters
xnu — A double representing the lowest order desiredu must be at least zero and less than 1.
x — A double representing the argument for which the sequence of Bessel functions is to be
evaluated.
n — A int representing the order of the last element in the sequence. If order is the highest order
desired, seh to int(order).
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Returns

A double array of length n+1 containing the values of the function through the series. Bessel.J[l]
contains the value of the Bessel function of order | + ¥ &ir I=0 to n.

Remarks
The Bessel functiody(x), is defined to be

Jy(x) = %/n cos(x cos@)sir?’ 6 d 6
Y Var(v+1/2) Jo
This code is based on the work of Gautschi (1964) and Skovgaard (1975). It uses backward recursion.

K
static public double[] K(double x, int n)

Description
Evaluates a sequence of modified Bessel functions of the third kind with integer order and real argument.

Parameters

x — A double representing the argument for which the sequence of Bessel functions is to be
evaluated.

n — A int which specifies the order of the last element in the sequence.

Returns

A double array of lengtm + 1 containing the values of the function through the series.
Remarks

This function useg*K, k1 fork=1,...,nandv = 0. For the definition oK,(x), see below.

K
static public double[] K(double xnu, double x, int n)

Description

Evaluates a sequence of modified Bessel functions of the third kind with fractional order and real
argument.

Parameters

xnu — A double representing the fractional order of the functie@an must be less than one in
absolute value.

x — A double representing the argument for which the sequence of Bessel functions is to be
evaluated.

n — A int representing the order of the last element in the sequence. If order is the highest order
desired, seh to int(order).

Returns

A double array of length n+1 containing the values of the function through the series.
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Remarks

Bessel.K[l] contains the value of the Bessel function of order | +xfatr | = 0 ton. The Bessel
functionKy(x) is defined to be

Ky (X) = gewﬂ/2 (i3, (ix) — Yy (iX)] for— 7 < arg x< g
Currently,xnu (represented by in the above equation) is restricted to be less than one in absolute
value. A total ofn values is stored in the resuit,
K[0] = Ky(X), K[1] = Ky11(X), ..., K [n—1] = Kyrn-1(X).
This method is based on the work of Cody (1983).

ScaledK
static public double[] ScaledK(double v, double x, int n)

Description

Evaluate a sequence of exponentially scaled modified Bessel functions of the third kind with fractional
order and real argument.

Parameters

v — A double representing the fractional order of the functieormust be less than one in absolute
value.

x — A double representing the argument for which the sequence of Bessel functions is to be
evaluated.

n— A int representing the order of the last element in the sequence. If order is the highest order
desired, seh to int(order).

Returns
A double array of lengtin+1 containing the values of the function through the series.
Remarks

If n is positive, Bessel.K[l] containg® times the value of the Bessel function of order | + wdbr | =0
ton.

If n is negative, Bessel.K[l] contaire times the value of the Bessel function of order v - kdor | = 0
ton. This function evaluates‘K, ;_1(x), for i=1,...,n where K is the modified Bessel function of the
third kind. Currently, is restricted to be less than 1 in absolute value. A totahjof 1 elements are
returned in the array. This code is particularly useful for calculating sequences foklprgeidedn =

x. (Overflow becomes a problemrf<< x.) n must not be zero, andmust be greater than zer,|
must be less than 1. Also, whémj is large compared with Xy + n| must not be so large that

Ky n(X) = exm

overflows. The code is based on work of Cody (1983).
Y

static public double[] Y(double xnu, double x, int n)
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Description

Evaluate a sequence of Bessel functions of the second kind with real nonnegative order and real positive
argument.

Parameters
xnu — A double representing the lowest order desiredu must be at least zero and less than 1.

x — A double representing the argument for which the sequence of Bessel functions is to be
evaluated.

n — A int which specifies that + 1 elements will be evaluated in the sequence.

Returns
A double array of lengthn + 1 containing the values of the function through the series.
Remarks

Bessel.K[l] contains the value of the Bessel function of order | +xfat I=0 ton. The Bessel function
Yy(X) is defined to be

T
Yy (X) = %/O cogxsin6 — vo)d e

1 /> ;
—f/ (e +e v cos(vr)| e XMt dit
T Jo

The variablexnu (represented by in the above equation) must satisfyOv < 1. If this condition is not
met, ther is set toNaN. In addition,x must be in[xm, xv] wherex, = 6(16~32) andxy, = 16°. If
X < Xm, then the largest representable number is returned; and ¥y, then zero is returned.

The algorithm is based on work of Cody and others, (see Cody et al. 1976; Cody 1969; NATS
FUNPACK 1976). It uses a special series expansion for small arguments. For moderate arguments, an
analytic continuation in the argument based on Taylor series with special rational minimax
approximations providing starting values is employed. An asymptotic expansion is used for large
arguments.

Example: The Bessel Functions

The Bessel functions I, J, and K are exercised for orders 0, 1, 2, and 3 at argument 10.e0.

using System;
using Imsl.Math;

public class BesselExl
{
public static void Main(String[] args)
{
double x = 10e0;
int hiorder = 4;
// Exercise some of the Bessel functions with argument 10.0
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double[] bi
double[] bj
double[] bk

Bessel.I(x, hiorder);
Bessel.J(x, hiorder);
Bessel.K(x, hiorder);

Console.Out.WriteLine("Order Bessel.I "o+
"Bessel.J Bessel.K");
for (int i = 0; i < 4; i++)
{
Console.Out.WriteLine(i + " "+ bif[i] + " "+ bjli]
+ " "+ bk[il);
}
Console.Out.WriteLine();
}
}
Output
Order Bessel.I Bessel.J Bessel.K
0 2815.71662846626 -0.245935764451348 1.77800623161677E-05
1 2670.98830370126 0.0434727461688615 1.86487734538256E-05
2 2281.518967726 0.254630313685121 2.15098170069328E-05
3 1758.38071661085 0.0583793793051867 2.72527002565987E-05
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Chapter 10: Miscellaneous

Types

ClaSS C OMIEX . o ettt 475..
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Complex Structure

public structure Imsl.Math.Complex : System.IComparable, System.IFormattable

Set of mathematical functions for complex numbers. It provides the basic operations (addition,
subtraction, multiplication, division) as well as a set of complex functions.

The binary operations have the form, where opdg, Subtract, Multiply orDivide.

public static Complex op(Complex x, Complex y) // x opy
public static Complex op(Complex x, double y) // x opy
public static Complex op(double x, Complex y) // x opy

Complex objects are immutable. Once created there is no way to change their value. The functions in
this class follow the rules for complex arithmetic as defined 88rex G: IEC 559-compatible complex
arithmetic The APl is not the same, but handling of infinities, NaNs, and positive and negative zeros is
intended to follow the same rules.

Field

I
public Imsl.Math.Complex I
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Description

The imaginary unit.

Remarks

This constant is set to ne@omplex(0,1) .

Constructors

Complex
public Complex(Imsl.Math.Complex z)

Description
Constructs &omplex equal to the argument.
Parameter

z — A Complex object.

Exception
System.NullReferenceException is thrown ifz is null

Complex
public Complex(double re, double im)

Description
Constructs &@omplex with real and imaginary parts given by the input arguments.
Parameters

re — A double value equal to the real part of tiBemplex object.

im— A double value equal to the imaginary part of themplex object.

Complex
public Complex(double re)

Description
Constructs &omplex with a zero imaginary part.
Parameter
re — A double value equal to the real part of tilemplex object.

Operators

Operator +

static public operator x + y
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Description
Returns the sum of twGomplex objects x+y.
Parameters

x — A Complex oObject.

y — A Complex Object.

Returns
A newly constructedomplex initialized tox+y.

Operator +
static public operator x + y

Description
Returns the sum of @mplex and adouble, X+Y.
Parameters

x — A Complex object.

y — A double value.

Returns
A newly constructedomplex initialized tox+y.

Operator +
static public operator x + y

Description
Returns the sum of @uble and aComplex, X+Y.
Parameters

x — A double value.

y — A Complex object.

Returns
A newly constructedomplex initialized tox+y.

Operator /

static public operator x / y

Description
Returns the result of @mplex object divided by &omplex object,x/y.
Parameters

x — A Complex object representing the numerator.

y — A Complex object representing the denominator.
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Returns
A newly constructedomplex initialized tox/y.

Operator /

static public operator x / y

Description
Returns the result of @mplex object divided by alouble, x/y.
Parameters

x — A Complex object representing the numerator.

y — A double representing the denominator.

Returns
A newly constructedomplex initialized tox/y.

Operator /

static public operator x / y

Description
Returns the result of @uble divided by aComplex object,x/y.
Parameters

x — A double value.

y — A Complex object representing the denominator.

Returns
A newly constructedomplex initialized tox/y.

Operator ==
static public operator x ==y
Description
Returnstrue if x andy are equal.
Parameters

x — A Complex value.

y — A Complex value.

Returns
true if x andy are equal.

Operator ==
static public operator x ==y

Description
Returnstrue if x andy are equal.
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Parameters
x — A Complex value.
y — A double value.

Returns
true if x andy are equal.

Operator ==
static public operator x ==y
Description
Returnstrue if x andy are equal.
Parameters

x — A double value.

y — A Complex value.

Returns
true if x andy are equal.

Operator =

static public operator x !'=y
Description

Returnstrue if x andy are not equal.
Parameters

x — A Complex value.
y — A double value.

Returns
true if x andy are equal.

Operator =
static public operator x !=y

Description
Returnstrue if x andy are not equal.
Parameters

x — A double value.

y — A Complex value.

Returns
true if x andy are not equal.

Operator =

static public operator x !=y
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Description
Returnstrue if x andy are not equal.
Parameters

x — A Complex value.

y — A Complex value.

Returns
true if xx andy are equal.

Operator *
static public operator x * y

Description
Returns the product of twoomplex objectsx *y.
Parameters

x — A Complex object.

y — A Complex object.

Returns
A newly constructe@omplex initialized tox x y.

Operator *
static public operator x * y

Description
Returns the product of @mplex object and aouble, X * y.
Parameters

x — A Complex object.

y — A double value.

Returns
A newly constructedomplex initialized tox x y.

Operator *

static public operator x * y

Description
Returns the product of @uble and aComplex object,x * y.
Parameters

x — A double value.

y — A Complex object.
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Returns
A newly constructedomplex initialized tox x y.

Operator -

static public operator x - y

Description

Returns the difference of tw@omplex objects x-y.
Parameters

x — A Complex object.
y — A Complex object.

Returns
A newly constructedomplex initialized tox-y.

Operator -
static public operator x - y

Description
Returns the difference of @mplex object and alouble, X-V.
Parameters

x — A Complex oObject.

y — A double value.

Returns
A newly constructedomplex initialized tox-y.

Operator -

static public operator x - y

Description
Returns the difference ofduble and aComplex object,x-y.
Parameters

x — A double value.

y — A Complex object.

Returns
A newly constructedomplex initialized tox-y.

Operator -
static public operator - x

Description
Returns the negative ofGomplex object, -X.
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Parameter
x — A Complex Object.

Returns
A newly constructedomplex initialized to the negative of theomplex argumentx.

Methods

Abs
static public double Abs(Imsl.Math.Complex z)

Description
Returns the absolute value (modulus) @faaplex, |Z|.
Parameter

z — A Complex Object.

Returns
A double value equal to the absolute value of the argument.

Acos
static public Imsl.Math.Complex Acos(Imsl.Math.Complex z)

Description

Returns the inverse cosine (arc cosine) @baplex, with branch cuts outside the interval [-1,1] along
the real axis.

Parameter
z — A Complex Object.

Returns

A newly constructedomplex initialized to the inverse (arc) cosine of the argument. The real part of the
result is in the interval0, ).

Remarks

Specifically, ifz = x+iy,

aco4z) = acogz).

acog+0+i0) returnsz/2—i0.

acog—oo +joo) returns 3r/4 — ico.

acog+oo + i) returnsze /4 — ico.

acogx+ i) returnsm/2 — ico, for finite x.

acog—oo +iy) returnsm — ico, for positive-signed finitg.
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acog+o +iy) returns+0— ico, for positive-signed finitg.

acog+o +iNaN) returns NaNt i (where the sign of the imaginary part of the result is unspecified).
acog+0+iNaN) returnsz/2+iNaN.

acogNaN+ i) returns NaN-ico.

acogx-+iNaN) returns NaN+iNaN, for nonzero finite.

acogNaN+iy) returns NaN+iNaN, for finitey.

acogNaN+iNaN) returns NaN-iNaN.

Acosh
static public Imsl.Math.Complex Acosh(Imsl.Math.Complex z)

Description

Returns the inverse hyperbolic cosine (arc cosh)@mplex, with a branch cut at values less than one
along the real axis.

Parameter
z — A Complex object.

Returns

A newly constructedomplex initialized to the inverse (arc) hyperbolic cosine of the argument. The real
part of the result is non-negative and its imaginary part is in the intépial, in].

Remarks

Specifically, ifz = x+iy,

acostfz) = acoslfz).

acosti+0+i0) returns+0+im/2.

acosh—oo + i) returns+oo 4 i3 /4.

acosti+oo + i) returns+oo+im/4.

acostlix+ i) returns+oo +izx/2, for finite x.

acosh—o +iy) returns+oo + iz, for positive-signed finite.
acosli+co +iy) returns+oo + 10, for positive-signed finitg.
acosliNaN+ i) returns4-oo +iNaN.

acoshto +iNaN) returns+o +iNaN.

acoslix+iNaN) returns NaN+iNaN, for finitex.
acostiNaN+iy) returns NaNt-iNaN, for finitey.
acosliNaN+iNaN) returns NaN+-iNaN.

Add
static public Imsl.Math.Complex Add(Imsl.Math.Complex x, Imsl.Math.Complex y)

Description
Returns the sum of twGomplex objects x+y.
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Parameters
x — A Complex object.
y — A Complex Object.

Returns
A newly constructedomplex initialized tox+y.

Add
static public Imsl.Math.Complex Add(Imsl.Math.Complex x, double y)

Description
Returns the sum of @mplex and adouble, X+Y.
Parameters

x — A Complex object.

y — A double value.

Returns
A newly constructedomplex initialized tox+y.

Add
static public Imsl.Math.Complex Add(double x, Imsl.Math.Complex y)

Description
Returns the sum of @uble and aComplex, X+Y.
Parameters

x — A double value.

y — A Complex object.

Returns
A newly constructedomplex initialized tox+y.

Argument
static public double Argument(Imsl.Math.Complex z)

Description
Returns the argument (phase) dfanplex, in radians, with a branch cut along the negative real axis.

Parameter
z — A Complex object.

Returns
A double value equal to the argument (or phase) 6baplex. Itis in the interval—r, x].

Asin
static public Imsl.Math.Complex Asin(Imsl.Math.Complex z)
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Description

Returns the inverse sine (arc sine) dfanplex, with branch cuts outside the interval [-1,1] along the
real axis.

Parameter
z — A Complex oObject.

Returns

A newly constructedomplex initialized to the inverse (arc) sine of the argument. The real part of the
result is in the interval—n /2, +7/2].

Remarks
The value of Asin is defined in terms of the function Asinh, by &8is= —i asinH{(iz).
See Also: Imsl.Math.Complex.Asinh(Imsl.Math.Complex) 485

Asinh
static public Imsl.Math.Complex Asinh(Imsl.Math.Complex z)

Description
Returns the inverse hyperbolic sine (arc sinh) @baplex, with branch cuts outside the intervai .
Parameter

z — A Complex oObject.

Returns

A newly constructedomplex initialized to the inverse (arc) hyperbolic sine of the argument. Its
imaginary partis in the interval-ir/2,im/2].

Remarks

Specifically, ifz = x+iy,

asinh(z) = asinh(z) and asinh is odd.

asini(+0-+i0) returns O+ iO0.

asinh(co 4 i) returns+oo +im/4.

asinh(x+ i) returns+oco +-ix/2 for positive-signed finite.
asinh(+o +iy) returns+oo +i0 for positive-signed finitg.
asinNaN- i) returns+co 4+ iNaN (where the sign of the real part of the result is unspecified).
asinh(+o +iNaN) returns4-co 4 iNaN.

asinf(NaN-+i0) returns NaNtiO.

asinNaN-iy) returns NaN+ iNaN, for finite nonzerg.
asinhi(x+iNaN) returns NaN+iNaN, for finitex.
asini(NaN+iNaN) returns NaN+ iNaN.

Atan
static public Imsl.Math.Complex Atan(Imsl.Math.Complex z)

Miscellaneous Complex 485



Description

Returns the inverse tangent (arc tangent) ¢émplex, with branch cuts outside the intervail ] along
the imaginary axis.
Parameter

z — A Complex oObject.

Returns

A newly constructedomplex initialized to the inverse (arc) tangent of the argument. Its real partis in
the intervall—r/2,7/2].

Remarks
The value of Atan is defined in terms of the function Atanh, by @ga —iatanhiz).
See Also: Imsl.Math.Complex.Atanh(Imsl.Math.Complex)4B6)

Atanh
static public Imsl.Math.Complex Atanh(Imsl.Math.Complex z)

Description

Returns the inverse hyperbolic tangent (arc tanh) @mgplex, with branch cuts outside the interval
[-1,1] on the real axis.

Parameter
z — A Complex Object.

Returns

A newly constructedomplex initialized to the inverse (arc) hyperbolic tangent of the argument. The
imaginary part of the result is in the intenfaliz/2,in/2].

Remarks

Specifically, ifz = x+iy,

atani{z) = atanl{z) and atanh is odd.

atant{4+-0+i0) returns+0-+i0.

atank{+oo + i) returns+0+in/2.

atanh{4oc +iy) returns+0+in /2, for finite positive-signeg.
atank{x-+ ioo) returns+0-+ix /2, for finite positive-signea.
atani{+-0+ iNaN) returns+0+iNaN.

atani{NaN+ i) returns+0+ipi/2 (where the sign of the real part of the result is unspecified).
atant{4o +iNaN) returns+0+iNaN.

atanf{NaN+iy) returns NaNt iNaN, for finitey.
atanl{x+iNaN) returns NaNiNaN, for nonzero finite.
atani{NaN+ iNaN) returns NaNtiNaN.

CompareTo
Final public int CompareTo(object obj)
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Description
Compares thiSomplex to another Object.
Parameter

obj —An0Object to be compared.

Returns

An int, O if obj is equal to thigomplex; a value less than 0 if thiSomplex is less tharbj; and a
value greater than O if thiSomplex is greater tharbj.

Remarks

If the Object is aComplex, this function behaves like compareTefiplex). Otherwise, it throws a
InvalidCastException (asComplex objects are comparable only to otl@emplex objects).

Exception
System.InvalidCastException is thrown if objis not &Complex object

CompareTo
public int CompareTo(Imsl.Math.Complex z)

Description
Compares tw@omplex objects.
Parameter

z — A Complex to be compared.

Returns

The value 0 ifz is equal to thi€omplex; a value less than 0 if thiSomplex is less tharz; and a value
greater than 0 if thiSomplex is greater thamz.

Remarks

A lexigraphical ordering is used. First the real parts are compared in the sense of Double.compareTo. If
the real parts are unequal this is the return value. If the return parts are equal then the comparison of the
imaginary parts is returned.

Conjugate
static public Imsl.Math.Complex Conjugate(Imsl.Math.Complex z)
Description
Returns the complex conjugate ofemplex object.
Parameter
z — A Complex oObject.

Returns
A newly constructedomplex initialized to the complex conjugate 0bmplex argumentz.

Cos
static public Imsl.Math.Complex Cos(Imsl.Math.Complex z)
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Description
Returns the cosine of@mplex.
Parameter

z — A Complex Object.

Returns

A newly constructedomplex initialized to the cosine of the argument.
Remarks

The value of Cos is defined in terms of the function Cosh, byajes cosHiz).
See Also: Imsl.Math.Complex.Cosh(Imsl.Math.Complex)483)

Cosh
static public Imsl.Math.Complex Cosh(Imsl.Math.Complex z)

Description
Returns the hyperbolic cosh offamplex.
Parameter

z — A Complex Object.

Returns

A newly constructedomplex initialized to the hyperbolic cosine of the argument.

Remarks

If z = x+iy,

cosh{Z) = cosh(z) and cosh is even.

cosh{+0+i0) returns 1+i0.

cosh+0+ i) returns NaNti0 (where the sign of the imaginary part of the result is unspecified).
cosh{+o +i0) returns+oo+i0.

cosh{+o + i) returns+oo +iNaN.

cosh{x+ i) returns NaN+iNaN, for finite nonzero.

cosh{+o +iy) returns+oo[cogy) +isin(y)], for finite nonzeray.

coshH+0-+iNaN) returns NaNti0 (where the sign of the imaginary part of the result is unspecified).
cosh{(+o +iNaN) returns+oo +iNaN.

coshx+iNaN) returns NaNt iNaN, for finite nonzero.

cosi{NaN+i0) returns NaNt i0 (where the sign of the imaginary part of the result is unspecified).
cosi{NaN+iy) returns NaNt-iNaN, for all nonzero numbess

cosh{NaN+iNaN) returns NaN-iNaN.

Divide

static public Imsl.Math.Complex Divide(Imsl.Math.Complex x, Imsl.Math.Complex

y)
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Description
Returns the result of @mplex object divided by &omplex object,x/y.
Parameters

x — A Complex object representing the numerator.

y — A Complex oObject representing the denominator.

Returns

A newly constructedomplex initialized tox/y.

Divide

static public Imsl.Math.Complex Divide(Imsl.Math.Complex x, double y)

Description
Returns the result of @mplex object divided by alouble, x/y.
Parameters

x — A Complex object representing the numerator.

y — A double representing the denominator.

Returns

A newly constructedomplex initialized tox/y.

Divide

static public Imsl.Math.Complex Divide(double x, Imsl.Math.Complex y)

Description
Returns the result of @uble divided by aComplex object,x/y.
Parameters

x — A double value.

y — A Complex object representing the denominator.

Returns
A newly constructedomplex initialized tox/y.

Equals
override public bool Equals(object x)

Description
Compares this object against the specified object.
Parameter

x — The object to compare with.
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Returns
true if the objects are the samealse otherwise.

Exp
static public Imsl.Math.Complex Exp(Imsl.Math.Complex z)
Description
Returns the exponential ofGamplex z, exp(z).
Parameter
z — A Complex object.

Returns

A newly constructedomplex initialized to the exponential of the argument.

Remarks

Specifically, ifz = x+iy,

exp(2) = exp(2).

exp(£0+10) returns L+i0.

exp(+o +i0) returns+oo + 0.

exp(—o + i) returns+0+i0 (where the signs of the real and imaginary parts of the result are
unspecified).

exp(+o + i) returnsteo 4+ iNaN (where the sign of the real part of the result is unspecified).
exp(X+io) returns NaN+iNaN, for finitex.

exp(—o +iy) returns+0[cogy) + i sin(y)], for finite y.

exp(+o +iy) returns+oo[cogy) + isin(y)], for finite nonzergy.

exp(—o +iNaN) returns+0+i0 (where the signs of the real and imaginary parts of the result are
unspecified).

exp(+o +iNaN) returns+o +iNaN (where the sign of the real part of the result is unspecified).
exp(NaN—+i0) returns NaNti0.

exp(NaN+iy) returns NaNt-iNaN, for all non-zero numbens

exp(x+iNaN) returns NaN-iNaN, for finitex.

GetHashCode

override public int GetHashCode ()

Description

Returns a hashcode for thésmplex.
Returns

A hash code value for this object.

Imag
public double Imag()
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Description

Returns the imaginary part ofGdmplex object.

Returns

A double representing the imaginary part o€amplex object, z.

Imag
static public double Imag(Imsl.Math.Complex z)

Description
Returns the imaginary part ofGamplex object.
Parameter

z — A Complex object.

Returns
A double representing the imaginary part of themplex object,z.

Log
static public Imsl.Math.Complex Log(Imsl.Math.Complex z)
Description
Returns the logarithm of @mplex z, with a branch cut along the negative real axis.
Parameter
z — A Complex object.

Returns

A newly constructedomplex initialized to the logarithm of the argument. Its imaginary part is in the
interval [—ix,in].

Remarks

Specifically, ifz = x+iy,

log(2) = log(2).

log(0+i0) returns—eo +i.

log(4+0+i0) returns—co +i0.

log(—co + i) returns+o +i37 /4.

0g(+00 + i) returns+oo + iz /4.

0g(—oo +iy) returns+oo + i, for finite positive-signeg.

0g(+oo +iy) returns+oo +i0, for finite positive-signeg.
0g(+o +iNaN) returns+oo +iNaN.
log(NaN+ i) returns+oo 4 iNaN.

(
(
(
(
0g(X+ i) returns+oo +izm/2, for finite x.
(
(
(
(
(

log(x+iNaN) returns NaNt-iNaN, for finitex.
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log(NaN+iy) returns NaN+iNaN, for finitey.
log(NaN+iNaN) returns NaNtiNaN.

Z:l:itlgliublic Imsl.Math.Complex Multiply(Imsl.Math.Complex x, Imsl.Math.Complex
y)
Description
Returns the product of twoomplex objectsx *y.
Parameters
x — A Complex object.
y — A Complex Object.

Returns
A newly constructe@omplex initialized tox x y.

Multiply
static public Imsl.Math.Complex Multiply(Imsl.Math.Complex x, double y)
Description
Returns the product of @mplex object and aouble, X * Y.
Parameters
x — A Complex object.
y — A double value.

Returns
A newly constructedomplex initialized tox x y.

Multiply
static public Imsl.Math.Complex Multiply(double x, Imsl.Math.Complex y)
Description
Returns the product of @uble and aComplex object,x * y.
Parameters
x — A double value.
y — A Complex object.

Returns
A newly constructedomplex initialized tox x y.

Multiplylmag
static public Imsl.Math.Complex MultiplyImag(Imsl.Math.Complex x, double y)
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Description
Returns the product of @mplex object and a pure imaginatipuble, X * iy.
Parameters

x — A Complex oObject.

y — A double value representing a pure imaginary.

Returns
A newly constructedomplex initialized tox * iy.

Multiplylmag
static public Imsl.Math.Complex MultiplyImag(double x, Imsl.Math.Complex y)
Description
Returns the product of a pure imaginaryuble and aComplex object,ix *y.
Parameters
x — A double value representing a pure imaginary.
y — A Complex object.

Returns
A newly constructedomplex initialized toix * y.

Negate
static public Imsl.Math.Complex Negate(Imsl.Math.Complex z)

Description
Returns the negative ofGmplex object, -z.
Parameter

z — A Complex object.

Returns
A newly constructedomplex initialized to the negative of th@omplex argumentz.

Parse
static public Imsl.Math.Complex Parse(string s)

Description
Converts the string representation of a number in a specified style to its Complex number equivalent.
Parameter

s — A string containing a number to convert.
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Returns
A Complex number represented in the String.

Parse
static public Imsl.Math.Complex Parse(string s, System.IFormatProvider
formatProvider)

Description
Converts the string representation of a number in a specified style to its Complex number equivalent.
Parameters

s — A string containing a number to convert.

formatProvider — An IFormatProvider that supplies culture-specific formatting information
about s.

Returns
A Complex number represented in the String.

Pow
static public Imsl.Math.Complex Pow(Imsl.Math.Complex z, double x)

Description

Returns the&€omplex z raised to the x power, with a branch cut for the first parameter (z) along the
negative real axis.

Parameters
z — A Complex object.
x — A double value.

Returns
A newly constructedomplex initialized to z to the power x.

Pow
static public Imsl.Math.Complex Pow(Imsl.Math.Complex x, Imsl.Math.Complex y)

Description
Returns the&€omplex X raised to th&€omplex y power.
Parameters

x — A Complex object.

y — A Complex object.

Returns
A newly constructedomplex initialized tox.
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Remarks

The value of Pow is defined in terms of the functions Exp and Log, by(rg= exp(ylog(x)).

See Also: Imsl.Math.Complex.Exp(Imsl.Math.Complex)480),
Imsl.Math.Complex.Log(Imsl.Math.Complex) (p91)

Real
public double Real()

Description

Returns the real part of@mplex object.

Returns

A double representing the real part ofCamplex object, z.

Real
static public double Real(Imsl.Math.Complex z)

Description
Returns the real part of@mplex object.
Parameter

z — A Complex Object.

Returns

A double representing the real part of themplex object,z.

Sin

static public Imsl.Math.Complex Sin(Imsl.Math.Complex z)

Description
Returns the sine of @omplex.
Parameter

z — A Complex object.

Returns

A newly constructedomplex initialized to the sine of the argument.
Remarks

The value of Sin is defined in terms of the function Sinh, byzis- —isinh(iz).
See Also: Imsl.Math.Complex.Sinh(Imsl.Math.Complex)4p5

Sinh

static public Imsl.Math.Complex Sinh(Imsl.Math.Complex z)

Description
Returns the hyperbolic sine oftamplex.
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Parameter
z — A Complex Object.

Returns

A newly constructedomplex initialized to the hyperbolic sine of the argument.

Remarks

If z = x+iy,

sinh(z) = sinh(z) and sinh is odd.

sinh(+0+i0) returns+0+i0.

sinh(+0+ i) returns+0+ iNaN (where the sign of the real part of the result is unspecified).
sinh(+o0 +i0) returns+co +i0.

sinh(+o + i) returnst+o + iNaN (where the sign of the real part of the result is unspecified).
sinh(+-o +iy) returns+oe[cogy) +isin(y)], for positive finitey.

sinh(x+ i) returns NaNiNaN, for positive finitex.

sinh(+0+ iNaN) returns=0+iNaN (where the sign of the real part of the result is unspecified).
sinh(+c0 +iNaN) returnstoo +iNaN (where the sign of the real part of the result is unspecified).
sinh(x+iNaN) returns NaNtiNaN, for finite nonzerx.

sinh(NaN+i0) returns NaNi0.

sinh(NaN-+iy) returns NaNt+iNaN, for all nonzero numbers

sinh(NaN+iNaN) returns NaN-iNaN.

Sqrt
static public Imsl.Math.Complex Sqrt(Imsl.Math.Complex z)

Description
Returns the square root offamplex, with a branch cut along the negative real axis.
Parameter

z — A Complex object.

Returns

A newly constructedomplex initialized to square root of z.
Remarks

Specifically, ifz = x+iy,

sqrt(z) = sart2).

sqr{£0+i0) returns+0+-i0.

sqri{—oo +iy) returns+0+ ico, for finite positive-signeg.
sgrt{+o0 +iy) returns+oo +i0, for finite positive-signeg.
sqrt{x+ i) returns+oo + ioo, for all x (including NaN).
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sgri{—e +iNaN) returns NaNt ico (where the sign of the imaginary part of the result is unspecified).

sqri{-+o +iNaN) returns+oo +iNaN.

sgrt{x+iNaN) returns NaN+ iNaN and optionally raises the invalid exception, for finite
sgrNaN—+iy) returns NaN+ iNaN and optionally raises the invalid exception, for finjite
sgriNaN+iNaN) returns NaNt+iNaN.

Subtract

static public Imsl.Math.Complex Subtract(Imsl.Math.Complex x, Imsl.Math.Complex

y)

Description
Returns the difference of tweéomplex objects x-y.
Parameters

x — A Complex oObject.

y — A Complex Object.

Returns
A newly constructedomplex initialized tox-y.

Subtract
static public Imsl.Math.Complex Subtract(Imsl.Math.Complex x, double y)

Description
Returns the difference of@mplex object and alouble, X-V.
Parameters

x — A Complex object.

y — A double value.

Returns
A newly constructedomplex initialized tox-y.

Subtract
static public Imsl.Math.Complex Subtract(double x, Imsl.Math.Complex y)

Description
Returns the difference of@uble and aComplex object,x-y.
Parameters

x — A double value.

y — A Complex object.
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Returns
A newly constructedomplex initialized tox-y.

Tan
static public Imsl.Math.Complex Tan(Imsl.Math.Complex z)

Description
Returns the tangent ofGomplex.
Parameter

z — A Complex object.

Returns

A newly constructedomplex initialized to the tangent of the argument.
Remarks

The value of Tan is defined in terms of the function Tanh, byZpa —itanh(iz).
See Also: Imsl.Math.Complex.Tanh(Imsl.Math.Complex)498)

Tanh
static public Imsl.Math.Complex Tanh(Imsl.Math.Complex z)

Description
Returns the hyperbolic tanh ofCamplex.
Parameter

z — A Complex Object.

Returns

A newly constructedomplex initialized to the hyperbolic tangent of the argument.
Remarks

If z=x+iy,

tanh(Z) = tanh(z) and tanh is odd.

tanh(+-0+i0) returns+0+i0.

tanh(+o +iy) returns 110, for all positive-signed numbeys

tanh(x+io0) returns NaNtiNaN, for finitex.

tanh(+ 4 iNaN) returns 1-i0 (where the sign of the imaginary part of the result is unspecified).
tanh(NaN+-i0) returns NaNi0.

tanh(NaN+iy) returns NaN+-iNaN, for all nonzero numbess

tanh(x+iNaN) returns NaN-iNaN, for finitex.

tanh(NaN+iNaN) returns NaNtiNaN.

ToString

override public string ToString()
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Description
Returns &8tring representation for the specifi€dmplex.
Returns

A String containing the Round-trip representation of this object. Round-trip guarantees that a numeric
value converted to atring will be parsed back into the same numeric value.

ToString
Final public string ToString(string format, System.IFormatProvider
formatProvider)

Description
Formats the value of the current instance using the specified format.
Parameters

format — TheString specifying the format to use.

formatProvider — TheIFormatProvider to use to format the value.

Example: Roots of a Quadratic Equation

The two roots of the quadratic equatiax’ + bx+-c are computed using the formula

—b+vb?2—4ac
2a

using System;
using Imsl.Math;

public class ComplexEx1

{
public static void Main(String[] args)
{
Complex a = new Complex(2.0, 3.0);
double b = 4.0;
Complex ¢ = new Complex(1.0, -2.0);
Complex disc = Complex.Sqrt(b*b - 4.0%axc);
Complex rootl = (-b + disc) / (2.0%a);
Complex root2 = (-b - disc) / (2.0%a);
Console.Out.WriteLine("Rootl = " + rootl);
Console.Out.WriteLine("Root2 = " + root2);
}
}
Output

Rootl = 0.19555270402037395+0.714335671546130541
Root2 = -0.81093731940498925+0.208741251530792511
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Physical Structure

public structure Imsl.Math.Physical
Return the value of various mathematical and physical constants.

The case of th8tring specifying the name of the physical constant does not matter. The names 'PI’,
'Pi’, 'pl’ and 'pi’ are equivalent.

The units of the physical constants are in Sl units, (meter-kilogram-second).

The names allowed are as follows:

Name Description Value Reference
AMU Atomic mass unit 1.6605402E-27 kg [1]
ATM Standard atm pressure| 1.01325E+5 Mnv? E[2]
AU Astronomical unit 1.496E+11 m [1
Avogadro Avogadro’s number 6.0221367E+23 1/mole [1]
Boltzman Boltzman’s constant 1.380658E-23 J/K [1]
C Speed of light 2.997924580E+8 m/s | E[1]
Catalan Catalan’s constant 0.915965... E[3]
E Base of natural logs 2.718... E[3]
ElectronCharge | Electron change 1.60217733E-19C [1]
ElectronMass Electron mass 9.1093897E-31 kg [1]
ElectronVolt Electron volt 1.60217733E-19J [1]
Euler Euler’'s constant gamma 0.577... E[3]
Faraday Faraday constant 9.6485309E+4 C/mole| [1]
FineStructure Fine structure 7.29735308E-3 [1]
Gamma Euler’s constant 0.577... E[3]
Gas Gas constant 8.314510 J/mole/K [1]
Gravity Gravitational constant | 6.67259E-11 Nrfvkg? | [1]
Hbar Planck constant/ 2 pi | 1.05457266E-34 J*s | [1]
PerfectGasVolume Std vol ideal gas 2.241383E-2 i/mole | [*]
Pi Pi 3.141... E[3]
Planck Planck’s constant h 6.6260755E-34 J*s [1]
ProtonMass Proton mass 1.6726231E-27 kg [1]
Rydberg Rydberg’'s constant 1.0973731534E+7 /m | [1]
SpeedLight Speed of light 2.997924580E+8 m/s | E[1]
StandardGravity | Standard g 9.80665 njis? E[2]
StandardPressure| Standard atm pressure| 1.01325E+5 Nm? E[2]
StefanBoltzmann | Stefan-Boltzman 5.67051E-8 WK*/m? | [1]
WaterTriple Triple point of water 2.7316E+2 K E[2]

The reference for constants are indicated by the code in the [ comment above.

500 e Physical IMSL C# Numerical Library



[1] Cohen and Taylor (1986)
[2] Liepman (1964)
[3] Precomputed mathematical constants

The constants marked with an E before the [] are exact (to machine precision).

Units strings have the form U1*U2*...*Um/V1/.../Vn, where Ui and Vi are the names of basic units or
are the names of basic units raised to a power. Examples are, 'METER*KILOGRAM/SECOND’,
'M*KG/S’, 'METER’, or'M /KG?'. These strings are case insensitive.

The basic unit names allowed are as follows.
Units of time

day, hour = hr, min = minute, s = sec = second, year
Units of frequency

Hertz = Hz

Units of mass

AMU, g = gram, Ib = pound, ounce = 0z, slug
Units of distance

Angstrom, AU, ft = feet = foot, in = inch, m = meter = metre, micron, mile, mill, parsec, yard
Units of area

acre

Units of volume

| = liter = litre

Units of force

dyne, N = Newton, poundal

Units of energy

BTU(thermochemical), Erg, J = Joule

Units of work

W = watt

Units of pressure

ATM = atomosphere, bar, Pascal

Units of temperature

degC = Celsius, degF = Fahrenheit, degK = Kelvin
Units of viscosity

poise, stoke
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Units of charge

Abcoulomb, C = Coulomb, statcoulomb
Units of current

A = ampere, abampere, statampere

Units of voltage

Abvolt, V = volt

Units of magnetic induction

T =Tesla, Wb = Weber

Other units

1, farad, mole, Gauss, Henry, Maxwell, Ohm

The following metric prefixes may be used with the above units. Note that the one or two letter prefixes
may only be used with one letter unit abbreviations.

A =atto=1.E-18

F =femto = 1.E-15

P =pico=1.E-12

N =nano = 1.E-9

U = micro = 1.E-6

M = milli = 1.E-3

C=centi=1E-2

D=deci=1.E-1

DK =deca=1.E+1

K =kilo=1.E+3

myria = 1.E+4 (no single letter prefix; M means milli)
mega = 1.E+6 (no single letter prefix; M means milli)
G =giga=1.E+9

T =tera=1.E+12

Constructors

Physical
public Physical(double magnitude, string units)
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Description
Constructs a newhysical object and initializes this object toduble value.
Parameters
magnitude — A double value to which the copy of the object is initialized.
units — A String specifying the unit.

Physical
public Physical(double magnitude, int length, int mass, int time, int current,
int temperature)

Description

Constructs a newhysical object and initializes this object toduble value along withint values
for length, mass, time, current, and temperature.

Parameters
magnitude — A double Vvalue to which this object is initialized.
length — An int value assigned to this object’s length.
mass — An int value assigned to this object’s mass.
time — An int value assigned to this object’s time.
current — An int value assigned to this object’s current.
temperature — An int value assigned to this object’s temperature.

Operators

Operator +

static public operator x + y

Description
Add two compatiblePhysical objects.
Exception
System.ArgumentException is thrown if x and y are not compatible

Parameters
x — A Physical object which is to be added.
y — A Physical object which is to be added.

Returns
A Physical object which is the sum of x +y.

Operator /

static public operator x / y
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Description
Divide two Physical objects.
Parameters

x — A Physical object which is the numerator.

y — A Physical object which is the divisor.

Returns
A Physical object which is the result of x/y.

Operator /

static public operator x / y

Description
Divide aPhysical object by adouble.
Parameters

x — A Physical object which is the numerator.

y — A double object which is the divisor.

Returns
A Physical object which is the result of x/y.

Operator /
static public operator x / y
Description
Divide adouble by aPhysical object.
Parameters
x — A double which is the numerator.
y — A Physical object which is the divisor.

Returns
A Physical object which is the result of x/y.

Operator ==
static public operator x ==y
Description
Returnstrue if x and y are equal.
Parameters

x — A Physical object.

y — A Physical object.
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Returns
A bool value oftrue if x and y are equal.

Operator ()

static public operator () x

Description

Returns the value of this dimensionless object.
Exception

System.ArgumentException is thrown if the this object is not dimensionless

Parameter
x — A Physical object.

Returns
Thedouble value of the dimensionless object.

Operator =

static public operator x !=y

Description
Returnstrue if X and y are not equal.
Parameters

x — A Physical object.

y — A Physical object.

Returns
A bool value oftrue if x and y are not equal.

Operator *
static public operator x * y

Description
Multiply two Physical objects.
Parameters

x — A Physical object which is to be multiplied.
y — A Physical object which is to be multiplied.

Returns
A Physical object which is the product of x and y.

Operator *
static public operator x * y
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Description

Multiply a Physical object and alouble.

Parameters
x — A Physical object which is to be multiplied.
y — A double which is to be multiplied.

Returns
A Physical object which is the product of x and y.

Operator *

static public operator x * y

Description
Multiply a double and aPhysical object
Parameters

x — A double which is to be multiplied.

y — A Physical object which is to be multiplied.

Returns
A Physical object which is the product of x and y.

Operator -

static public operator x - y
Description

Subtract two compatiblBhysical objects.
Exception

System.ArgumentException is thrown if x and y are not compatible

Parameters
x — A Physical object.
y — A Physical object which is to be subtracted from x.

Returns
A Physical object which is the result of x - y.

Operator -
static public operator - x

Description
Negate @hysical object.
Parameter
x — A Physical object which is to be negated.
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Returns
A Physical object which has been negated.

Methods

Add

static public Imsl.Math.Physical Add(Imsl.Math.Physical x, Imsl.Math.Physical

y)

Description
Adds two compatibl®hysical objects.
Parameters
x — A Physical object which is to be added.
y — A Physical object which is to be added.

Returns
A Physical object which is the sum of x +y.
Exception
System.ArgumentException is thrown if x and y are not compatible

CheckCompatibility

static public void CheckCompatibility(Imsl.Math.Physical x, Imsl.Math.Physical

y)

Description
Checks the compatibility of twBhysical objects.
Parameters

x — A Physical object.

y — A Physical object to be checked against x.

Exception
System.ArgumentException is thrown if the twoPhysical objects are incompatible

Constant
static public Imsl.Math.Physical Constant(string name)

Description
Returns the value of a constant, given its name.
Parameter
name — A String representing the name of the constant to be returned.
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Returns
ThePhysical object containing the value of the constant, in its default units.
Exception

System.ArgumentException is thrown when the name given is undefined

Constant
static public double Constant(string name, string units)

Description
Returns the value of a constant, given its name, in the specified units.
Parameters
name — A String representing the name of the constant to be returned.
units — A String representing the units in which the constant is to be returned.

Returns
A double containing the value of the constant in the specified units.
Exception

System.ArgumentException is thrown if the constant name is undefined

Convert
static public Imsl.Math.Physical Convert(Imsl.Math.Physical physical, string
unitsNew)

Description

Converts a value to a different set of units.

Parameters
physical — A Physical object specifying the value to be converted.
unitsNew — A String specifying the units to whichhysical is to be converted.

Returns
A Physical object containing the value physical converted to the new units.
Exception

System.ArgumentException is thrown if the new and old units are incompatible

DefineConstant
static public void DefineConstant(string name, Imsl.Math.Physical magnitude)

Description
Defines a new constant.
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Parameters
name — A String specifying the name of the constant to be defined.
magnitude — A Physical object defining the value of the new constant.

DefinePrefix

static public void DefinePrefix(string name, double magnitude)

Description

Defines a new prefix.

Parameters
name — A String specifying the name of the prefix to be defined.
magnitude — Thedouble value of the prefix.

DefineUnit

static public void DefineUnit(string name, Imsl.Math.Physical magnitude)

Description
Defines a new unit.
Parameters

name — A String specifying the name of the unit to be defined.

magnitude — A Physical object defining the value of one unit in terms of Sl units.
Divide
static public Imsl.Math.Physical Divide(Imsl.Math.Physical x,
Imsl.Math.Physical y)

Description

Divides twoPhysical objects.

Parameters
x — A Physical object which is the numerator.
y — A Physical object which is the divisor.

Returns

A Physical object which is the result of x/y.

Divide

static public Imsl.Math.Physical Divide(Imsl.Math.Physical x, double y)

Description

Divides aPhysical object by adouble.

Parameters
x — A Physical object which is the numerator.
y — A double object which is the divisor.
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Returns

A Physical object which is the result of x/y.

Divide

static public Imsl.Math.Physical Divide(double x, Imsl.Math.Physical y)

Description
Divides adouble by aPhysical object.
Parameters

x — A double which is the numerator.

y — A Physical object which is the divisor.

Returns
A Physical object which is the result of x/y.

DoubleValue
public double DoubleValue()

Description
Returns the value of this dimensionless object.
Returns
Thedouble value of the dimensionless object.
Exception
System.ArgumentException is thrown if the this object is not dimensionless

Equals
override public bool Equals(object x)

Description
Returnstrue if x equals this value.
Parameter

x —AnObject to be tested for equality.

Returns
A bool value oftrue if x and thisPhysical object are equal.

Equals
static public bool Equals(Imsl.Math.Physical x, Imsl.Math.Physical y)

Description
Returnstrue if X and y are equal.
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Parameters
x — A Physical object.
y — A Physical object.

Returns
A bool value oftrue if x and y are equal.

GetHashCode
override public int GetHashCode()

Description

Serves as a hash function for a particular type, suitable for use in hashing algorithms and data structures

like a hash table.
Returns
A hash code for the curredbject.

Multiply
static public Imsl.Math.Physical Multiply(Imsl.Math.Physical x,
Imsl.Math.Physical y)

Description

Multiply two Physical objects.

Parameters
x — A Physical object which is to be multiplied.
y — A Physical object which is to be multiplied.

Returns
A Physical object which is the product of x and y.

Multiply
static public Imsl.Math.Physical Multiply(Imsl.Math.Physical x, double y)
Description
Multiply a Physical object and alouble.
Parameters
x — A Physical object which is to be multiplied.
y — A double which is to be multiplied.

Returns
A Physical object which is the product of x and y.

Multiply
static public Imsl.Math.Physical Multiply(double x, Imsl.Math.Physical y)
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Description
Multiply a double and aPhysical object.
Parameters

x — A double which is to be multiplied.

y — A Physical object which is to be multiplied.

Returns
A Physical object which is the product of x and y.

Negate
static public Imsl.Math.Physical Negate(Imsl.Math.Physical x)

Description
Negate @hysical object.
Parameter
x — A Physical object which is to be negated.

Returns
A Physical object which has been negated.
Subtract

static public Imsl.Math.Physical Subtract(Imsl.Math.Physical x,
Imsl.Math.Physical y)

Description
Subtract two compatiblBhysical objects.
Parameters
x — A Physical object.
y — A Physical object which is to be subtracted from x.

Returns
A Physical object which is the result of x - y.
Exception
System.ArgumentException is thrown if x and y are not compatible

ToString

override public string ToString()

Description
Returns é8tring containing the value and units, if any.

512 e Physical IMSL C# Numerical Library



Returns
A String specifying the value and units, if any, of ttHeysical object.

UnitsString
public string UnitsString()

Description

Returns &tring containing the units only.

Returns

A String specifying the units of thiBhysical object.

Example: Compute Kinetic Energy

The kinetic energy of a mass in motion is given by
1
T=-mV
5m

wheremis the mass andis the velocity. In this example the mass is 2.4 pounds and the velocity is 6.7
meters per second. The infix operators define@iysical automatically handle the unit convertions
and computes the current units for the result.

using System;
using Imsl.Math;

public class PhysicalEx1

{
public static void Main(String[] args)
{
Physical mass = new Physical(2.4, "pound");
Physical velocity = new Physical(6.7, "m/s");
Physical energy = 0.5*mass*velocity*velocity;
Console.Out.WriteLine("Kinetic energy is " + energy);
}
}
Output

Kinetic energy is 24.43411378716 m~2%kg/s"2

EpsilonAlgorithm Class

public class Imsl.Math.EpsilonAlgorithm

The class is used to determine the limit of a sequence of approximations, by means of the Epsilon
algorithm of P. Wynn.
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An estimate of the absolute error is also given. The condensed Epsilon table is computed. Only those
elements needed for the computation of the next diagonal are preserved.

Property

ErrorEstimate
public double ErrorEstimate {get; }

Description

Returns the current error estimate.

Property Value

A double containing the current error estimate.

Constructors

EpsilonAlgorithm
public EpsilonAlgorithm()

Description

The class is used to determine the limit of a sequence of approximations, by means of the Epsilon
algorithm of P. Wynn.

Remarks

An estimate of the absolute error is also given. The condensed Epsilon table is computed. Only those
elements needed for the computation of the next diagonal are preserved.

EpsilonAlgorithm
public EpsilonAlgorithm(int maxTableSize)

Description

The class is used to determine the limit of a sequence of approximations, by means of the Epsilon
algorithm of P. Wynn.

Parameter
maxTableSize — A int which specifies the maximum size of Episilon Table to be computed.

Remarks

An estimate of the absolute error is also given. The condensed Epsilon table is computed. Only those
elements needed for the computation of the next diagonal are preserved.
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Method

Extrapolate
public double Extrapolate(double x)
Description
Extrapolates the convergence limit of a sequence.
Parameter
x — A double wWhich specifies the next point in the original series.

Returns
A double containing the estimate of the limit of the series.

Example: The Epsilon Algorithm

The Epsilon algorithm is used to accelerate a series of partial sums of an infinite sum. The error shows
that the Epsilon algorithm is effective.

using System;
using Imsl.Math;

public class EpsilonAlgorithmEx1

{
static public void Main(System.String[] arg)
{
EpsilonAlgorithm eps = new EpsilonAlgorithm();
int n = 100;
double sum = 0.0;
for (int i = 1; i < n; i++)
{
sum += 1.0 / (i * 1i);
eps.Extrapolate(sum);
}
sum += 1.0 / (n * n);
double extrapolated = eps.Extrapolate(1.0 / (n * n));
double expected = System.Math.PI * System.Math.PI / 6.0;
double exError = expected - extrapolated;
double sumError = expected - sum;
Console.Out.WriteLine ("Expected {0:0.00000}", expected);
Console.Qut.WriteLine ("Extrapolated {0:0.00000} error = {1:0.00000}",
extrapolated, exError);
Console.Out.WriteLine ("Sum {0:0.00000%} error = {1:0.00000}",
sum, sumError);
}
}
Output
Expected 1.64493
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0.00216
0.00995

Extrapolated 1.64278  error
Sum 1.63498  error
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Chapter 11: Printing Functions

Types

ClaSSPIINIMALIIX . . . .. e e 517.
ClassSPriNtMatriXFOIrMaL . . ... ..o e e e 522.
classPrintMatrixFormat.ParsePoSition .. ... 526. .
enumeratiorPrintMatriX.MatriXTYPe . ... ..ot e 527
enumeratiorPrintMatrixFormat.FormatType. . .. ... 528 .
enumeratiorPrintMatrixFormat.ColumnLabelType. ... e 530.
enumeratiorPrintMatrixFormat.RowLabelType . ... i 531.

PrintMatrix Class

public class Imsl.Math.PrintMatrix

Matrix printing utilities.

Constructors

PrintMatrix
public PrintMatrix()

Description

Creates an instance of tReintMatrix class without a title and directs it to the default output stream.
Remarks

The matrix is printed without a title tBystem.Console.Out.
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PrintMatrix
public PrintMatrix(System.I0.TextWriter writer)

Description
Creates an instance of tReintMatrix class without a title and directs it to a specified output stream.
Parameter

writer — TheTextWriter to which the matrix is to be written.

PrintMatrix
public PrintMatrix(string title)

Description
Creates ®&rintMatrix object with a title directed to the default output stream.
Parameter

title — A String which specifies the title to be printed above the matrix.

Remarks
The matrix is printed without a title tBystem.Console.Out.

PrintMatrix
public PrintMatrix(System.IO.TextWriter writer, string title)

Description

Creates ®@rintMatrix object with a title directed to a specified output stream.

Parameters
writer — A String which specifies th&extWriter to which the matrix is to be written.
title — The title to be printed above the matrix.

Methods

Print

virtual public void Print(string text)

Description
Prints a string.
Parameter
text — TheString to be printed.
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Remarks
This function can be overridden to print to something other thEriatStream.

Print

virtual public void Print(object array)

Description
Prints an nRow by nColumn matrix with the default format.
Parameter

array — A two-dimensional, non-empty, rectangutirject array.

Print

virtual public void Print(Imsl.Math.PrintMatrixFormat pmf, object array)

Description
Prints an nRow by nColumn matrix with specified format.
Parameters

pmf — A PrintMatrixFormat matrix format.

array — A two-dimensional, non-empty, rectangutirject array.
PrintHTML

public void PrintHTML(Imsl.Math.PrintMatrixFormat pmf, object array, int nRows,
int nColumns)

Description
Prints an nRow by nColumn matrix with specified format for HTML output.
Parameters
pmf — A PrintMatrixFormat matrix format.
array — The Matrix to be printed.
nRows — An int specifying the number of rows in the matrix.
nColumns — An int specifying the number of columns in the matrix.

Printin
virtual public void Println()

Description

Prints a newline.

Remarks

This function can be overridden to print to something other thehiatStream.

SetColumnSpacing
public Imsl.Math.PrintMatrix SetColumnSpacing(int columnSpacing)
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Description
Sets the number of spaces between columns.
Parameter
columnSpacing — An int specifying the number of spaces between columns.

Returns
ThePrintMatrix object.
Remarks

The default value is 2.

SetEqualColumnWidths
public Imsl.Math.PrintMatrix SetEqualColumnWidths(bool equalColumnWidths)

Description
Force all of the columns to have the same width.
Parameter
equalColumnWidths — A bool which specifies that all column widths will be equal.

Returns
ThePrintMatrix object.

SetMatrixType
public Imsl.Math.PrintMatrix SetMatrixType(Imsl.Math.PrintMatrix.MatrixType
matrixType)

Description
Set matrix type.
Parameter
matrixType — An int specifying the matrix type.

Returns

ThePrintMatrix object.
Remarks

Values formatrixType are:

Value Enumeration

0 MatrixType.Full

1 MatrixType.UpperTriangular
2 MatrixType.LowerTriangular
3

4

MatrixType.StrictUpperTriangular
MatrixType.StrictLowerTriangular

SetPageWidth
public Imsl.Math.PrintMatrix SetPageWidth(int pageWidth)

520 e PrintMatrix IMSL C# Numerical Library



Description
Sets the page width.
Parameter
pageWidth — An int specifying the page width.

Returns

ThePrintMatrix object.

Remarks

The default value is the largest possible integer.

SetTitle
public Imsl.Math.PrintMatrix SetTitle(string title)

Description
Sets the matrix title.
Parameter
title — A String specifying the title of the matrix.

Returns
ThePrintMatrix object.

Example: Matrix and PrintMatrix

The 1 norm of a matrix is found using a method from the Matrix class. The matrix is printed using the
PrintMatrix class.

using System;
using Imsl.Math;

public class PrintMatrixEx1
{
public static void Main(String[] args)
{
double nrmi;
double[,] a = {{0.0, 1.0, 2.0, 3.0},

{4.0, 5.0, 6.0, 7.0},
{8.0, 9.0, 8.0, 1.0},
{6.0, 3.0, 4.0, 3.0}};
// Get the 1 norm of matrix a
nrml = Matrix.OneNorm(a);
// Construct a PrintMatrix object with a title

PrintMatrix p = new PrintMatrix("A Simple Matrix");

// Print the matrix and its 1 norm
p.Print(a);
Console.Out.WriteLine("The 1 norm of the matrix is " + nrml);
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Output

A Simple Matrix
0 1 3

N

W N+~ O
3 0> O
W © U=
S 00 O N
W= Nw

The 1 norm of the matrix is 20

PrintMatrixFormat Class

public class Imsl.Math.PrintMatrixFormat
This class can be used to customize the actions of PrintMatrix.

By default, entries are formatted using the data typeString method.

See Also

Imsl.Math.PrintMatrix (p.517)

Properties

FirstColumnNumber
public int FirstColumnNumber {get; set; }

Description

Turns on column labeling with index numbers and sets the index for the label of the first column.
Property Value

The number for the first column label.

Remarks

This is usually 0 or 1. The default is 0.

FirstRowNumber
public int FirstRowNumber {get; set; }
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Description

Turns on row labeling with index numbers and sets the index for the label of the first row.
Property Value

The number for the first row label.

Remarks

This is usually 0 or 1. The default is 0.

NumberFormat

public string NumberFormat {get; set; }

Description

The NumberFormat to be used in formattifignble and Complex (p475)entries.
Property Value

A String containing the format to be used in Complex entries.

Constructor

PrintMatrixFormat
public PrintMatrixFormat ()

Description
Constructs @rintMatrixFormat object.

Methods

Format
virtual public string Format(Imsl.Math.PrintMatrixFormat.FormatType type,
object entry, int row, int col, Imsl.Math.PrintMatrixFormat.ParsePosition pos)

Description

Returns a formatted string. This method is used by the methods
Imsl.Math.PrintMatrix.Print(System.String) (p18)and
Imsl.Math.PrintMatrix.PrintHTML(Imsl.Math.PrintMatrixFormat,System.Object,System.Int32,System.Int32)
(p. 519). This method can be overridden to gain finer control over printing.

Parameters
type — The type of string requested. S&eintMatrixFormat .FormatType Enumeration.

entry — The entry to be formatted. This is only used if type equals
Imsl.Math.PrintMatrixFormat.FormatType.Entry (30). For other values of type, this can be set
to null.
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row — The (0-based) row number of the element to be formatted. This is -1 if there is no row
number associated with this request.

col — The (0-based) column number of the element to be formatted. This is -1 if there is no
column number associated with this request.

pos — A ParsePosition object used to indicate the alignment center of the return string. This is
used only iftype is Imsl.Math.PrintMatrixFormat.FormatType.Entry &30).

Returns
A String to be put into the printed table.

Remarks
Note, if type is notFormatType . Entry, pos will be set based on the following criteria.

entry behavior
double | The index is the position of the decimal point.
int The index is the position of the end of the formatted integer.

See Also: Imsl.Math.PrintMatrixFormat.FormatType §28

SetColumnLabels
public void SetColumnLabels(string[] columnLabels)

Description
Turns on column labeling using the given labels.
Parameter

columnlLabels — An array ofStrings to be used as column labels. If there are more columns than
labels, the labels are reused.

SetNoColumnLabels
virtual public void SetNoColumnLabels ()

Description
Turns off column labels.

SetNoRowLabels
virtual public void SetNoRowLabels()

Description
Turns off row labels.

Example: Matrix Formatting

A simple matrix is printed using the default format with the PrintMatrix class. The PrintMatrixFormat
class is then used to change the default format.
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using System;
using Imsl.Math;

public class PrintMatrixFormatEx1

{
public static void Main(String[] args)
{
double[,] a = {{0.0, 1.0, 2.0, 3.0},
{4.0, 5.0, 6.0, 7.0},
{8.0, 9.0, 8.0, 1.0},
{6.0, 3.0, 4.0, 3.0}};
// Construct a PrintMatrix object with a title
PrintMatrix p = new PrintMatrix("A Simple Matrix");
// Print the matrix
p-Print(a);
// Turn row and column labels off
PrintMatrixFormat mf = new PrintMatrixFormat();
mf . SetNoRowLabels () ;
mf . SetNoColumnLabels () ;
// Print the matrix
p.Print(mf, a);
}
}
Output
A Simple Matrix
0 1 2 3
o 0 1 2 3
1 4 5 6 7
2 8 9 8 1
3 6 3 4 3
A Simple Matrix

3 00 O
W o o=
> oo oN
Wk Nw

Example: Matrix Formatting

A matrix is printed in CSV (comma separated value) format. This is done by overridifgpthet
method ofPrintMatrixFormat to add commas after all but the last number in each row.

using System;
using Imsl.Math;

public class PrintMatrixFormatEx2 : PrintMatrixFormat
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private int ncols;

public PrintMatrixFormatEx2(int ncols)

{

this.ncols = ncols;

}

public override String Format(FormatType type, System.Object entry, int row,
int col, ParsePosition pos)

{
String text = base.Format(type, entry, row, col, pos);
if (type == FormatType.Entry)
{
if (col < ncols - 1)
text +=",";
}
return text;
}
public static void Main(System.String[] args)
{
double[]1[] a = {
new double[]{0.0, 1.0, 2.0},
new double[]{4.0, 5.0, 6.0},
new double[]{8.0, 9.0, 8.0},
new double[]{6.0, 3.0, 4.0}
};
PrintMatrixFormat mf = new PrintMatrixFormatEx2(3);
mf .SetNoRowLabels () ;
mf . SetNoColumnLabels () ;
// Print the matrix
new PrintMatrix() .Print(mf, a);
}
}
Output
o, 1, 2
4, 5, 6
8, 9, 8
6 3 4

PrintMatrixFormat.ParsePosition Class

public class Imsl.Math.PrintMatrixFormat.ParsePosition
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Tracks the current position during parsing.

Property

Index
public int Index {get; set; }

Description

Current parse position.

Property Value

An int containing the current index position.

Constructor

ParsePosition
public ParsePosition(int index)

Description
Creates ®&arsePosition.
Parameter

index — The intial position.

PrintMatrix.MatrixType Enumeration

public enumeration Imsl.Math.PrintMatrix.MatrixType

MatrixType indicates what part of the matrix is to be printed.

Fields

Full
public Imsl.Math.PrintMatrix.MatrixType Full
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Description
Indicates that the full matrix is to be printed.

LowerTriangular
public Imsl.Math.PrintMatrix.MatrixType LowerTriangular

Description

Indicates that only the lower triangular elements of the matrix are to be printed. The matrix still must be
a rectangular matrix.

StrictLowerTriangular
public Imsl.Math.PrintMatrix.MatrixType StrictLowerTriangular

Description

Indicates that only the strict lower triangular elements of the matrix are to be printed. The matrix still
must be a rectangular matrix.

StrictUpperTriangular
public Imsl.Math.PrintMatrix.MatrixType StrictUpperTriangular

Description

Indicates that only the strict upper triangular elements of the matrix are to be printed. The matrix still
must be a rectangular matrix.

UpperTriangular
public Imsl.Math.PrintMatrix.MatrixType UpperTriangular

Description

Indicates that only the upper triangular elements of the matrix are to be printed. The matrix still must be
a rectangular matrix.

PrintMatrixFormat.FormatType Enumeration

public enumeration Imsl.Math.PrintMatrixFormat.FormatType

FormatType specifies the argument to format.

Fields

BeginColumnLabel
public Imsl.Math.PrintMatrixFormat.FormatType BeginColumnLabel
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Description
Indicates that the formatting string for ending a column label is to be returned.

BeginColumnLabels
public Imsl.Math.PrintMatrixFormat.FormatType BeginColumnLabels

Description
Indicates that the formatting string for beginning a column label row is to be returned.

BeginEntry
public Imsl.Math.PrintMatrixFormat.FormatType BeginEntry

Description
Indicates that the formatted string for beginning an entry is to be returned.

BeginMatrix
public Imsl.Math.PrintMatrixFormat.FormatType BeginMatrix

Description
Indicates that the formatting string for beginning a matrix is to be returned.

BeginRow
public Imsl.Math.PrintMatrixFormat.FormatType BeginRow

Description
Indicates that the formatting string for beginning a row is to be returned.

BeginRowLabel
public Imsl.Math.PrintMatrixFormat.FormatType BeginRowLabel

Description
Indicates that the formatting string for beginning a row label is to be returned.

ColumnLabel

public Imsl.Math.PrintMatrixFormat.FormatType ColumnLabel
Description

Indicates that the formatted string for a given column label is to be returned.

EndColumnLabel
public Imsl.Math.PrintMatrixFormat.FormatType EndColumnLabel

Description
Indicates that the formatting string for ending a column label is to be returned.

EndColumnLabels
public Imsl.Math.PrintMatrixFormat.FormatType EndColumnlabels
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Description
Indicates that the formatting string for ending a column label row is to be returned.

EndEntry
public Imsl.Math.PrintMatrixFormat.FormatType EndEntry

Description
Indicates that the formatted string for ending an entry is to be returned.

EndMatrix
public Imsl.Math.PrintMatrixFormat.FormatType EndMatrix

Description
Indicates that the formatting string for ending a matrix is to be returned.

EndRow
public Imsl.Math.PrintMatrixFormat.FormatType EndRow

Description
Indicates that the formatting string for ending a row is to be returned.

EndRowLabel
public Imsl.Math.PrintMatrixFormat.FormatType EndRowLabel

Description
Indicates that the formatting string for ending a row label is to be returned.

Entry
public Imsl.Math.PrintMatrixFormat.FormatType Entry

Description
Indicates that the formatted string for a given entry is to be returned.

RowLabel
public Imsl.Math.PrintMatrixFormat.FormatType RowLabel

Description
Indicates that the formatted string for a given row label is to be returned.

PrintMatrixFormat.ColumnLabelType Enumeration

public enumeration Imsl.Math.PrintMatrixFormat.ColumnLabelType

Type for column labels.
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Fields

LabelNone
public Imsl.Math.PrintMatrixFormat.ColumnLabelType LabelNone

Description
Specifies no column labels will be displayed.

LabelNumber
public Imsl.Math.PrintMatrixFormat.ColumnLabelType LabelNumber

Description
Specifies column labels will be an arrayiofts.

LabelString
public Imsl.Math.PrintMatrixFormat.ColumnLabelType LabelString

Description
Specifies column labels will be an array3ifrings.

PrintMatrixFormat.RowLabelType Enumeration

public enumeration Imsl.Math.PrintMatrixFormat.RowLabelType

Type for row labels.

Fields

LabelNone
public Imsl.Math.PrintMatrixFormat.RowLabelType LabelNone

Description
Specifies no row labels will be displayed.

LabelNumber
public Imsl.Math.PrintMatrixFormat.RowLabelType LabelNumber

Description
Specifies row labels will be an array dfits.
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Chapter 12: Basic Statistics

Types

ClaS S S UMMIAIY . . oottt ettt e e e e e e 534..
ClaSSCOVAIANCES . . . . ..ttt ettt ettt et e e e e e e e e 545..
enumerationCovarianCes. MatiiX Ty P . . ..ottt e e 55.1.
ClassPartialCOVarianCes . . . ..o 552..
ClassSNOrMONESAMPIE . . ..o e e 559..
ClassSNOrMTWOSAMPIE . . ... et e e e e 565..
ClaS S S ON . . ettt 576 .
ClaSSRANKS . . . oo 584..
ENUMETAtiOMRANKS. TIE . . .o 592.

classEmpiricalQuUaNtiles. . ... ... . e 593..
ClassSTableONEWAY . .. ... o 596..
ClasSTabIETWOWAY . . . . .ottt et e e e e e e e e e e 601 .
classTableMUItiWay . .. ... .. 608.

classTableMultiWay.TableBalanced . ........ ... e 614..
classTableMultiWay.TableUnbalanced . ............... . i 615..

Usage Notes

The methods/classes for the computations of basic statistics generally have relatively simple arguments.
Most of the methods/classes in this chapter allow for missing values. Missing value codes can be set by
usingDouble. NaN.

Several methods/classes in this chapter perform statistical tests. These methods in the classes generally
return a p-value” for the test. The-value is between 0 and 1 and is the probability of observing data

that would yield a test statistic as extreme or more extreme under the assumption of the null hypothesis.
Hence, a smalp-value is evidence for the rejection of the null hypothesis.

533



Summary Class

public class Imsl.Stat.Summary
Computes basic univariate statistics.

For the data irx, Summary computes the sample mean, variance, minimum, maximum, and other basic
statistics. It also computes confidence intervals for the mean and variance if the sample is assumed to be
from a normal population.

Missing values, that is, values equal to NaN (not a number), are excluded from the computations. The
sum of the weights is used only in computing the mean (of course, then the weighted mean is used in
computing the central moments). The definitions of some of the statistics are given below in terms of a
single variablex. Thei-th datum isx;, with corresponding weight;. If weights are not specified, thve

are identically one. The summation in each case is over the set of valid observations, based on the
presence of missing values in the data.

Number of nonmissing observations,

n:Zfi

Mean,
= szif\i,:l/i\/)i(i
Variance,
2 3 fiwh (i —%w)?
n—-1
Skewness,

5 fiwi (% — %) /n
(5 fiws (% — Xu)® /nJ3/2

Excess or Kurtosis,

> fiwi (6 —%)*/n
[ fiws (% —%w)? /]2
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Minimum,

Xmin = Min(x;)
Maximum,

Xmax = Max(X;)
Constructor
Summary

public Summary()

Description
Constructs a new summary statistics object.

Methods

GetConfidenceMean
public double[] GetConfidenceMean(double p)

Description
Returns the confidence interval for the mean (assuming normality).
Parameter
p — A double which specifies the confidence level desired, usually 0.90, 0.95 or 0.99.

Returns
A double array of length 2 which contains the lower and upper confidence limits for the mean.

GetConfidenceVariance
public double[] GetConfidenceVariance(double p)

Description
Returns the confidence interval for the variance (assuming normality).
Parameter
p — A double which specifies the confidence level desired, usually 0.90, 0.95 or 0.99.
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Returns
A double array of length 2 which contains the lower and upper confidence limits for the variance.

GetKurtosis
public double GetKurtosis()

Description

Returns the kurtosis.

Returns

A double representing the kurtosis.

GetKurtosis
static public double GetKurtosis(double[] x)

Description
Returns the kurtosis of the given data set.
Parameter
x — A double array containing the data set whose kurtosis is to be found.

Returns
A double which specifies the kurtosis of the given data set.

GetKurtosis
static public double GetKurtosis(double[] x, double[] weight)

Description

Returns the kurtosis of the given data set and associated weights.

Parameters
x — A double array containing the data set whose kurtosis is to be found.
weight — A double array containing the weights associated with the data peints

Returns
A double which specifies the kurtosis of the given data set.

GetMaximum
public double GetMaximum()

Description

Returns the maximum.

Returns

A double representing the maximum.

GetMaximum
static public double GetMaximum(double[] x)
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Description
Returns the maximum of the given data set.
Parameter
x — A double array containing the data set whose maximum is to be found.

Returns
A double which specifies the maximum of the given data set.

GetMaximum
static protected internal int GetMaximum(int[] x)
Description
Returns the maximum of the given data set.
Parameter
x — An int array containing the data set whose maximum is to be found.

Returns
An int which specifies the maximum of the given data set.

GetMean
public double GetMean()

Description

Returns the population mean.

Returns

A double representing the population mean.

GetMean
static public double GetMean(double[] x)

Description
Returns the mean of the given data set.
Parameter
x — A double array containing the data set whose mean is to be found.

Returns
A double which specifies the mean of the given data set.

GetMean
static public double GetMean(double[] x, double[] weight)

Description
Returns the mean of the given data set with associated weights.
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Parameters
x — A double array containing the data set whose mean is to be found.
weight — A double array containing the weights associated with the data peints

Returns
A double which specifies the mean of the given data set.

GetMedian
static public double GetMedian(double[] x)

Description
Returns the median of the given data set.
Parameter
x — A double array containing the data set whose median is to be found.

Returns
A double which specifies the median of the given data set.

GetMinimum
public double GetMinimum()

Description

Returns the minimum.

Returns

A double representing the minimum.

GetMinimum
static public double GetMinimum(double[] x)

Description
Returns the minimum of the given data set.
Parameter
x — A double array containing the data set whose minimum is to be found.

Returns
A double which specifies the minimum of the given data set.

GetMinimum
static protected internal int GetMinimum(int[] x)

Description
Returns the minimum of the given data set.
Parameter
x — An int array containing the data set whose minimum is to be found.
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Returns
An int which specifies the minimum of the given data set.

GetMode
static public double GetMode(double[] x)

Description
Returns the mode of the given data set.
Parameter
x — A double array containing the data set whose mode is to be found.

Returns

A double which specifies the mode of the given data set.
Remarks

Ties are broken at random.

GetSampleStandardDeviation
public double GetSampleStandardDeviation()

Description

Returns the sample standard deviation.

Returns

A double representing the sample standard deviation.

GetSampleStandardDeviation
static public double GetSampleStandardDeviation(double[] x)

Description
Returns the sample standard deviation of the given data set.
Parameter
x — A double array containing the data set whose sample standard deviation is to be found.

Returns
A double which specifies the sample standard deviation of the given data set.

GetSampleStandardDeviation
static public double GetSampleStandardDeviation(double[] x, double[] weight)

Description
Returns the sample standard deviation of the given data set and associated weights.
Parameters
x — A double array containing the data set whose sample standard deviation is to be found.
weight — A double array containing the weights associated with the data peints
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Returns
A double which specifies the sample standard deviation of the given data set.

GetSampleVariance
public double GetSampleVariance()

Description

Returns the sample variance.

Returns

A double representing the sample variance.

GetSampleVariance
static public double GetSampleVariance(double[] x)

Description
Returns the sample variance of the given data set.
Parameter
x — A double array containing the data set whose sample variance is to be found.

Returns
A double which specifies the sample variance of the given data set.

GetSampleVariance
static public double GetSampleVariance(double[] x, double[] weight)

Description
Returns the sample variance of the given data set and associated weights.
Parameters
x — A double array containing the data set whose sample variance is to be found.
weight — A double array containing the weights associated with the data peints

Returns
A double which specifies the sample variance of the given data set.

GetSkewness
public double GetSkewness()

Description

Returns the skewness.

Returns

A double representing the skewness.

GetSkewness
static public double GetSkewness(double[] x)
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Description
Returns the skewness of the given data set.
Parameter
x — A double array containing the data set whose skewness is to be found.

Returns
A double which specifies the skewness of the given data set.

GetSkewness
static public double GetSkewness(double[] x, double[] weight)

Description

Returns the skewness of the given data set and associated weights.

Parameters
x — A double array containing the data set whose skewness is to be found.
weight — A double array containing the weights associated with the data peints

Returns
A double which specifies the skewness of the given data set.

GetStandardDeviation
public double GetStandardDeviation()

Description

Returns the population standard deviation.

Returns

A double representing the population standard deviation.

GetStandardDeviation
static public double GetStandardDeviation(double[] x)

Description
Returns the population standard deviation of the given data set.
Parameter
x — A double array containing the data set whose standard deviation is to be found.

Returns
A double which specifies the population standard deviation of the given data set.

GetStandardDeviation
static public double GetStandardDeviation(double[] x, double[] weight)

Description
Returns the population standard deviation of the given data set and associated weights.
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Parameters
x — A double array containing the data set whose standard deviation is to be found.
weight — A double array containing the weights associated with the data peints

Returns
A double which specifies the population standard deviation of the given data set.

GetVariance
public double GetVariance()

Description

Returns the population variance.

Returns

A double representing the population variance.

GetVariance
static public double GetVariance(double[] x)

Description
Returns the population variance of the given data set.
Parameter
x — A double array containing the data set whose population variance is to be found.

Returns
A double which specifies the population variance of the given data set.

GetVariance
static public double GetVariance(double[] x, double[] weight)

Description
Returns the population variance of the given data set and associated weights.
Parameters
x — A double array containing the data set whose population variance is to be found.
weight — A double array containing the weights associated with the data peints

Returns
A double which specifies the population variance of the given data set.

Update
public void Update(double x)

Description
Adds an observation to tfBummary object.
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Parameter
x — A double which specifies the data observation to be added.

Update
public void Update(double x, double weight)

Description
Adds an observation and associated weight tGthenary object.
Parameters
x — A double which specifies the data observation to be added.
weight — A double which specifies the weight associated with the observation.

Update
public void Update(double[] x)

Description
Adds a set of observations to tBemmary object.
Parameter
x — A double array of data observations to be added.

Update
public void Update(double[] x, double[] weight)

Description
Adds a set of observations and associated weights tguteary object.
Parameters

x — A double array of data observations to be added.

weight — A double array of weights associated with the observations.

Example: Summary Statistics

Summary statistics for a small data set are computed.

using System;
using Imsl.Stat;

public class SummaryEx1
{
internal static readonly double[] datal =
new double[]{ 3, 6.4, 2, 1.6, - 8, 12,
-7, 6.4, 22, 1, 0, - 3.2};

public static void Main(String[] args)
{
Summary summary = new Summary();
summary .Update(datal) ;
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Console.Out.WriteLine
("The minimum is " + summary.GetMinimum());
Console.Out.WriteLine();

Console.Out.WriteLine
("The maximum is " + summary.GetMaximum());
Console.Out.WriteLine();

Console.Qut.WriteLine("The mean is " + summary.GetMean());
Console.Out.WriteLine();

Console.Out.WriteLine
("The variance is " + summary.GetVariance());
Console.Out.WriteLine();

Console.Out.WriteLine
("The sample variance is " + summary.GetSampleVariance());
Console.Out.WriteLine();

Console.Out.WriteLine("The standard deviation is " +
summary .GetStandardDeviation()) ;
Console.Out.WriteLine();

Console.0Out.WriteLine
("The skewness is " + summary.GetSkewness());
Console.Out.WriteLine();

Console.Out.WriteLine
("The kurtosis is " + summary.GetKurtosis());
Console.Out.WriteLine();

double[] confmn = new double[2];

confmn = summary.GetConfidenceMean(0.95) ;

Console.Out.WriteLine("The confidence Mean is {" + confmn[0] +
u, LU confmn[l] + n}u);

Console.Out.WriteLine();

double[] confvr = new double[2];
confvr = summary.GetConfidenceVariance(0.95);

Console.Out.WriteLine("The confidence Variance is {" +
confvr[0] + ", " + confvr[1] + "}");

Output

The minimum is -8
The maximum is 22
The mean is 3.01666666666667

The variance is 61.7097222222222
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The

The

The

The

The

The

sample variance is 67.319696969697

standard deviation is 7.85555359107315

skewness is 0.863222413428583

kurtosis is 0.567706048385121

confidence Mean is {-2.19645146860124, 8.22978480193457}

confidence Variance is {33.7826187272066, 194.068533277244}

Covariances Class

public class Imsl.Stat.Covariances

Computes the sample variance-covariance or correlation matrix.

ClassCovariances computes estimates of correlations, covariances, or sums of squares and
crossproducts for a data matsxWeights and frequencies are allowed but not required.

The means, (corrected) sums of squares, and (corrected) sums of crossproducts are computed using the
method of provisional means. Lag denote the mean based ioobservations for thi-th variable,f;

denote the frequency of theh observationw; denote the weight of thieth observations, and;

denote the sum of crossproducts (or sum of squaieskf) based on observations. Then the method of
provisional means finds new means and sums of crossproducts as shown in the example below.

The means and crossproducts are initialized as follows:

X =00 fork=1,....p

Cko=0.0 forj,k=1,...,p

wherep denotes the number of variables. Lettig, 1 denote thék-th variable of observation+ 1,
each new observation leads to the following updatesicandci; using the update constant ;:

i aWi1
i+1

Y fiw
1=1

fiy1=

X it1 =X + (X i+1 — Xdi) Fig1
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Cik,i+1 = Cjki + firaWit1 (Xj,i+1 — Xji) (X i1 — Xai) (1 —Tig1)

The default value for weights and frequencies is 1. Means and variances are computed based on the valid
data for each variable or, if required, based on all the valid data for each pair of variables.

Properties

MissingValueMethod
public int MissingValueMethod {get; set; }

Description

Sets the method used to exclude missing valuesfiom the computations.
Property Value

An int scalar indicating the method to use.

Remarks

The methods are as follows:

MissingValueMethod| Action

0 The exclusion is listwise, default. (The entire rowxoi excluded
if any of the values of the row is equal to the missing value code.)
1 Raw crossproducts are computed from all valid pairs and means,

and variances are computed from all valid data on the individual

variables. Corrected crossproducts, covariances, and correlations
are computed using these quantities.
2 Raw crossproducts, means, and variances are computed as|in the
case oMissingValueMethod = 1. However, corrected crossprog-
ucts and covariances are computed only from the valid pairs of

data. Correlations are computed using these covariances and the
variances from all valid data.
3 Raw crossproducts, means, variances, and covariances are| com-
puted as in the case ®fissingValueMethod = 2. Correlations
are computed using these covariances, but the variances used are
computed from the valid pairs of data.

Double.NaN is interpreted as the missing value code.

NumberOfProcessors
public int NumberOfProcessors {get; set; }
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Description

Perform the parallel calculations with the maximum possible number of processors set to
NumberOfProcessors

Property Value
An int indicating the maximum possible number of processors to use.
Remarks

By default,NumberOfProcessors = Environment .ProcessorCount. If NumberOfProcessors is

set to a number less than 1 or greater thawnironment . ProcessorCount,

Environment .ProcessorCount Will be used internally. This property has no effect if the application is
used with a scalar version of the IMSL C# Numerical Library.

NumRowMissing
public int NumRowMissing {get; }

Description

Returns the total number of observations that contain any missing valugsle . NaN). Note that the
Compute method must be invoked first before invoking this method. Otherwise, the return value is

Property Value

An int scalar containing the total number of observations that contain any missing values
(Double.NaN).

Observations
public int Observations {get; }

Description

Returns the sum of the frequencies. Note thatCihiepute method must be invoked first before invoking
this method. Otherwise, the return valu®is

Property Value

An int scalar containing the sum of the frequencies.

Remarks

If MissingValueMethod = O, observations with missing values are not included. Otherwise, all
observations are included except for observations with missing values for the weight or the frequency.

SumOfWeights
public double SumOfWeights {get; }

Description

Returns the sum of the weights of all observations. Note thatdhpute method must be invoked first
before invoking this method. Otherwise, the return valug is

Property Value
A double scalar containing the sum of the weights of all observations.
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Remarks

If MissingValueMethod = 0, observations with missing values are not included. Otherwise, all
observations are included except for observations with mssing values for the weight or the frequency.

Constructor

Covariances

public Covariances(double[,] x)

Description
Constructor folCovariances.
Parameter
x — A double matrix containing the data.

Exception

System.ArgumentException isthrown ifx.GetLength(0), andx.GetLength(1) are equal to
0

Methods

Compute
public double[,] Compute(Imsl.Stat.Covariances.MatrixType matrixType)

Description
Computes the matrix.
Parameter
matrixType — A Covariances.MatrixType indicating the type of matrix to compute.

Returns
A double matrix containing computed result.
Exceptions

Imsl.Stat.MoreObsDelThanEnteredException isthrown if more observations are being
deleted from “variance-covariance” matrix than were originally entered.
The corresponding row,column of the incidence matrix is less than zero.

Imsl.Stat.DiffObsDeletedException is thrown if different observations are being deleted
than were originally entered

GetIncidenceMatrix
public int[,] GetIncidenceMatrix()
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Description

Returns the incidence matrix. Note that twnpute method must be invoked first before invoking this
method. Otherwise, the method throwSw@ 1ReferenceException exception.

Returns
An int matrix containing the incidence matrix.
Remarks

If MissingValueMethod is O, incidence matrix is 1 x 1 and contains the number of valid observations;
otherwise, incidence matrix is. GetLength (1) X x.GetLength (1) and contains the number of pairs
of valid observations used in calculating the crossproducts for covariance.

GetMeans
public double[] GetMeans()

Description

Returns the means of the variablein

Returns

A double array containing the means of the variableg.in
Remarks

The components of the array correspond to the colummas Nbte that the&Compute method must be
invoked first before invoking this method. Otherwise, the method thraws @aReferenceException
exception.

SetFrequencies
public void SetFrequencies(double[] frequencies)

Description

The frequency for each observation.

Parameter
frequencies — A double array of sizex.GetLength (0) containing the frequency for each
observation.

Remarks

By default,frequencies[] = 1.

SetWeights
public void SetWeights(double[] weights)

Description
Sets the weight for each observation.
Parameter
weights — A double array of Sizex.GetLength (0) containing the weight for each observation.
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Remarks
By default,weights[] = 1.

Example: Covariances

This example illustrates the use of Covariances class for the first 50 observations in the Fisher iris data
(Fisher 1936). Note that the first variable is constant over the first 50 observations.

using System;

using Imsl.Stat;

using PrintMatrix = Imsl.Math.PrintMatrix;

using PrintMatrixFormat = Imsl.Math.PrintMatrixFormat;

public class CovariancesExl

{
public static void Main(String[] args)
{
double[,] x = {{1.0, 5.1, 3.5, 1.4, .2},
{1.0, 4.9, 3.0, 1.4, .2},
{1.0, 4.7, 3.2, 1.3, .2},
{1.0, 4.6, 3.1, 1.5, .2},
{1.0, 5.0, 3.6, 1.4, .2},
{1.0, 5.4, 3.9, 1.7, .4},
{1.0, 4.6, 3.4, 1.4, .3},
{1.0, 5.0, 3.4, 1.5, .2},
{1.0, 4.4, 2.9, 1.4, .2},
{1.0, 4.9, 3.1, 1.5, .1},
{1.0, 5.4, 3.7, 1.5, .2},
{1.0, 4.8, 3.4, 1.6, .2},
{1.0, 4.8, 3.0, 1.4, .1},
{1.0, 4.3, 3.0, 1.1, .1},
{1.0, 5.8, 4.0, 1.2, .2},
{1.0, 5.7, 4.4, 1.5, .4},
{1.0, 5.4, 3.9, 1.3, .4},
{1.0, 5.1, 3.5, 1.4, .3},
{1.0, 5.7, 3.8, 1.7, .3},
{1.0, 5.1, 3.8, 1.5, .3},
{1.0, 5.4, 3.4, 1.7, .2},
{1.0, 5.1, 3.7, 1.5, .4},
{1.0, 4.6, 3.6, 1.0, .2},
{1.0, 5.1, 3.3, 1.7, .5},
{1.0, 4.8, 3.4, 1.9, .2},
{1.0, 5.0, 3.0, 1.6, .2},
{1.0, 5.0, 3.4, 1.6, .4},
{1.0, 5.2, 3.5, 1.5, .2},
{1.0, 5.2, 3.4, 1.4, .2},
{1.0, 4.7, 3.2, 1.6, .2},
{1.0, 4.8, 3.1, 1.6, .2},
{1.0, 5.4, 3.4, 1.5, .4},
{1.0, 5.2, 4.1, 1.5, .1},
{1.0, 5.5, 4.2, 1.4, .2},
{1.0, 4.9, 3.1, 1.5, .2},
{1.0, 5.0, 3.2, 1.2, .2},
{1.0, 5.5, 3.5, 1.3, .2},
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{1.0, 4.9, 3.6, 1.4, .1},
{1.0, 4.4, 3.0, 1.3, .2},
{1.0, 5.1, 3.4, 1.5, .2},
{1.0, 5.0, 3.5, 1.3, .3},
{1.0, 4.5, 2.3, 1.3, .3},
{1.0, 4.4, 3.2, 1.3, .2},
{1.0, 5.0, 3.5, 1.6, .6},
{1.0, 5.1, 3.8, 1.9, .4},
{1.0, 4.8, 3.0, 1.4, .3},
{1.0, 5.1, 3.8, 1.6, .2},
{1.0, 4.6, 3.2, 1.4, .2},
{1.0, 5.3, 3.7, 1.5, .2},
{1.0, 5.0, 3.3, 1.4, .2}};

Covariances co = new Covariances(x);

PrintMatrix pm =
new PrintMatrix("Sample Variances-covariances Matrix");
PrintMatrixFormat pmf = new PrintMatrixFormat();
pmf . NumberFormat = "0.0000";
pm.SetMatrixType (PrintMatrix.MatrixType.UpperTriangular);

pn.Print (pmf,
co.Compute (Covariances.MatrixType.VarianceCovariance));

¥
}
Output

Sample Variances-covariances Matrix

0 1 2 3 4
0 0.0000 0.0000 0.0000 0.0000 0.0000
1 0.1242 0.0992 0.0164 0.0103
2 0.1437 0.0117 0.0093
3 0.0302 0.0061
4 0.0111

Covariances.MatrixType Enumeration

public enumeration Imsl.Stat.Covariances.MatrixType

Specifies the type of matrix to be computed.
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Fields

CorrectedSSCP

public Imsl.Stat.Covariances.MatrixType CorrectedSSCP

Description
Indicates corrected sums of squares and crossproducts matrix.

Correlation

public Imsl.Stat.Covariances.MatrixType Correlation
Description

Indicates correlation matrix.

StdevCorrelation
public Imsl.Stat.Covariances.MatrixType StdevCorrelation

Description
Indicates correlation matrix except for the diagonal elements which are the standard deviations.

VarianceCovariance
public Imsl.Stat.Covariances.MatrixType VarianceCovariance

Description
Indicates variance-covariance matrix.

PartialCovariances Class

public class Imsl.Stat.PartialCovariances

ClassPartialCovariances computes the partial covariances or partial correlations from an input
covariance or correlation matrix.

If the “independent” variables (the linear “effect” of the independent variables is removed in computing
the partial covariances/correlations) are linearly related to one anb#ierialCovariances detects

the linearity and eliminates one or more of the independent variables from the list of independent
variables. The number of variables eliminated, if any, can be determined from the property
PartialDegreesOfFreedom.

Given a covariance or correlation matexpartitioned as
211 212
221 22
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classPartialCovariances computes the partial covariances (of the standardized varial¥ds d
correlation matrix) as
To01 = 22— Z21511 %12

A positive semidefinite solver is used to compﬁ[qlzlz.

If partial correlations are desired, these are computed as

Poop = [diag(Zp1)] 2 Too1 [diag(Zop1)] 2

where diagX) denotes the matrix containing the diagonal of its argument along its diagonal with zeros
off the diagonal. 121, is singular, then as many variables as required are deletedfrp(and1,) in
order to eliminate the linear dependencies. The computations then proceed as above.

Thep-value for a partial covariance tests the null hypothekis o;j 1 = 0, whereg;j 1 is the (, j)
element in matriX,;;. Thep-value for a partial correlation tests the null hypothésis pjj;; =0,
wherep;; 1 is the {, j) elementin matriX®,y;. Thep-values are returned tgetPvalues. If the degrees
of freedom forsigma, df, is not known, the resulting-values may be useful for comparison, but they
should not by used as an approximation to the actual probabilities.

Properties

NumberOfProcessors
public int NumberOfProcessors {get; set; }

Description

Perform the parallel calculations with the maximum possible number of processors set to
NumberOfProcessors.

Property Value
An int indicating the maximum possible number of processors to use.
Remarks

By default,Number0fProcessors = Environment .ProcessorCount. If NumberOfProcessors is

set to a number less than 1 or greater thawi ronment . ProcessorCount,

Environment .ProcessorCount Will be used internally. This property has no effect if the application is
used with a scalar version of the IMSL C# Numerical Library.

PartialDegreesOfFreedom
public int PartialDegreesOfFreedom {get; }

Description
The degrees of freedom in the test that the partial correlation (covariance) is zero.

Basic Statistics PartialCovariances 553



Remarks

This will usually bedf minus the rank of the the independent variables. number of independent

variables, but will be greater than this value if the independent variables are computationally linearly
related. If this value is not greater than one then there are not enough degrees of freedom for hypothesis
testing. A warning is also issued in this case.

Constructors

PartialCovariances
public PartialCovariances(int nIndependent, double[,] sigma, int df)

Description

Creates ®@artialCovariances object from a covariance or correleation matrix with a the independent
variables in the initial columns and the dependent variables in the final columns.

Parameters

nIndependent — is the number of “independent” variables to be used in the partial
covariances/correlations. The partial covariances/correlations are the covariances/correlations
between the dependent variables after removing the linear effect of the independent variables.

sigma —is a correlation or covariance matrix. The rows/columns must be ordered such that the first
nIndependent rows/columns contain the independent variables, followed by the row/columns
containing the dependent variables. The matrix must always be symmetric, positive semidefinite.

df —is anint indicating the number of degrees of freedom associated with the input matrix. If the
number of degrees of freedom in the matrix varies from element to element, then a conservative
choice fordf is the minimum degrees of freedom for all elements in the matrix. The valae of

must be at least one.

Exceptions

Imsl.Stat.InvalidMatrixException is thrown if a computed correlation is greater than one
for some pair of variables.

Imsl.Stat.InvalidPartialCorrelationException isthrown if a computed partial
correlation is greater than one for some pair of variables. The input matrix to the constructor was
not positive semidefinite.

PartialCovariances
public PartialCovariances(int[] xIndices, double[,] sigma, int df)

Description

Creates ®artialCovariances object from a covariance or correleation matrix with a mix of
dependent and independent variables.
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Parameters

xIndices —is an array containing values indicating the status of the variable. iftthentry is 0
then thei-th column of the matrix contains a dependent variable. liitieentry is positive then
thei-th column of the matrix contains an independent variable. Ifteentry is negative then the
i-th column of the matrix is not used in the analysis.

sigma — is a correlation or covariance matrix. The number of rows and columgnigia must
equal the length of the arrafndices. The matrix must always be symmetric, positive
semidefinite.

df —is anint indicating the number of degrees of freedom associated with the input matrix. If the
number of degrees of freedom in the matrix varies from element to element, then a conservative
choice fordf is the minimum degrees of freedom for all elements in the matrix. The valae of

must be at least one.

Exceptions

Imsl.Stat.InvalidMatrixException is thrown if a computed correlation is greater than one
for some pair of variables.

Imsl.Stat.InvalidPartialCorrelationException is thrown if a computed partial
correlation is greater than one for some pair of variables. The input matrix to the constructor was
not positive semidefinite.

Methods

GetPartialCorrelationMatrix
public double[,] GetPartialCorrelationMatrix()

Description

Returns the partial correlation matrix.

Returns

The partial correlation matrix.

Remarks

This is valid only if the input to the constructor was a correlation matrix.

GetPartialCovarianceMatrix
public double[,] GetPartialCovarianceMatrix()

Description

Returns the partial covariance matrix.
Returns

The partial covariance matrix.
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Remarks
This is valid only if the input to the constructor was a covariance matrix.

GetPValues
public double[,] GetPValues()

Description

Calculates th@-values for testing the null hypothesis that the associated partial covariance/correlation is
zero.
Returns

A square array of typeouble containing the-values. The order of the matrix equals the number of
dependent variables.

If the partial degrees of freedom is not greater than one then there are not enough degrees of freedom for
hypothesis testing. The returned matrix will be set to all NaN values in this case. A warning is also
issued in this case.

Remarks

It is assumed that the observations from whiglgma was computed follows a multivariate normal
distribution and that each elementdiigma hasdf degrees of freedom.

Example 1

This example computes partial covariances, scaled from a nine-variable correlation matrix originally
given by Emmett (1949). The first three rows and columns contain the independent variables and the
final six rows and columns contain the dependent variables.

using System;

using PartialCovariances = Imsl.Stat.PartialCovariances;
using PrintMatrix = Imsl.Math.PrintMatrix;

using PrintMatrixFormat = Imsl.Math.PrintMatrixFormat;

public class PartialCovariancesEx1

{
static public void Main(String[] arg)
{
double[,] sigma =
{
{6.300, 3.050, 1.933, 3.365, 1.317, 2.293, 2.586, 1.242, 4.363},
{3.050, 5.400, 2.170, 3.346, 1.473, 2.303, 2.274, 0.750, 4.077},
{1.933, 2.170, 3.800, 1.970, 0.798, 1.062, 1.576, 0.487, 2.673%},
{3.365, 3.346, 1.970, 8.100, 2.983, 4.828, 2.255, 0.925, 3.910},
{1.317, 1.473, 0.798, 2.983, 2.300, 2.209, 1.039, 0.258, 1.687},
{2.293, 2.303, 1.062, 4.828, 2.209, 4.600, 1.427, 0.768, 2.754},
{2.586, 2.274, 1.576, 2.255, 1.039, 1.427, 3.200, 0.785, 3.309},
{1.242, 0.750, 0.487, 0.925, 0.258, 0.768, 0.785, 1.300, 1.458},
{4.363, 4.077, 2.673, 3.910, 1.687, 2.754, 3.309, 1.458, 7.400}
3
int nIndependent = 3;
int df = 30;
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PartialCovariances pcov = new PartialCovariances(nIndependent, sigma, df);

double[,] covar = pcov.GetPartialCovarianceMatrix();
PrintMatrixFormat pmf = new PrintMatrixFormat();

pmf .NumberFormat = "0.0000";

new PrintMatrix("Partial Covariances").Print(pmf,covar);

int pdf = pcov.PartialDegreesOfFreedom;
Console.Qut.WriteLine("Partial Degrees of Freedom " + pdf);
Console.Out.WriteLine();

double[,] pvalues = pcov.GetPValues();
new PrintMatrix("p Values") .Print(pmf,pvalues);

3
}
Output
Partial Covariances
0 1 2 3 4 5
0 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
2 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
3 0.0000 0.0000 0.0000 5.4953 1.8955 3.0836
4 0.0000 0.0000 0.0000 1.8955 1.8407 1.4764
5 0.0000 0.0000 0.0000 3.0836 1.4764 3.4026
Partial Degrees of Freedom 27
p Values
0 1 2 3 4 5
0 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
2 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
3 0.0000 0.0000 0.0000 0.0000 0.0008 0.0000
4 0.0000 0.0000 0.0000 0.0008 0.0000 0.0009
5 0.0000 0.0000 0.0000 0.0000 0.0009 0.0000
Example 2

This example computes partial correlations from a 9 variable correlation matrix originally given by
Emmett (1949). The partial correlations between the remaining variables, after adjusting for variables 1,
3 and 9, are computed. Note in the output that the row and column labels are numbers, not variable
numbers. The corresponding variable numbers would be 2, 4, 5, 6, 7 and 8, respectively.

using System;

using PartialCovariances = Imsl.Stat.PartialCovariances;
using PrintMatrix = Imsl.Math.PrintMatrix;

using PrintMatrixFormat = Imsl.Math.PrintMatrixFormat;

public class PartialCovariancesEx2
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static public void Main(String[] arg)
{
double[,] sigma =

{

{ 1.000, 0.523, 0.395, 0.471, 0.346, 0.426, 0.576, 0.434, 0.639 1},
{ 0.523, 1.000, 0.479, 0.506, 0.418, 0.462, 0.547, 0.283, 0.645 },
{ 0.395, 0.479, 1.000, 0.355, 0.270, 0.254, 0.452, 0.219, 0.504 1},
{ 0.471, 0.506, 0.355, 1.000, 0.691, 0.791, 0.443, 0.285, 0.505 },
{ 0.346, 0.418, 0.270, 0.691, 1.000, 0.679, 0.383, 0.149, 0.409 1},
{ 0.426, 0.462, 0.254, 0.791, 0.679, 1.000, 0.372, 0.314, 0.472 },
{ 0.576, 0.547, 0.452, 0.443, 0.383, 0.372, 1.000, 0.385, 0.680 1},
{ 0.434, 0.283, 0.219, 0.285, 0.149, 0.314, 0.385, 1.000, 0.470 },
{ 0.639, 0.645, 0.504, 0.505, 0.409, 0.472, 0.680, 0.470, 1.000 }
};

int[] xIndices = { 1, 0, 1, 0, O, O, O, O, 1 };
int df = 30;

PartialCovariances pcov = new PartialCovariances(xIndices, sigma, df);

double[,] correl = pcov.GetPartialCorrelationMatrix();
PrintMatrixFormat pmf = new PrintMatrixFormat();

pmf .NumberFormat = "0.0000";

new PrintMatrix("Partial Correlations").Print(pmf, correl);

double[,] pValues = pcov.GetPValues();
new PrintMatrix("P-Values") .Print(pmf, pValues);

}
}
Output
Partial Correlations

0 1 2 3 4 5
0 1.0000 0.2235 0.1936 0.2113 0.1253 -0.0610
1 0.2235 1.0000 0.6054 0.7198 0.0919 0.0249
2 0.1936 0.6054 1.0000 0.5977 0.1230 -0.0766
3 0.2113 0.7198 0.5977 1.0000 0.0349 0.0856
4 0.1253 0.0919 0.1230 0.0349 1.0000 0.0622
5 -0.0610 0.0249 -0.0766 0.0856 0.0622 1.0000

P-Values

0 1 2 3 4 5
0 0.0000 0.2525 0.3232 0.2801 0.5249 0.7576
1 0.2525 0.0000 0.0006 0.0000 0.6417 0.9000
2 0.3232 0.0006 0.0000 0.0007 0.5328 0.6982
3 0.2801 0.0000 0.0007 0.0000 0.8602 0.6650
4 0.5249 0.6417 0.5328 0.8602 0.0000 0.7532
5 0.7576 0.9000 0.6982 0.6650 0.7532 0.0000
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NormOneSample Class

public class Imsl.Stat.NormOneSample
Computes statistics for mean and variance inferences using a sample from a normal population.

The statistics for mean and variance inferences are computed by using a sample from a normal
population, including methods for the confidence intervals and tests for both mean and variance. The
definitions of mean and variance are given below. The summation in each case is over the set of valid
observations, based on the presence of missing values in the data.

PropertyMean, returns value

o 28
n
A7,
PropertyStdDev, returns value
o |26 =%
n-1

The propertyTTest returns the statistic for the two-sided test concerning the population mean which is
given by

X— Ho

~s/yn

wheres andx are given above. This quantity had distribution withn - 1 degrees of freedom. The
propertyTTestDF returns the degree of freedom.

PropertyChiSquaredTest returns the chi-squared statistic for the two-sided test concerning the
population variance which is given by

, (n-1)¢
o5
wheresis given above. This quantity hagg@ distribution withn - 1 degrees of freedom. Property
ChiSquaredTestDF returns the degrees of freedom.
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Properties

ChiSquaredTest
public double ChiSquaredTest {get; }

Description

Returns the test statistic associated with the chi-squared test for variances.
Property Value

A double containing the test statistic for the chi-squared test.

Remarks

The chi-squared test is a test of the hypothesis= a)g Wherewg is the null hypothesis value as
described irthiSquaredTestNull.

ChiSquaredTestDF
public int ChiSquaredTestDF {get; }

Description

Returns the degrees of freedom associated with the chi-squared test for variances.
Property Value

A int containing the degrees of freedom for the chi-squared test.

Remarks

The chi-squared test is a test of the hypothesis= wg Wherewg is the null hypothesis value as
described irthiSquaredTestNull.

ChiSquaredTestNull
public double ChiSquaredTestNull {get; set; }

Description

The null hypothesis value for the chi-squared test.

Property Value

A double containing the null hypothesis value for the chi-squared test.
Remarks

The default is 1.0.

ChiSquaredTestP
public double ChiSquaredTestP {get; }

Description

Returns the probability of a larger chi-squared associated with the chi-squared test for variances.
Property Value

A double containing the probability of a larger chi-squared for the chi-squared test for variances.
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Remarks

The chi-squared test is a test of the hypothesis= w2 wherew? is the null hypothesis value as
described irthiSquaredTestNull.

ConfidenceMean
public double ConfidenceMean {get; set; }

Description

The confidence level (in percent) for a two-sided interval estimate of the mean.
Property Value

A double containing the confidence level of the mean.

Remarks

ConfidenceMean must be between 0.0 and 1.0 and is often 0.90, 0.95 or 0.99. For a one-sided
confidence interval with confidence leveless than 50 percent, S&infidenceMean =1.0- 2.0*(c/100).
This effectively gives the one-sided confidence interval for la8thand (100¢)%. For example, for a
one-sided t-test with confidence level of 40, Getif idenceMean=.2 . This means that 40% of the
distribution is lower tham.owerCIMean and 40% of the distribution is greater thépperCIMean. It

also means that 60% of the distribution is greater thawerCIMean and 60% is lower than
UpperCIMean. If the confidence mean is not specified, a 95-percent confidence interval is computed.

ConfidenceVariance
public double ConfidenceVariance {get; set; }

Description

The confidence level (in percent) for two-sided interval estimate of the variances.
Property Value

A double containing the confidence level of the variance.

Remarks

ConfidenceVariance must be between 0.0 and 1.0 and is often 0.90, 0.95 or 0.99. For a one-sided
confidence interval with confidence level c (at least 50 percentfoseftidenceVariance =1.0 - 2.0 *
(1.0 -¢). If the confidence mean is not specified, a 95-percent confidence interval is computed.

LowerCIMean
public double LowerCIMean {get; }

Description

Returns the lower confidence limit for the mean.

Property Value

A double containing the lower confidence limit for the mean.

LowerClVariance
public double LowerCIVariance {get; }
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Description
Returns the lower confidence limits for the variance.

Property Value

A double containing the lower confidence limits for the variance.
Mean

public double Mean {get; }

Description

Returns the mean of the sample.

Property Value

A double containing the mean of.

StdDev

public double StdDev {get; }

Description

Returns the standard deviation of the sample.

Property Value

A double containing the standard deviation of the sample.
TTest

public double TTest {get; }

Description

Returns the test statistic associated withtttest.

Property Value

A double containing the test statistic for theéest.

Remarks

Thet test is a test, against a two-sided alternative, of the null hypothesis value descriiTed tiull.
TTestDF

public int TTestDF {get; }

Description

Returns the degrees of freedom associated with tbst for the mean.
Property Value

A int containing the degrees of freedom for titest.

Remarks

Thet test is a test, against a two-sided alternative, of the null hypothesis value descrilted tiull.
TTestNull

public double TTestNull {get; set; }
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Description

Sets the Null hypothesis value fotest for the mean.
Property Value

A double containing the hypothesis value.
Remarks

TTestNull = 0.0 by default.

TTestP
public double TTestP {get; }

Description

Returns the probability associated with thtest of a larget in absolute value.

Property Value

A double containing the probability for thetest.

Remarks

Thet test is a test, against a two-sided alternative, of the null hypothesis value descrilTed tiNull.

UpperCIiMean
public double UpperCIMean {get; }

Description

Returns the upper confidence limit for the mean.

Property Value

A double containing the upper confidence limit for the mean.

UpperClVariance
public double UpperCIVariance {get; }

Description

Returns the upper confidence limits for the variance.
Property Value

A double the upper confidence limits for the variance.

Constructor

NormOneSample
public NormOneSample(double[] x)

Description

Constructor to compute statistics for mean and variance inferences using a sample from a normal
population.
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Parameter
x — A one-dimensiorouble array containing the observations.

Example 1: NormOneSample

This example uses data from Devore (1982, p335), which is based on data publishedbinrtize of
Materials There are 15 observations. The hypothéHis u = 20.0 is tested. The extremely large
value and the correspondingly smpdialue provide strong evidence to reject the null hypothesis.

using System;
using Imsl.Stat;

public class NormOneSampleEx1

{
public static void Main(String[] args)
{

double mean, stdev, lomean, upmean;

int df;

double t, pvalue;

double[] x = new double[]{ 26.7, 25.8, 24.0, 24.9, 26.4,
25.9, 24.4, 21.7, 24.1, 25.9,
27.3, 26.9, 27.3, 24.8, 23.6};

/* Perform Analysis*/
NormOneSample nisamp = new NormOneSample(x);

mean = nlsamp.Mean;

stdev = nlsamp.StdDev;
lomean = nlsamp.LowerCIMean;
upmean = nlsamp.UpperCIMean;
nlsamp.TTestNull = 20.0;

df = nlsamp.TTestDF;

t = nlsamp.TTest;

pvalue = nlsamp.TTestP;

/* Print results */

Console.Out.WriteLine("Sample Mean = " + mean);
Console.Qut.WriteLine("Sample Standard Deviation = " + stdev);
Console.Out.WriteLine

("95% CI for the mean is " + lomean + " " + upmean);
Console.Out.WriteLine("T Test results");
Console.Out.WriteLine("df = " + df);
Console.Out.WriteLine("t = " + t);
Console.Qut.WriteLine("pvalue = " + pvalue);
Console.Out.WriteLine("");

/* CI variance */

double ciloVar = nlsamp.LowerCIVariance;
double ciUpVar = nilsamp.UpperCIVariance;
Console.Out.WriteLine
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("CI variance is " + ciloVar + " " + ciUpVar);
/*chi-squared test */
df = nlsamp.ChiSquaredTestDF;
t = nlsamp.ChiSquaredTest;
pvalue = nlsamp.ChiSquaredTestP;
Console.QOut.WriteLine("Chi-squared Test results");

Console.QOut.WriteLine("Chi-squared df = " + df);
Console.Qut.WriteLine("Chi-squared t = " + t);
Console.QOut.WriteLine("Chi-squared pvalue = " + pvalue);
}
}
Output

Sample Mean = 25.3133333333333

Sample Standard Deviation = 1.57881812336528

95% CI for the mean is 24.4390129997097  26.187653666957
T Test results

df = 14

t = 13.0340861992294

pvalue = 3.2147173398634E-09

CI variance is 1.33609260499922 6.19986346723949
Chi-squared Test results

Chi-squared df = 14

Chi-squared t = 34.8973333333333

Chi-squared pvalue = 0.00152231761418218

NormTwoSample Class

public class Imsl.Stat.NormTwoSample
Computes statistics for mean and variance inferences using samples from two normal populations.

ClassNormTwoSample computes statistics for making inferences about the means and variances of two
normal populations, using independent samplesliandx2. For inferences concerning parameters of a
single normal population, see clagsrmOneSample.

Let wy andcrl2 be the mean and variance of the first population, anﬂjemdozz be the corresponding
guantities of the second population. The function contains test confidence intervals for difference in
means, equality of variances, and the pooled variance.

The means and variances for the two samples are as follows:
= (Yxi/m), = (Y xi)/m

and
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=5 -5 (-1, $= (a-%)?/ (-1

Inferences about the Means

The test that the difference in means equals a certain value, for examptkspends on whether or not
the variances of the two populations can be considered equal. If the variances are equal and
meanHypothesis equals 0, the test is the two-samplest, which is equivalent to an
analysis-of-variance test. The pooled variance for the difference-in-means test is as follows:

2_ (m-1s+(2—1)s
ni+np—2

Thet statistic is as follows:

. X1 — X2 — Uo
sv/(1/m)+(1/nz)

Also, the confidence interval for the difference in means can be obtained by first assigning the unequal
variances flag to false. This can be done by settingtigualVariances property. The confidence
interval can then be obtained by thewerCIDiff andUpperCIDiff properties.

If the population variances are not equal, the ordinatatistic does not havetalistribution and several
approximate tests for the equality of means have been proposed. (See, for example, Anderson and
Bancroft 1952, and Kendall and Stuart 1979.) One of the earliest tests devised for this situation is the
Fisher-Behrens test, based on Fisher's concept of fiducial probability. A procedure usetTaghge
LowerCIDiff andUpperCIDiff properties assuming unequal variances are specified is the
Satterthwaite’s procedure, as suggested by H.F. Smith and modified by F.E. Satterthwaite (Anderson and
Bancroft 1952, p. 83). S@hequalVariances true to obtain results assuming unequal variances.

The test statistic is

t' = (X — % — po) /S

where

=/ ($/m) + (S/m2)

Under the null hypothesis @f; — u» = ¢, this quantity has an approximétdistribution with degrees of
freedomdf, given by the following equation:
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Inferences about Variances

TheF statistic for testing the equality of variances is giverFby sﬁ]ax/ﬁ]in, wheres, . is the larger of
% and%. If the variances are equal, this quantity has an F distributionmyith1 andn, — 1 degrees of
freedom.

It is generally not recommended that the results offthiest be used to decide whether to use the regular
t-test or the modified on a single set of data. The modifigdSatterthwaite’s procedure) is the more
conservative approach to use if there is doubt about the equality of the variances.

Properties

ChiSquaredTest
public double ChiSquaredTest {get; }

Description

The test statistic associated with the chi-squared test for common, or pooled, variances.
Property Value

A double containing the test statistic for the chi-squared test.

Remarks

The chi-squared test is a test of the hypothesis= a)g Wherewg is the null hypothesis value as
described irChiSquaredTestNull.

ChiSquaredTestDF
public int ChiSquaredTestDF {get; }

Description

The degrees of freedom associated with the chi-squared test for the common, or pooled, variances.
Property Value

A int which specifies the degrees of freedom for the chi-squared test.

Remarks

The chi-squared test is a test of the hypothesis= wg Wherewg is the null hypothesis value as
described irthiSquaredTestNull.

ChiSquaredTestNull
public double ChiSquaredTestNull {get; set; }
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Description

The null hypothesis value for the chi-squared test.

Property Value

A double containing the null hypothesis value for the chi-squared test.
Remarks

The default is 1.0.

ChiSquaredTestP
public double ChiSquaredTestP {get; }

Description

The probability of a larger chi-squared associated with the chi-squared test for common, or pooled,
variances.

Property Value
A double containing the probability of a larger chi-squared for the chi-squared test for variances.
Remarks

The chi-squared test is a test of the hypothesis= wg Wherewg is the null hypothesis value as
described irthiSquaredTestNull.

ConfidenceMean
public double ConfidenceMean {get; set; }

Description

The confidence level (in percent) for a two-sided interval estimate of the meantbé mean ofy, in
percent.

Property Value
A double containing the confidence level of the mean.
Remarks

ConfidenceMean must be between 0.0 and 1.0 and is often 0.90, 0.95 or 0.99. For a one-sided
confidence interval with confidence level ¢ (at least 50 percent), set

ConfidenceMear- 1.0—2.0(1.0— ¢). If the confidence mean is not specified, a 95-percent confidence
interval is computedConfidenceMean = .95.

ConfidenceVariance

public double ConfidenceVariance {get; set; }

Description

The confidence level (in percent) for two-sided interval estimate of the variances.
Property Value

A double containing the confidence level of the variance.
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Remarks

Under the assumption of equal variances, the pooled variance is used to obtain a two-sided
ConfidenceVariance percent confidence interval for the common variance with

Imsl.Stat. NormTwoSample.LowerClICommonVariance Kp0) or

Imsl.Stat. NormTwoSample.UpperClICommonVariance 5f8). Without making the assumption of

equal variances, UnequalVariances %f32) the ratio of the variances is of interest. A two-sided
ConfidenceVariance percent confidence interval for the ratio of the variance of the first sample to that
of the second sample is given by thewerCIRatioVariance andUpperCIRatioVariance. See
UnequalVariances (f72)and UpperCIRatioVariance (p.73) The confidence intervals are

symmetric in probabilityConf idenceVariance must be between 0.0 and 1.0 and is often 0.90, 0.95 or
0.99. The default is 0.95.

DiffMean
public double DiffMean {get; }

Description

The difference of means for the two samples.
Property Value

A double containing the difference in mean.
Remarks

value = mean ok - mean ofy

FTest
public double FTest {get; }

Description

TheF test value of thé test for equality of variances.

Property Value

A double containing thed- test value of thé- test for equality of variances.

FTestDFdenominator
public int FTestDFdenominator {get; }

Description

The denominator degrees of freedom of Ehest for equality of variances.
Property Value

A int containing the denominator degrees of freedom.

FTestDFnumerator
public int FTestDFnumerator {get; }

Description
The numerator degrees of freedom of Ehtest for equality of variances.
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Property Value
A int containing the numerator degrees of freedom.

FTestP
public double FTestP {get; }

Description

The probability of a largeF in absolute value for thE test for equality of variances, assuming equal
variances.

Property Value
A double containing the probability of a largé&rin absolute value, assuming equal variances.

LowerClICommonVariance
public double LowerCICommonVariance {get; }

Description

The lower confidence limits for the common, or pooled, variance.
Property Value

A double containing the lower confidence limits for the variance.

LowerCIDiff
public double LowerCIDiff {get; }

Description

The lower confidence limit for the mean of the first population minus the mean of the second for equal or
unequal variances.

Property Value

A double containing the lower confidence limit for the mean of the first sample minus the mean of the
second sample.

Remarks

If UnequalVariances (p572)is true then the lower confidence limit for unequal variances will be
returned.

LowerCIRatioVariance
public double LowerCIRatioVariance {get; }

Description

The approximate lower confidence limit for the ratio of the variance of the first population to the second.
Property Value

A double containing the approximate lower confidence limit variance.

MeanX
public double MeanX {get; }
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Description

The mean of the first sample,
Property Value

A double containing the mean of.

MeanY
public double MeanY {get; }

Description

The mean of the second sampye,
Property Value

A double containing the mean af.

PooledVariance
public double PooledVariance {get; }

Description

The Pooled variance for the two samples.

Property Value

A double containing the Pooled variance for the two samples.

StdDevX
public double StdDevX {get; }

Description

The standard deviation of the first sampte,

Property Value

A double containing the standard deviation of the first samgple,

StdDevY
public double StdDevY {get; }

Description

The standard deviation of the second sample,

Property Value

A double containing the standard deviation of the second sangple,

TTest
public double TTest {get; }

Description

The test statistic for the Satterthwaite’s approximation for equal or unequal variances.
Property Value

A double containing the test statistic for thdest.
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Remarks
If UnequalVariances (p572)is true then the test statistic for unequal variances will be returned.

TTestDF
public double TTestDF {get; }

Description

The degrees of freedom for the Satterthwaite’s approximatiotitfest for either equal or unequal
variances.

Property Value

A double containing the degrees of freedom for thest.

Remarks

If UnequalVariances (pb72)is true then the degrees of freedom for unequal variances will be returned.

TTestNull
public double TTestNull {get; set; }

Description

The Null hypothesis value fdrtest for the mean.
Property Value

A double containing the hypothesis value.
Remarks

TTestNull = 0.0 by default.

TTestP
public double TTestP {get; }

Description

The approximate probability of a largerfor the Satterthwaite’s approximation for equal or unequal
variances.

Property Value
A double containing the probability for thetest.
Remarks

If UnequalVariances (p672)is true then the approximate probability of a largefor unequal
variances will be returned.

UnequalVariances
public bool UnequalVariances {get; set; }

Description

Specifies whether to return statistics based on equal or unequal variances.
Property Value

A bool which specifies whether the sample variances are unequal.
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Remarks

A value oftrue will cause statistics for unequal variances to be returned. A valdelfe will cause
statistics for equal variances to be returned. The default is to return statistics for equal variances.

UpperClCommonVariance
public double UpperCICommonVariance {get; }

Description

The upper confidence limits for the common, or pooled, variance.
Property Value

A double containing the upper confidence limits for the variance.

UpperCIDiff
public double UpperCIDiff {get; }

Description

The upper confidence limit for the mean of the first population minus the mean of the second for equal or
unequal variances.

Property Value

A double containing the upper confidence limit for the mean of the first sample minus the mean of the
second sample.

Remarks

If UnequalVariances (p672)is true then the upper confidence limit for unequal variances will be
returned.

UpperCIRatioVariance
public double UpperCIRatioVariance {get; }

Description

The approximate upper confidence limit for the ratio of the variance of the first population to the second.
Property Value

A double containing the approximate upper confidence limit variance.

Constructor

NormTwoSample
public NormTwoSample(double[] x, double[] y)

Description

Constructor to compute statistics for mean and variance inferences using samples from two normal
populations.
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Parameters
x — A double array containing the first sample.
y — A double array containing the second sample.

Methods

DowndateX
public void DowndateX(double[] x)

Description
Removes the observationssirfrom the first sample.
Parameter
x — A double array containing the values to remove from the first sample.

DowndateY
public void DowndateY(double[] y)

Description
Removes the observationsyirfrom the second sample.
Parameter
y — A double array containing the values to remove from the second sample.

Update
public void Update(double[] x, doublel] y)

Description
Concatenates samplesndy to the samples provided in the constructor.
Parameters

x — A double array containing updates to the first sample.

y — A double array containing updates to the second sample.

UpdateX
public void UpdateX(double[] x)

Description
Concatenates the values:ro the first sample provided in the constructor.
Parameter

x — A double array containing updates for the first sample.

UpdateY
public void UpdateY(double[] y)
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Description
Concatenates the valuesyirio the second sample provided in the constructor.
Parameter

y — A double array containing updates for the second sample.

Example 1: NormTwoSample

This example taken from Conover and Iman(1983, p294), involves scores on arithmetic tests of two
grade-school classes.

Scores for Standard Group | Scores for Experimental Group
72 111
75 118
77 128
80 138
104 140
110 150
125 163
164
169

The question is whether a group taught by an experimental method has a higher mean score. The
difference in means and thi¢est are ouput. The variances of the two populations are assumed to be
equal. It is seen from the output that there is strong reason to believe that the two means are different (
value of -4.804). Since the lower 97.5-percent confidence limit does not include 0, the null hypothesis is
thatu; < pp would be rejected at the 0.05 significance level. (The closeness of the values of the sample
variances provides some qualitative substantiation of the assumption of equal variances.)

using System;
using Imsl.Stat;

public class NormTwoSampleEx1
{
public static void Main(String[] args)
{
double mean;
double[] x1 =
new double[]{72.0, 75.0, 77.0, 80.0, 104.0, 110.0, 125.0};
double[] x2 =
new double[]{ 111.0, 118.0, 128.0, 138.0, 140.0,
150.0, 163.0, 164.0, 169.0};

/* Perform Analysis for one sample x2%/
NormTwoSample n2samp = new NormTwoSample(xl, x2);
mean = n2samp.DiffMean;

Console.Out.WriteLine("x1lmean-x2mean = " + mean);
Console.Out.WriteLine("X1 mean =" + n2samp.MeanX);
Console.QOut.WriteLine("X2 mean =" + n2samp.MeanY);
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double pVar = n2samp.PooledVariance;

Console.Out.WriteLine("pooledVar = " + pVar);

double 1oCI = n2samp.LowerCIDiff;
double upCI = n2samp.UpperCIDiff;
Console.Out.WriteLine

("95% CI for the mean is " + 1oCI + " " + upCI);

1oCI = n2samp.LowerCIDiff;
upCI = n2samp.UpperCIDiff;
Console.Out.WriteLine

("95% CI for the ueq mean is " + 1oCI + " " + upCI);

Console.Out.WriteLine("T Test Results");

double tDF = n2samp.TTestDF;
double tT = n2samp.TTest;
double tPval = n2samp.TTestP;

Console.Out.WriteLine("T default = " + tDF);
Console.Out.WriteLine("t = " + tT);
Console.Qut.WriteLine("p-value = " + tPval);

double stdevX = n2samp.StdDevX;
double stdevY = n2samp.StdDevY;

Console.Out.WriteLine("stdev x1 =" + stdevX);
Console.Out.WriteLine("stdev x2 =" + stdevY);
}
}
Output
x1lmean-x2mean = -50.4761904761905

X1 mean =91.8571428571428
X2 mean =142.333333333333
pooledVar = 434.632653061224

95% CI for the mean is -73.0100196252951 -27.9423613270859

95}, CI for the ueq mean is -73.0100196252951 -27.9423613270859

T Test Results

T default = 14

t = -4.80436150471634

p-value = 0.000280258365677279
stdev x1 =20.8760514420118
stdev x2 =20.8266655996585

Sort Class

public class Imsl.Stat.Sort

A collection of sorting functions.
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ClassSort contains ascending and descending methods for sorting elements of an array or a matrix.
The QuickSort algorithm is used, except for short sequences which are handled using an insertion sort.

The QuickSort algorithm is a randomized QuickSort with 3-way partitioning. Basic QuickSort is slow if
the sequence to be sorted contains many duplicate keys. The 3-way partitioning algorithm elimiates this
problem. The pivot is chosen as the middle element of three potential pivots chosen at random.

The matrix ascending method sorts the rows of real mattiging a particular row i as the keys. The
sort is algebraic with the first key as the most significant, the second key as the next most significant, etc.
When x is sorted in ascending order, the resulting sorted array is such that the following is true:

e Fori=0,1,...,n_observations- 2 x[i][indiceskeys[0]] < x]i + 1][indiceskeyq0]]
e Fork=1,...,nkeys— 1 if x[i][indiceskeydj]] = x[i + 1][indiceskeyd]j]] for j =0,1,...,k—1,
then Xi][indiceskeydK]] = x]i + 1][indiceskeydk]]

The observations also can be sorted in descending order. The rave®ofaining the missing value
code NaN in at least one of the specified columns are considered as an additional group. These rows are
moved to the end of the sorted

If all of the sort keys in a pair of rows are equal then the rows keep their original relative order.

The sorting algorithm is based on a quicksort method given by Singleton (1969) with modifications, see
Bentley and Sedgewick (1997).

Methods

Ascending

static public void Ascending(int[] ra)

Description
Function to sort an integer array into ascending order.
Parameter

ra—int array to be sorted into ascending order

Ascending
static public void Ascending(int[] ra, int[] iperm)

Description
Sort an integer array into ascending order and returns the permutation vector.
Parameters

ra —int array to be sorted into ascending order

iperm —int iS on input an array the same lengthras On output, it contains 0, 1, ..., sorted using
the same permutations applied to ra.
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Ascending
static public void Ascending(double[] ra)

Description
Sort an array into ascending order.
Parameter
ra —double array to be sorted into ascending order

Ascending
static public void Ascending(double[] ra, int[] iperm)

Description
Sort an array into ascending order and returns the permutation vector.
Parameters

ra —double array to be sorted into ascending order

iperm —int is on input an array the same lengthras On output, it contains 0, 1, ..., sorted using
the same permutations applied to ra.

Ascending
static public void Ascending(double[,] ra, int nKeys)

Description
Sort a matrix into ascending order by the fit&eys.
Parameters
ra —double matrix to be sorted into ascending order.
nKeys — int containing the firshKeys columns ofra to be used as the sorting keys.

Ascending
static public void Ascending(double[,] ra, int[] indkeys)

Description
Sort a matrix into ascending order by specified keys.
Parameters
ra —adouble Matrix to be sorted into ascending order.
indkeys — int array containing the order the columnsrafare to be sorted.

Ascending
static public void Ascending(double[,] ra, int nKeys, int[] iperm)

Description
Sort an array into ascending order by the fifis¢ys and returns the permutation vector.
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Parameters
ra—double array to be sorted into ascending order.
nKeys — int containing the firshKeys columns ofra to be used as the sorting keys.

iperm —int is on input an array the same lengthras On output, it contains 0, 1, ..., sorted using
the same permutations applied to ra.

Ascending
static public void Ascending(double[,] ra, int[] indkeys, int[] iperm)
Description
Sort a matrix into ascending order by specified keys and returns the permutation vector.
Parameters

ra —double matrix to be sorted into ascending order.

indkeys — int array containing the order the columnsrafare to be sorted. These values must be
between 0 and one less than the number of colummns.in

iperm —int iS on input an array the same lengthras On output, it contains 0, 1, ..., sorted using
the same permutations applied to ra.

Descending
static public void Descending(int[] ra)

Description
Function to sort an integer array into descending order.

Parameter
ra—int array to be sorted into descending order

Descending

static public void Descending(int[] ra, int[] iperm)

Description
Sort an integer array into descending order and returns the permutation vector.
Parameters

ra—int array to be sorted into descending order

iperm —int iS on input an array the same lengthras On output, it contains 0, 1, ..., sorted using
the same permutations applied to ra.

Descending
static public void Descending(double[] ra)

Description
Sort an array into descending order.
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Parameter
ra —double array to be sorted into descending order

Descending

static public void Descending(double[] ra, int[] iperm)
Description

Sort an array into descending order and returns the permutation vector.
Parameters

ra—double array to be sorted into descending order

iperm —int is on input an array the same lengthras On output, it contains 0, 1, ..., sorted using
the same permutations applied to ra.

Descending
static public void Descending(double[,] ra, int nKeys)

Description
Function to sort a matrix into descending order by the fikaiys.
Parameters

ra — adouble matrix to be sorted into descending order.
nKeys — int containing the firshKeys columns ofra to be used as the sorting keys.

Descending
static public void Descending(double[,] ra, int[] indkeys)

Description
Function to sort a matrix into descending order by specified keys.
Parameters
ra — adouble“>matrix to be sorted into descending order.
indkeys — int array containing the order the columnsrafare to be sorted.

Descending
static public void Descending(double[,] ra, int nKeys, int[] iperm)

Description
Function to sort an array into descending order by theditstys and returns the permutation vector.
Parameters

ra —adouble array to be sorted into descending order.

nKeys — int containing the firshKeys columns ofra to be used as the sorting keys.

iperm —anint array specifying the rearrangement (permutation) of the observations (rows) of

Descending
static public void Descending(double[,] ra, int[] indkeys, int[] iperm)
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Description
Function to sort a matrix into descending order by specified keys and return the permutation vector.
Parameters

ra —double matrix to be sorted into descending order.

indkeys — int array containing the order the columnsrafare to be sorted. These values must be
between 0 and one less than the number of columns.in

iperm — anint array specifying the rearrangement (permutation) of the observations (rows) of

Example 1: Sorting

An array is sorted by increasing value. A permutation array is also computed. Note that the permutation
array begins at 0 in this example.

using System;
using Imsl.Math;
using Imsl.Stat;

public class SortEx1

{

public static void Main(String[] args)

{

double[] ra = new double[]{ 10.0, - 9.0, 8.0, - 7.0, 6.0,
5.0, 4.0, - 3.0, - 2.0, - 1.0};
int[] iperm = new int[]{0, 1, 2, 3, 4, 5, 6, 7, 8, 9};

PrintMatrix pm = new PrintMatrix("The Input Array");
PrintMatrixFormat mf = new PrintMatrixFormat();

mf . SetNoRowLabels () ;

mf . SetNoColumnLabels () ;

// Print the array

pn.Print(mf, ra);

Console.Out.WriteLine();

// Sort the array
Sort.Ascending(ra, iperm);

pm = new PrintMatrix("The Sorted Array - Lowest to Highest");
mf = new PrintMatrixFormat();

mf . SetNoRowLabels () ;

mf . SetNoColumnLabels () ;

// Print the array
pm.Print(mf, ra);

pm = new PrintMatrix("The Resulting Permutation Array");
mf = new PrintMatrixFormat();

mf . SetNoRowLabels();

mf . SetNoColumnLabels () ;

// Print the array

pm.Print(mf, iperm);
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Output

The Input Array

10
-9
8
-7
6
5
4
-3
-2
-1

The Sorted Array - Lowest to Highest

-9
-7
-3
-2
-1
4
5
6
8
10

The Resulting Permutation Array

ONPDdOGILOOWONWH

Example 2: Sorting

The rows of a 10 x 3 matrix x are sorted in ascending order using Columns 0 and 1 as the keys. There are
two missing values (NaNs) in the keys. The observations containing these values are moved to the end of
the sorted array.

using System;
using Imsl.Math;
using Imsl.Stat;

public class SortEx2
{
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public static void Main(String[] args)

{
int nKeys = 2;
double[,] x = {
{1.0, 1.0, 1.0}, {2.0, 1.0, 2.0},
{1.0, 1.0, 3.0}, {1.0, 1.0, 4.0},
{2.0, 2.0, 5.0}, {1.0, 2.0, 6.0%},
{1.0, 2.0, 7.0}, {1.0, 1.0, 8.0},
{2.0, 2.0, 9.0}, {1.0, 1.0, 9.0}
};
int[] iperm = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9};
x[4,1] = Double.NaN;
x[6,0] = Double.NaN;
PrintMatrix pm = new PrintMatrix("The Input Array");
PrintMatrixFormat mf = new PrintMatrixFormat();
mf . SetNoRowLabels () ;
mf .SetNoColumnLabels () ;
// Print the array
pn.Print(mf, x);
Console.Out.WriteLine();
Sort.Ascending(x, nKeys, iperm);
pm = new PrintMatrix("The Sorted Array - Lowest to Highest");
mf = new PrintMatrixFormat();
mf . SetNoRowLabels () ;
mf .SetNoColumnLabels () ;
// Print the array
pm.Print(mf, x);
pm = new PrintMatrix("The permutation array");
mf = new PrintMatrixFormat();
mf . SetNoRowLabels () ;
mf .SetNoColumnLabels () ;
pm.Print(mf, iperm);
}
}
Output
The Input Array
1 1 1
2 1 2
1 1 3
1 1 4
2 NaN 5
1 2 6
NaN 2 7
1 1 8
2 2 9
1 1 9
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The Sorted Array - Lowest to Highest
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The permutation array
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Ranks Class

public class Imsl.Stat.Ranks
Compute the ranks, normal scores, or exponential scores for a vector of observations.

The class Ranks can be used to compute the ranks, normal scores, or exponential scores of the data in
Ties in the data can be resolved in four different ways, as specified by prajieyeaker. The type
of values returned can vary depending on the member function called:

GetRanks: Ordinary Ranks

For this member function, the values output are the ordinary ranks of the dét# iK[i] has the
smallest value among thoseXrand there is no other elementXwith this value, theGetRanks (i) =
1. If both X[i] andX[j] have the same smallest value, then

if TieBreaker= 0, Ranks][i] = GetRanks([j] = 1.5
if TieBreaker= 1, Ranks[i]= Ranks[j]= 2.0
if TieBreaker= 2, Ranks[i]= Ranks[j]= 1.0
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if TieBreaker= 3, Ranks[i]= 1.0 andRanks[j]= 2.0
or Ranks[i] = 2.0 andRanks[j] = 1.0.
GetBlomScores: Normal Scores, Blom Version

Normal scores are expected values, or approximations to the expected values, of order statistics from a
normal distribution. The simplest approximations are obtained by evaluating the inverse cumulative
normal distribution functionCdf . InverseNormal, at the ranks scaled into the open interval (0, 1). In

the Blom version (see Blom 1958), the scaling transformation for ther@hk r; < n, wherenis the

sample size i$ri — 3/8)/(n+ 1/4). The Blom normal score corresponding to the observation with rank

ri is
o (52

where®(-) is the normal cumulative istribution function.

Adjustments for ties are made after the normal score transformation. ThaXjg, é&qualsX[j] (within

fuzz) and their value is thieth smallest in the data set, the Blom normal scores are determined for ranks
of kandk + 1, and then these normal scores are averaged or selected in the manner specified by
TieBreakeywhich is set by the propertiieBreaker. (Whether the transformations are made first or

ties are resolved first makes no difference except when averaging is done.)

GetTukeyScores: Normal Scores, Tukey Version

In the Tukey version (see Tukey 1962), the scaling transformation for theréie; — 1/3)/(n+1/3).
The Tukey normal score corresponding to the observation withmaak

**(5513)

Ties are handled in the same way as discussed above for the Blom normal scores.

GetVanDerWaerdenScores: Normal Scores, Van der Waerden Version

In the Van der Waerden version (see Lehmann 1975, page 97), the scaling transformation for the rank
isri/(n+1). The Van der Waerden normal score corresponding to the observation with iank

_1 fi
** (1)

Ties are handled in the same way as discussed above for the Blom normal scores.
GetNormalScores: Expected Value of Normal Order Statistics

The member functiodetNormalScores returns the expected values of the normal order statistics. If
the value inX[i] is thek-th smallest, then the value outputdaORE[i] is E(Z), whereE(-) is the
expectation operator arfy is thek-th order statistic in a sample of sizelength from a standard

normal distribution. Ties are handled in the same way as discussed above for the Blom normal scores.
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GetSavageScores: Savage Scores

The member functiogetSavageScores returns the expected values of the exponential order statistics.
These values are called Savage scores because of their use in a test discussed by Savage (1956) (see
Lehman 1975). If the value iX[i] is thek-th smallest, then thieth output value output iE(Yy), where

Y is thek-th order statistic in a sample of sindrom a standard exponential distribution. The expected
value of thek-th order statistic from an exponential sample of siig

111
n n-1 "~ n-—-k+1

Ties are handled in the same way as discussed above for the Blom normal scores.

Properties

Fuzz
public double Fuzz {get; set; }

Description

The fuzz factor used in determining ties.
Property Value

A double which represents the fuzz factor.

Random
public System.Random Random {get; set; }

Description

TheRandom object.

Property Value

A Random object used in breaking ties.

TieBreaker
public Imsl.Stat.Ranks.Tie TieBreaker {get; set; }

Description

The tie breaker for Ranks.

Property Value

A Tie which represents the tie breaker.
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Constructor

Ranks
public Ranks()

Description
Constructor for the Ranks class.

Methods

ExpectedNormalOrderStatistic
static public double ExpectedNormalOrderStatistic(int i, int n)

Description
Returns the expected value of a normal order statistic.
Parameters
i — A int which specifies the rank of the order statistic.
n — A int which specifies the sample size.

Returns

A double, the expected value of the i-th order statistic in a sample of size n from the standard normal
distribution.

GetBlomScores
public double[] GetBlomScores(doublel[] x)

Description
Gets the Blom version of normal scores for each observation.
Parameter

x — A double array which contains the observations to be ranked.

Returns
A double array which contains the Blom version of normal scores for each observation in x.

GetNormalScores
public double[] GetNormalScores(double[] x)

Description

Gets the expected value of normal order statistics (for tied observations, the average of the expected
normal scores).

Parameter
x — A double array which contains the observations.
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Returns

A double array which contains the expected value of normal order statistics for the observations in x.
Remarks

For tied observationgetNormalScores returns an average of the expected normal scores.

GetRanks
public double[] GetRanks(double[] x)

Description
Gets the rank for each observation.
Parameter
x — A double array which contains the observations to be ranked.

Returns
A double array which contains the rank for each observation in x.

GetSavageScores
public double[] GetSavageScores(double[] x)

Description
Gets the Savage scores. (the expected value of exponential order statistics)
Parameter

x — A double array which contains the observations.

Returns

A double array which contains the Savage scores for the observations in x. (the expected value of
exponential order statistics)

GetTukeyScores
public double[] GetTukeyScores(double[] x)

Description
Gets the Tukey version of normal scores for each observation.
Parameter

x — A double array which contains the observations to be ranked.

Returns
A double array which contains the Tukey version of normal scores for each observation in x.

GetVanDerWaerdenScores
public double[] GetVanDerWaerdenScores(double[] x)

Description
Gets the Van der Waerden version of normal scores for each observation.
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Parameter
x — A double array which contains the observations to be ranked.

Returns
A double array which contains the Van der Waerden version of normal scores for each observation in x.

Example: Ranks

In this data from Hinkley (1977) note that the fourth and sixth observations are tied and that the third and
twentieth are tied.

using System;
using Imsl.Stat;
using Imsl.Math;

public class RanksEx1
{
public static void Main(String[] args)
{
double[] x = new double[]{0.77, 1.74, 0.81, 1.20, 1.95, 1.20,
0.47, 1.43, 3.37, 2.20, 3.00,
3.09, 1.51, 2.10, 0.52, 1.62,
1.31, 0.32, 0.59, 0.81, 2.81,
1.87, 1.18, 1.35, 4.75, 2.48,
0.96, 1.89, 0.90, 2.05};

PrintMatrixFormat mf = new PrintMatrixFormat();
mf . SetNoRowLabels () ;
mf . SetNoColumnLabels () ;

Ranks ranks = new Ranks();

double[] score = ranks.GetRanks(x);

new PrintMatrix("The Ranks of the Observations - " +
"Ties Averaged") .Print(mf, score);

Console.Out.WriteLine();

ranks = new Ranks();

ranks.TieBreaker = Imsl.Stat.Ranks.Tie.Highest;

score = ranks.GetBlomScores(x);

new PrintMatrix("The Blom Scores of the Observations - " +
"Highest Score used in Ties") .Print(mf, score);

Console.Out.WriteLine();

ranks = new Ranks();

ranks.TieBreaker = Imsl.Stat.Ranks.Tie.Lowest;

score = ranks.GetTukeyScores(x);

new PrintMatrix("The Tukey Scores of the Observations - " +
"Lowest Score used in Ties").Print(mf, score);

Console.Out.WriteLine();

ranks = new Ranks();
ranks.TieBreaker = Imsl.Stat.Ranks.Tie.Random;
Imsl.Stat.Random random = new Imsl.Stat.Random(123457);
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random.Multiplier = 16807;

ranks.Random = random;

score = ranks.GetVanDerWaerdenScores(x);

new PrintMatrix("The Van Der Waerden Scores of the " +
"Observations - Ties untied by Random").Print(mf, score);

Output

The Ranks of the Observations - Ties Averaged

5
18

6.5
11.5
21
11.5

2
15
29
24
27
28
16
23

3
17
13

1

4

6.5
26
19
10
14
30
25

9
20

8
22

The Blom Scores of the Observations - Highest Score used in Ties

-1.02410618374162
0.208663745751154
-0.775546958322378
-0.294213138930921
0.472789120992267
-0.294213138930921
-1.60981606718445
-0.0414437330939966
1.60981606718445
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.775546958322378
.17581347255003
.36087334286719
.0414437330939965
.668002132269574
.36087334286719
0.124617407947998
-0.208663745751155
-2.04028132201041
-1.17581347255003
-0.775546958322378
1.02410618374162
0.294213138930921
-0.472789120992267
-0.124617407947998
2.04028132201041
0.892918486444395
-0.56768639112746
0.381975767696542
-0.668002132269574
0.56768639112746

H OOFr KO

The Tukey Scores of the Observations - Lowest Score used in Ties

-1.0200762327862
0.208082136154993
-0.88970115508476
-0.380874057516038
0.471389465588488
-0.380874057516038
-1.59868725959458
-0.0413298117447387
1.59868725959458
0.772935693128221
1.17060337087942
1.35372485367826
0.0413298117447388
0.665869518001049
1.35372485367826
0.124273282084069
-0.208082136154993
-2.01450973381435
-1.17060337087942
-0.88970115508476
1.0200762327862
0.293381232121193
-0.471389465588488
-0.124273282084069
2.01450973381435
0.889701155084761
-0.565948821932863
0.380874057516038
-0.665869518001048
0.565948821932863
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The Van Der Waerden Scores of the Observations - Ties untied by Random

-0.989168627340635
0.203544231532486
-0.864894358685283
-0.372289360465191
0.460494539103116
-0.286893916923039
-1.51792915959428
-0.0404405085656462
1.51792915959428
.75272879425817
.13097760824516
.30015343336342
.0404405085656462
.649323913186466
.30015343336342
0.121587382750483
-0.203544231532486
-1.84859628850141
-1.13097760824516
-0.75272879425817
0.989168627340635
0.286893916923039
-0.460494539103116
-0.121587382750483
1.84859628850141
0.864894358685283
-0.552442584646774
0.372289360465191
-0.649323913186466
0.552442584646775

— O OFr Kk O

Ranks.Tie Enumeration

public enumeration Imsl.Stat.Ranks.Tie

Determines how to break a tie.

Fields

Average
public Imsl.Stat.Ranks.Tie Average
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Description
Use the average score in the group of ties.

Highest
public Imsl.Stat.Ranks.Tie Highest

Description
Use the highest score in the group of ties.

Lowest
public Imsl.Stat.Ranks.Tie Lowest

Description
Use the lowest score in the group of ties.

Random
public Imsl.Stat.Ranks.Tie Random

Description
Use one of the group of ties chosen at random.

EmpiricalQuantiles Class

public class Imsl.Stat.EmpiricalQuantiles
Computes empirical quantiles.

The class EmpiricalQuantiles determines the empirical quantiles, as indicated in thgPatsayfrom

the data inx. The algorithm first checks to seexfis sorted; ifx is not sorted, the algorithm does either a
complete or partial sort, depending on how many order statistics are required to compute the quantiles
requested. The algorithm returns the empirical quantiles and, for each quantile, the two order statistics
from the sample that are at least as large and at least as small as the quantile. For a sample of size n, the
guantile corresponding to the proportion p is defined as

Q(p) = (- F)x(j) + X 11

wherej = [p(n+1)|, f = p(n+1) — j, andxj), is the j-th order statistic, if ¥ j < n; otherwise, the
empirical quantile is the smallest or largest order statistic.

Property

TotalMissing
public int TotalMissing {get; }
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Description

The total number of missing values.

Property Value

An int representing the total number of missing valugs\j in input x.

Constructor

EmpiricalQuantiles
public EmpiricalQuantiles(double[] x, double[] gProp)
Description
Computes empirical quantiles.
Parameters
x — A double array containing the data.
qProp — A double array containing the quantile proportions.

Methods

GetQ
public double[] GetQQ)

Description

Returns the empirical quantiles.

Returns

A double array of lengthyProp . Length containing the empirical quantiles.

Remarks

Q[i] corresponds to the empirical quantile at proporti@mop[i]. The quantiles are determined by
linear interpolation between adjacent ordered sample values.

GetXHi
public double[] GetXHi()

Description
Returns the smallest element:ofjreater than or equal to the desired quantile.
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Returns
A double array of lengthgProp . Length containing the smallest element:ofjreater than or equal to
the desired quantile.

GetXLo
public double[] GetXLo()

Description
Returns the largest element:ofess than or equal to the desired quantile.
Returns

A double array of lengthgProp . Length containing the largest elementofess than or equal to the
desired quantile.

Example: Empirical Quantiles

In this example, five empirical quantiles from a sample of size 30 are obtained. Notice that the 0.5
guantile corresponds to the sample median. The data are from Hinkley (1977) and Velleman and Hoaglin
(1981). They are the measurements (in inches) of precipitation in Minneapolis/St. Paul during the month
of March for 30 consecutive years.

using System;
using Imsl.Stat;

public class EmpiricalQuantilesEx1

{
public static void Main(String[] args)
{
double[l x = {0.77, 1.74, 0.81, 1.20, 1.95, 1.20, 0.47, 1.43, 3.37,
2.20, 3.00, 3.09, 1.51, 2.10, 0.52, 1.62, 1.31, 0.32, 0.59,
0.81, 2.81, 1.87, 1.18, 1.35, 4.75, 2.48, 0.96, 1.89, 0.90,
2.05};
double[] gProp = {0.01, 0.5, 0.90, 0.95, 0.99%};
EmpiricalQuantiles eq = new EmpiricalQuantiles(x, gProp);
double[] Q = eq.GetQQ);
double[] XLo = eq.GetXLo();
double[] XHi = eq.GetXHi();
Console.WriteLine(" Smaller Empirical Larger");
Console.WriteLine(" Quantile Datum Quantile Datum") ;
for (int i=0; i < qProp.Length; i++)
Console.WriteLine(" {OF\t\t{1:\t\t{2}\t\t{3}",
qProp[il, XLol[i], Q[il, XHi[il);
}
}
Output
Smaller Empirical Larger
Quantile Datum Quantile Datum
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1 0.32 0.32 0.32
1.43 1.47 1.51
3 3.081 3.09

3. .991 4.75

0.0
0.5
0.9
0.95 3.37 3

0.99 4.75 4.75 4.75

TableOneWay Class

public class Imsl.Stat.TableOneWay
Tallies observations into a one-way frequency table.
ClassTableOneWay calculates a frequency table for a data array.

A one-way frequency table can be used to visualize the shape of the data distribution and look for
anomalies in the data. There are many approaches to constructing frequency tables. Four approaches are
implemented in this class:

equal width class intervals based upon the smallest and largest observations,
equal width class intervals based upon a user provided minimum and maximum,

class intervals defined from user provided class midpoints, and

P 0 poE

class intervals defined from user provided class boundaries.

TheTableOneWay class implements the first two approaches by overloadingdhBrequencyTable

method. IfGetFrequencyTable () is used without input argumentsIntervals of equal length are

formed between the minimum and maximum values in the data. The frequency table returned from this
method contains tallies of the number of observations in each interval. The data minimum and maximum
can be obtained from théinimum andMaximum properties.

Instead of using the minimum and maximum to define the boundaries of the smallest and largest classes,
specified boundaries can be used by caltiegFrequencyTable (lower_bound, upper_bound).

This method tallies all data less than or equal toltbeer _bound into the first class, and all data greater

than or equal tapper bound into the last class.

The third approach is implemented using ke FrequencyTableUsingClassmarks method. Equally
spaced intervals can be defined using class marks. In this approach a double precision array of length
nintervals containing the class midpoints is passed to the
GetFrequencyTableUsingClassmarks (classmarks[]). The class marks, or midpoints, must be
equally spaced.

Finally in those applications where unequal length intervals are preferred, the
GetFrequencyTableUsingCutpoints(cutpoints[]) method can be used. The double precision
arraycutpoints has lengtmIntervals-1 and contains the class boundaries listed in ascending order.
The first cut point defines the first class which is used to tally all data less than or equal to the first cut
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point value. The last cut point defines the last class which is used to tally all data greater than or equal to
the last cut point value.

Properties

Maximum
public double Maximum {get; }

Description

The maximum value of.

Property Value

A double containing the maximum data bound.

Minimum

public double Minimum {get; }
Description

The minimum value ok.

Property Value

A double containing the minimum data bound.

Constructor

TableOneWay
public TableOneWay(double[] x, int nIntervals)

Description
Constructor folTableOneWay.
Parameters
x — A double array containing the observations.
nIntervals — A int Scalar containing the number of intervals (bins).

Methods

GetFrequencyTable
public double[] GetFrequencyTable()
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Description

Returns the one-way frequency table.

Returns

A double array containing the one-way frequency table.
Remarks

nIntervals intervals of equal length are used with the initial interval starting with the minimum value

in x and the last interval ending with the maximum valueirThe initial interval is closed on the left

and the right. The remaining intervals are open on the left and the closed on the right. Each interval is of
length (max-min) /nIntervals, wheremax is the maximum value of andmin is the minimum value

of x.

GetFrequencyTable
public double[] GetFrequencyTable(double lowerBound, double upperBound)

Description
Returns a one-way frequency table using known bounds.
Parameters
lowerBound — A double specifies the right endpoint.
upperBound — A double specifies the left endpoint.

Returns
A double array containing the one-way frequency table.
Remarks

The one-way frequency table is computed using two semi-infinite intervals as the initial and last
intervals. The initial interval is closed on the right and inclutleserBound as its right endpoint. The
last interval is open on the left and includes all values greatentpperBound. The remaining
nIntervals - 2 intervals are each of length(upperBound - lowerBound) / (nIntervals -

2) and are open on the left and closed on the righttervals must be greater than or equal to 3.

GetFrequencyTableUsingClassmarks
public double[] GetFrequencyTableUsingClassmarks(double[] classmarks)

Description
Returns the one-way frequency table using class marks.
Parameter
classmarks — A double array containing either the cutpoints or the class marks.

Returns
A double array containing the one-way frequency table.
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Remarks

Equally spaced class marks in ascending order must be provided in the asgaynarks of length
nIntervals. The class marks are the midpoints of each ofdfetervals. Each interval is assumed
to have lengtitlassmarks[1] - classmarks[0].nIntervals must be greater than or equal to 2.

GetFrequencyTableUsingCutpoints
public double[] GetFrequencyTableUsingCutpoints(double[] cutpoints)

Description
Returns the one-way frequency table using cutpoints.
Parameter

cutpoints — A double array containing the cutpoints.

Returns
A double array containing the one-way frequency table.
Remarks

The cutpoints are boundaries that must be provided in the attgyoints of lengthnIntervals-1.

This option allows unequal interval lengths. The initial interval is closed on the right and includes the
initial cutpoint as its right endpoint. The last interval is open on the left and includes all values greater
than the last cutpoint. The remainia@ntervals-2 intervals are open on the left and closed on the
right. ArgumenthIntervals must be greater than or equal to 3 for this option.

Example: TableOneWay

The data for this example is from Hinkley (1977) and Belleman and Hoaglin (1981). The measurements
(in inches) are for precipitation in Minneapolis/St. Paul during the month of March for 30 consecutive
years.

The first test uses the default tally method which may be appropriate when the range of data is unknown.
The minimum and maximum data bounds are displayed.

The second test computes the table usings known bounds, where the lower bound is 0.5 and the upper
bound is 4.5. The eight interior intervals each have width (4.5 - 0.5)/(10-2) = 0.5. The 10 intervals are
(—0, 0.5], (0.5,1.0]....,(4.0,4.5], and (44,

In the third test, 10 class marks, 0.25, 0.75, 1.25,...,4.75, are input. This defines the class intervals
(0.0,0.5],(0.5,1.0},...,(4.0,4.5],(4.5,5.0]. Note that unlike the previous test, the initial and last intervals are
the same length as the remaining intervals.

In the fourth test, cutpoints, 0.5,1.0, 1.5, 2.0, ...,4.5, are input to define the same 10 intervals as in the
second test. Here again, the initial and last intervals are semi- infinite intervals.

using System;
using Imsl.Stat;

public class TableOneWayEx1
{
public static void Main(String[] args)
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int nIntervals = 10;

double[] x = new double[]{ 0.77, 1.74, 0.81, 1.20, 1.95,
1.20, 0.47, 1.43, 3.37, 2.20,
3.00, 3.09, 1.51, 2.10, 0.52,
1.62, 1.31, 0.32, 0.59, 0.81,
2.81, 1.87, 1.18, 1.35, 4.75,
2.48, 0.96, 1.89, 0.9, 2.05};
double[] cutPoints = new double[]{ 0.5, 1.0, 1.5, 2.0, 2.5,
3.0, 3.5, 4.0, 4.5%};
double[] classMarks = new double[]{ 0.25, 0.75, 1.25, 1.75,
2.25, 2.75, 3.25, 3.75,
4.25, 4.75};

TableOneWay fTbl = new TableOneWay(x, nIntervals);
double[] table = fTbl.GetFrequencyTable();

Console.Qut.WriteLine ("Example 1 ");
for (int i = 0; i < table.Length; i++)

Console.Out.WriteLine(i + " " + tablelil);
Console.Out.WriteLine("---—- -—— —-——==");
Console.Out.WriteLine("Lower bounds= " + fTbl.Minimum);
Console.0Out.WriteLine ("Upper bounds= " + fTbl.Maximum) ;
Console.Out.WriteLine("------—-——-——-——-—co—c———— ")

/* getFrequencyTable using a set of known bounds */

table = fTbl.GetFrequencyTable(0.5, 4.5);

for (int i = 0; i < table.Length; i++)
Console.Out.WriteLine(i + " " + tableli]);

Console.Out.WriteLine("-——————=——=—————————— ");

table = fTbl.GetFrequencyTableUsingClassmarks(classMarks);
for (int i = 0; i < table.Length; i++)
Console.Out.WriteLine(i + " " + tableli]);

Console.Out.WriteLine("---—-——-———————————- ")
table = fTbl.GetFrequencyTableUsingCutpoints(cutPoints);
for (int i = 0; i < table.Length; i++)

Console.Out.WriteLine(i + " " + tablel[il);

}
}
Output
Example 1
0 4
1 8
2 5
3 5
4 3
5 1
6 3
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7 0
8 0
9 1
Lower bounds= 0.32
Upper bounds= 4.75

0 2
1 7
2 6
3 6
4 4
5 2
6 2
7 0
8 0
9 1
0 2
1 7
2 6
3 6
4 4
5 2
6 2
7 0
8 0
9 1
0 2
1 7
2 6
3 6
4 4
5 2
6 2
7 0
8 0
9 1

TableTwoWay Class

public class Imsl.Stat.TableTwoWay
Tallies observations into a two-way frequency table.

ClassTableTwoWay calculates a two-dimensional frequency table for a data array based upon two
variables.

A two-way frequency table can be used to visualize the shape of the bivariate distribution and look for
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anomalies in the data. There are many approaches to constructing two-way frequency tables. Four
approaches are implemented in this class:

equal width class intervals based upon the smallest and largest observations,
equal width class intervals based upon a user provided minimum and maximum,

class intervals defined from user provided class midpoints, and

R

class intervals defined from user provided class boundaries.

TheTableTwoWay class implements the first two approaches by overloadingdhBrequencyTable
method. IfGetFrequencyTable () is used without input argumentsIntervals intervals of equal
length are formed between the minimum and maximum values in x, and simjiatlyervals intervals
are formed for y. The frequency table returned from this method contains tallies of the number of
observations in each interval. The data minimum and maximum can be obtained using tfemx,
MinimumY, MaximumX andMaximumY properties.

Instead of using the minimum an